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IM'.KlODk' ORBITS FOR FOUR FINITK BODIES WITH 

rf:i>ufsi\'i<: and ArrRAcnvE forces 

Bv Daniki. Buchanan, F.R.S.C. 

1. Introduction 

^T^IIIS pajM-r (lealh with iH'rio<lic restricted motion of four finite 
ImmHcs of <‘(iual innsses hiivin^ allractive and repulsive forces. 
'rh(' s.y.st(‘in eonhihfs of two pairs of like bodies or, alternately, two 
pairs of nnlike bodie.s. 'I'lu' like IxkHcs reiK'l and the unlike attract. 
The for<’<'.s of repulsion and .itfrartion vary according to the Newtonian 
law of 1 he InvenM* square and 1 ludr magail udes are in a constant ratio. 

()n<‘ pair of like bodies is constrained to niov<' in a plane while the 
bodies (»f the other like pair move to and fro on opposite sides of this 
plane ami along its norni.al. 

• There arc three* classes of orbits differing according to their periods. 
The ixTiods vary with the ratio of the magnitudes of the forces of 
attraction and n'lnilsion. 


2. 'I'ltK DlKMiBIWTUl. EplfATlONS 01? MOTION 

Let Ihi* pl.-mar motion ho in the Jty-plane and the linear motion be 
in the c-irsiis. The coordinali'S of the bodies will bo designated as 
follows: 

Pair ont’two] 1 (.vi, yu 0), H (.ts, ys, 0), 

Pair three-four; HI ( 0 , 0 , ca), IV ( 0 , 0 , 24). 

The motion is re.stricted so that 

jfa* -■*1, ys*= —yu * 4 = —23. ( 1 ) 

Let the units of time and space Ijc chosen so that the gravitation^ 
constant of attraction is tinity and let fe* denote the ratio of the magni¬ 
tude of repulsion to that of attraction. Let the mass of each body be 
unity. Then the differential equations of motion for I and III are 
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When n\stricti(mh (1) <irc applied, tho subscripts 1, 2, 8, 
the motion is transionni‘<l to cylindrical coor(litiat(‘s hv 
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A particular solution of ( I) is 


r •• r,,« 


Ir" 


(I ~ii>' Y “ -Jfe'’ 

S Sfl- /i/'ll, 

Since ro nuiat lie positive, then A’< 2v/2. 


3. Tub Equations ok Displackmknt 

Let r » ro(l + ep), 

a * Mfo(l +«f), 
t — /o""V*'l + 5 t, 


( 2 ) 


(li’oppi'd and 
IHtttinn 


t:i) 


(•1) 


(ft) 


( 0 ) 
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wheiv f and 6 are iMraiuelcrs, 5 vanishinpf with €, and r is the new 
indop(‘nd('n( v<u*i<il)lo. Then equations (*4) become, after dividing 
through l)v tro or fjuro (5*^0) 

{/)■ f «,(1 +5)}p + as(l +5)f = 

(I + S)(e/?2+ e’R,+.. i+. ..), 

«t(l i <5)/' t- +5)}? = 

(1 + S)(eZi-\r . .+e’Z_,-(.i+. . .)i 

(I 


n - 


(It 


(7) 


wh(‘r(‘ the right sid(‘s arc power series in e converging for e sufficiently 
small miiiK'rically. The R'b and Z's arc homogeneous polynomials in 
p «itul f of llu' (h^gree of the suKscript. The values of the a’s are 


ai 


_ 2 r 1 + 4m- 


a, -- 


a, = — - -- 


6 


ro-‘'(l + nT 


( 8 ) 


08 « p a.i. 


1. 'run Equations of Variation 

If \vi‘ consider only the terms of (7) that arc indei>endent of « wc 
obtain the e<in.Ilionh of variation 

{D^+ ai) p + ttif - 0, (9) 

®»p 4" (P“ ~~ «3)f “ 9" 

The iinlicial eiination is 

/^’+(ai-- as)/?- — as(ai4- as) — 0. 

'Hie roots are __ 

f)v . (««■■ «i) * V'iai — as)® + lasCtti + ^^s) (10) 

2 


or 

(as- ai) -t V^(aj_+ as)’ * + 4mW . 
2" 


( 11 ) 


'I'he discriminant is positive and hence both values of are real. 

We now show that both values of 2 ?» are negative. The expression 
ai— as has the value 

8 - 

and M lies in the range 0 < p < 1. Hence ai— 03 is positive. 




1 


'IHK ROYAL SOCIItl'rY OF CANADA 


Nc\t imisl know tin* bi^n ol la,i(ai+ a**) in (10). 'This <‘\pn*s- 
siou is 

_ ISO 
(1 

,uul is alwa\s n<‘i<ali\o. tlu* laciiral in (10) \U‘I<Is t\ <|uan(ity 

which is mminicallv I<*ss tlnui ai'*- «i and (‘(>rjsc(ni(‘ntl\ holh \aln<*s 
for /)*' ar<‘ iu‘t»aliv<\ Suppose^ 

/;’sr — or — (rj>\ 


'Then tht‘ solutions of the equations of variation au‘ 

p — XiC.i'l icos <ri T + .4 2 sin <Ttr)4‘ X-^C-^^laeosoar + *1 jsin <r«r), 
— -licosoir+^ 2 sin<rir + .4aCOS(r.;r + d tsin 


aa 4“ <tT 


ai — (Ti 


Q-.I *“1“ 0 2 ' 


ai — 


5, TuK ('()NSTRlK*UON Ol* 1UK Soi tUlON 
To intej;;ra((‘ ihe dillerential equations (7) we suhstitule in (7) 

<t> m in 

/. - 23 Pji>, f « 23 <5 ^ v. 

/ 0 ; M) ; 1 

where 

P) - Pjir), f, - {■,(r), 5; = constants. 

lyt't tho r(,‘suUinj> o<niati()nh Ix' cited l»v (7'). On (•(lu.itinu the c(K*tti- 
cients of the vurious i)t)wers of < in (7') we obtain h**ts ol diihwntial 
equations which di'fine the various p/ and jT,. 'I'hese «‘<iiiatit)nh niav 
lx* integrated, as we shall show, and the various 5’s and constants <»f 
integration at <'ach sttqi can be <h‘tennined so that the pi .ind Ci "ill 
Ik‘ jXTiodic and will salisly ct'rtain initial conditions. 

For initial values let us hU{)po.s{' Pp(0)— 0, ffO) ■ 1. 'I'lnai 

/Vi((>)->-0,j ■ (11) 

?(,(())« l,r,(0)-(),./• r- i,... a,. 

As f carries the factor «in (0) we may ehoosts f(0) -■ 1 without loss ol 
generality. 

There tire three tyix*s of solutions according to their ix'riotis. 

Case I. Period 2?r/<rj. 

Terms in «®. 

The terms in (7') that arc independent of e are the same tis (5)). 
Hence the solutions which have the proper jxriod are 
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Po= cos (TiT + sin ctit), (16) 

fo— A^^^ cos (T^T + A 2 ^^ sin ct^Tj 

\vht*ro are arbitrary constants. When conditions (14) are 

iinp<)M‘<l \\(* obtain 

Pf) ~ Xj cos <rir, cos o’ it. 

Terms hi « 

'The diffc‘renlial equations at this step are 
(7^'*’+ ai)pjH" aafi— = — 6i(aipoH“ a2fo) <X2^^cos 

a»pi+ {D- - a 3 )fi * = - aia 3 (po - fo) + 6^^^+ ii^^cos 2<riTj 

where ...» arc known constants. 

In order that pi and fi may be periodic the coefficients of cos ctit 
in the equivalent (‘xprossions 

(DS- 02 ^'^^ and 

- aj2?<«+ (I>2+ 

imist vjinihh. l<'roni the si'cond expression we obtain 

diai [oi+ 02+ ffi®] = 0. 

Since oi+a 2 +o’i®»^ 0 we must put 8i = 0. Hence the desired 
solutions satisfying; (M) are 

pi= /ij" + ^{^^ cos ffiT + cos 2(7’ir, 
fI =s cos eriT + ^ 2 '^ cos 2<rir, 

8i= 0 

wluTe the ..., i? 2 ^^ arc known constants. 

Terms in «*. 

I''roin the coeflicients ofin (7') we obtain 
(/;'+ ai)p2+ a2f2« 1?®, 

OJP2+ Os)f2= 

3 

/<*“’ ^ - « 2 (aiP(,+ a 2 fo) + 23 af cosjo-ir, 

j » 0 

3 

Z‘‘'> = - «sOs(po- ro) + 23 cosjoir, 

j**0 

where af, b^f are known constants. The undetermin^ fia enters only 
as expressed above. As at the previous step the coefficient of cos oit m 
(/;®~ o 22 <“’ and - o,2?«“>+ (2?®+ «i)2® 

must vanish. Wt‘ obtain 

S 2 tt 8 (ai**l* cisH^ ^ constant, 

and therefore^ 52« d%, a constant. 
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The paOiculu intoj^niLs c.in he nvidily louiul, \\h(‘n the arbitrary 
r'onstanls of inl< yialion are (letmiiinc'd bo as to satisfy (I I) ue ol)fain 


p«- 

ij /fj,7 


/ r> 

e • 



/ a 

<) * 

</2. ‘ 


where A^j\ » di arc known constanth. 

I'hc rcni.iinin^ steps of tlu‘ intcj»ralioii can be* oanii‘<l on in an 
cntircl\ similar nmnner. The solutions at tiu* general st(‘p ai< 

1 

P«= ^ A^ycohj<riT, 

Ha 1 

Oi “ i!i cos /oiT, (it)} 

/ •() 

^ dtif 

where an* constants. 

Case If. Period 2 f/(T 2 . 

Fn this cas<‘ we* t<ike 

p « cos <rsT -f- A i sin (Xar), 
i* == A,\ cos flTyr + sin o-ar, 

as the genei.it ing solutions and proceed as in Iht* i)revi(>us case*. 'Fhe 
vsolutioiis at th(* v»(‘neral step aiv the* same as (10) with <r\ re'phnvd bv 

CasSe JIL IVriod //i(27r/<ri) 

In this rase, ai and era must \w coiniuensurabh*, that is 

0% ^ «1 
<^2 

where n\, n% are relatively prime integers. Owing to the compli*\itv 
of the work the construction is omitted. Furthermore*, it seoms ratlu*! 
hopeless to determine so that <rt and cr* art* commensur.ible*. 


6. FikalForm 

When the appropriate substitutions are made in (13) and (G), the* 
solutions take the final form 
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== ^'o{ 1 + S cos /(rreA , 

\ H = t, ^ 0 ' / 

= M/'of I + S yi cos /VtcA , 
\ /» I / () / 


(17) 




« -a 2 


whore A^j\ /3^”\ d„ arc known constants, and o- n^presciits cither 
(X\ or cr 2 . 


The initial value ro roniains arl)itrary but r, arising from the integral 
of areas, together with ro must satisfy 
c' _ 2(1 - _ (4 - 

r„ 4 


(18) 


Thuh ro determines the scale of the particular solution. For a given ro 
the initial anguhxr velocity of the pair one-two must be chosen so that 
(18) is satisfied. The parameter e is arbitrary, except for range, and 
is the scale factor of the initial displacement from the particular 
solution. 

The bodies of p,iir one-iwo remain diametrically opposite, and 
pulsate toward and away from the origin as they drculate about it. 
They move so as to he always equidistant from the origin. Likewise 
the bodies of pair three-four pulsate to and fro in the s-axis at equal 
distances from the origin. 


7. The Convergence of the Solutions 

Only iha formal construction of the solutions was considered in the 
preceding sections. By the application of McMillan’s theorem to the 
solutions of this tyjx? we find that the convergence is assured for suffi¬ 
ciently small numerical values of «i. 

REFERENCES 

Ma( Miuax, Trans. Amor. MaOi. Soc., 13, no. 2 IKf-IaS. 
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AN ARITHMETICAL IDENTITY 
By Walter H. Cage 

Presented by DaniI'X Bucit-vnan, F.R.S.C. 

1. Introduction. In this i)apcr we derive a new arithmetical 
identity of a type similar to those obtained by Liouville (1), Uspensky 
( 2 ), Bell (3), and others. This identity involves a function which is 
restricted by only very general conditions. Hence, by specialization 
of the function, we can derive from the identity a number of arith¬ 
metical theorems. 

Wc shall indicate how to obtain several recursion formulae 
involving the class-number (4) functions F(n), G{n), E{n). In 
obtaining these results we make use of formulae for the number 
of representations (5) of an integer in the forms »y -4- ys 4- zx, 
xy +yz-\- 2zx, xy -|- 2yz -f- 2 za:. 

2. Notation. Throughout this paper n, x, y, z, a, b, c, a', V, d, 
r, s, t, 7 , 7 ' are integers, of which all but the last two are always 
positive and n is fixed. 

The quadruples (a, b, c, 7 ), (a', b\ c', 7 ') denote solutions of 

( 1 ) n = 2ab — c* -}- 7 ® 

(2) n = 2a'b' - c'® + 7 '* 
respectively, and the triple (r, s, t) denotes a solution of 

(3) « = r® 4- 5® — tK 

3. The Identity. Lot <t>(a, b, c, 7 ) be a function, finite and uniform 
for all (a, b, c, 7 ) and subject only to the conditions 

(4) 4>ia, b, c, 7 ) = b, -c, - 7 ) = <t>{y, c, b, a). 

Then 

(5) Si[<^(o 4- & - c, c, 6 - a 4- 7 , y) - <^(& 4- 7 . o - 6 - c, a - 7)1 

= + s - t,t,0,s -r) - <t>(s, s -t,r -t, r)] 

where S with the subscript 1 indicates that <t> is summed over all 
solutions (a, b, c, 7 ) of ( 1 ) subject to the restrictions a > c,b> c, and 
2 with the subscript 3 indicates the sum over all solutions (r, s, t) 
of (3) with r > t, s > t. 

In what follows the restrictions on 2, namely a > c,b > c,r > t, 
s > t, arc to be understood. Only additional restrictions will be 
indicated henceforth. 
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Derivatiou, Nolinj; th<‘ ono-ono correspoiuiencc 

a' ^ a, ~ 6 4“ 'v — — a — r, 7' — a - 7, 

a - ^z^ h -“ // --H - ^'1 c ^ a* — r^ 7 -- «' - 7', 

which 

2 (tb - I 7“ . 2 ^/ 7 / 1*7'* 

\vc st‘i‘ th<U 

+ /> — r, c, />—<;+ 7,7) = + 1 / — // - + 7 '» 7 ') 

h--a\ ,>{) 

== + 7, - C, b - C,(1 - y). 

/>-« t-7>0 

Now, untUT the transfonuation 

Ut,b, c,y) <> {h,a, (, - 7 ) 

\V(* hiivt‘ the following c<)iri‘spon(lciu'<‘s; 

(a>r, ft>r>0, «+7>0) -< >" ih>(, <i>( >0, <r -//—7.^0) 

(a+A—c, r, A—(jf+7, 7) -< >- 7i4A—r, r, a—A-7, -7) 

(A+7, a—r, A—r, ^1—7) -< >“ (n—7, A—r, rr A+7) 

Bocmusc of ( 1 ) \v(‘ iua\ tht‘rcfon‘ writc 

^i<f>{a 4 A — <, c, A — // + 7 , 7 ) •«* i[li< 3 ^(A 4 7 , - c, A - c, <i - 7 ). 

6-ft J 6—<H 

Accounting for (ho terms in c.ioli member for which h ^ a + y ~ i) 
we ohlain the identitj' ( 5 ). 

5. Simple Apf^licaliouit. U we make the substitutions 
« •=■■ X' + 5. l> “ (y + s)/2, c - s 

the left meinlier of (5) is summed over all solutions of » -xj'+J'S+s.v 
with .v>«, y - a (nuxl 2 ), 

l<et <^(rt, 6 , r, 7 ) -- I if tf b « s 7 . I (mod 2) and <*(|u.d 
zero otherwis<*. Aft<‘r simph' nxluctions (5) we obt.iin Kron<‘ck<‘i's 
formula (<5) 

}f(2m) - 2 J''( 2 j« - 1 ») 4 - 2 /^( 2 «t - 2^) - 2F{2m - S*) (), 

m lK'in}t an odd integer greater than zero. 

On choosing 6 , c, 7 ) *» 1 if a = 7 =a 0 (nuid 2), b t- c I 
(mcxl 2 ), and equals zero otherwises we get two formulae. Kor 
m Bs 3 (mod 8 ) we have 

F(»t) -F{w --l*)+2F(j«~42) -F(w-3»)+27'Xw-8®) -P(m - 6 ») 

+ 2 F(»t~l 2 ») + ...» 0 , 

and for « BB 7 (mod 8) we have 

F{m - 1 *) -2F(fM - 2 ») +F(m -3*) -2F(m -(5®) +F(w -S®) 

-2F(»m-10®) + ...»0. 
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Finall}, the choice ^ia,b,c,y) = I if a s 7 s 1 (mod 2), 6 s c s 0 
(mod 2 ) and zero otherwibc leads to three formulae. For w s 5 (mod 
8 ) the identity j ields 

F(tn) -«K(/h - l“)+2F(f»-2>“) -iyE{m-‘i^)+2F(m-A^) = 0 . 

I'or m ~ I (mod 10 ) it gives 


F{m) -mm - F) +2F(m-22) -3F(»7-30+2F(m-4“) -... 


and for tn s 9 (mod 16) it gives 

Fim) -mm - 1=“) +2F(w - 2 “) -3F(?« -3“) +2F(m -4^) -... 


The University of British Columbia. 


REFERENCES 

(1) Liouville. Journal de Math6matiqucs, 1858-()5, 

(2) Uspensky and Heaslet, Elementary Number Theory, chapter xiii, McGraw- 

Hill. 1939. 

(3) Bell, E. T. Algebraic arithmetic. Amor. Math. Soc. Colloquium Pub., 7: 

89-106, 1927, 

(4) Smith, H. J. S. Mathematical Papers, 1. 

(5) Bell, E. T. Numbers of representations of integers in a certain triad of ternary 

quadratic forms. Trans, Amer. Math, Soc., 32, no 1:1-6. 1930. See also 
Gage, An arithmetical identity for the fornHtfe“-(^ Bull. Amer. Math. Soc., 
48, no. 12:808-000. 1942. 

(6) Dickson. History of the 'fheory of Numbers, 3, chapter vr, p. 108, formula in. 
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A SHORT TABLE OF THE TORONTO FUNCTION 


By A. H. Heatley 

Communicated by D. McIntosh, F.R.S.C. 


1. Introduction 


^IX-FIGURE tables of the confluent hypergeometric function 

Tijrt \ ^ I ^ ^ I afct I 1) I /‘t\ 

+ + ( 1 ) 

have been published by Airey (1) for the range a = — 4 (|) 4,* with 
T, = _ I, _ I, I, 1, f, 2, 3, 4, and * = 0.00 (0.02) 0.10 (0.05) 
1.0 (0.1) 2.0 (0.2) 3.0 (0.5) 8.0. He discussed various differential 
equations solvable in terms of the M function. A seven-figure table 
of the function 


i?(»i, a, *) = (»»-h 1 — * 0 , 2»» -f- 2, 2i*) (2)t 

has been published by Lowan and Horenstein (8A) for the range 
m =» 0(1)3, a = 0(1)10, x — 0(1)10. This function occurs in problems 
of molecular physics. They also list a number of other problems which 
lead to the M function. 

The function tabulated in the present paper, which is related to 
the M function, has its origin as a generalization, (7(m, », a), see 

Eq. (3)) of a Bessel function integral encountered in a study of the 
theory of collectors in electrical discharges (5, Part II). The original 
function is here transformed to (r(w,», r) (see Eq. (6)) which is so 
defined that it is asymptotic to unity for large values of r\ this is a 
distinct advantage in tabulation and interpolation. Differential equa¬ 
tions arc given for both the original and modified functions; the rela¬ 
tions of the modified function to other tabulated functions, its recur¬ 
rence and asymptotic formulae are also shown. A short exploratory 
table of nearly one thousand five- or six-figure entries of the T function 
is given, preceded by a table of about one hundred Af functions re¬ 
quired for the computation of T. 

The calculation of the numerical value of an JIf function from the 
corresponding r(w, n, r) or vice versa, is sufficiently tedious that the 

""The number in brackets indicates the interval between successive values of the 
parameter. 

fl'he authors used the symbol F{a, y ; u) instead of M. 
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tablet) should not be considered as overlapping (if and wln-n they .in* 
both available), and is, however, sufficiently easy (for the factois 
.ire well tabulated functions) that the tables may be consitlen*d as 
supplementary: but the fact that the T function is, in general, more 
I'.ibily interpolable gives it considerable practical ailvantage. Anotliei 
justification for the tabulation of T{m, n, r) is the group of diflerenli.il 
eijiutions and integrals e.asily solvable in terms of tliat function. 

The original T function (.5) was defined, and evaluated in terms of 
the M function, thus: 


r (w, n, p, a) m r— e-^'^Ini2at)dt, (Tl)' f (.3) 

_ ‘,« +1. ; w> -1. ('/T)r>) ( 1 ) 

r(n + l)2p’»-»+« ^ ' 

From Eq. (4) it is easily seen that 

T{,m, n, 1, r) = />*''"*’'r(»i, », p, a), (f>) 

where r = a/p. Since this is a very simple relation, it is sufficient to 
tabulate a three-parameter function. It is also obvious th.it the 
function need be tabulated for positive values only of r. 


2. The New Function 

For convenience of interpolation and tabulation the function to be 
tabulated will be defined by 

T{m, n, r) sa n, 1, r), (ti)'}' 

« r^^±3^ , »-f-1. ■*- r (« + 1). (7) 

Anticipating the result in Eq. (42) we have 

T(m, n,r) j 1 (for large r). (8) 

The expressions in Eqs. (4) and (7) are indcierntinaU* when « i.s .i 
negative integer; in such cases the parameters are changed bv the 
relation 

T(m, n, f)» T(m — 2», — n, r). (2’2) (9) 

_If E q. (7) is taken as the defi nition of T, it is easily shown that m 

*In the fwiner paper (5), the abbreviated symtol T(m, n) was used. Equations 
from Part i of that paper, or simple transformations thereof, are indicated by the 
prefix T as above. 

fWatson (12, Art. 13.3) studied the integral analogous to that on the right of 
Eq. (3) with the Bessel function J instead of 1. He gave its value for vweral special 
cases, and references to earlier work. 

t“The Toronto Function” is suggested as the name of the function on the left 
of Eq. (6). 
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may take any value except the odd negative integers, at which points 
the function becomes infinite. 


3. Differential Equations 


One bolution of the differential equations 
1 2tt\ , /2w — 2» + 2 






y" + 


2m — 2» — 2 
2m — 2 m + a?lp^ 


+ 




(rii) (10) 
(ne) (11) 
(r2i) (12) 


is given by (6) 

y = r(»t, «, p, a), e~'^^^‘T{yn, n, p, a), and e~“*^**’'r(>M, n, p, a), 
respectively, where y" = and y' — dylda. 


The partial derivatives of T(m, n, r) with respect to m and to « 
seem to be intractable, but it is easily shown that 


— T (m, n,r) = 2rT (m + 2,n + 1, r) 

-( ^ , + ”-?’>r , ' )r(«,»,,). (13a) 

- " , "A’ L tJ } r (m,« + 1 , f) - r (m,», f) |, (13b) 

T 

* 2r {r(m, M — 1, r) — r(jM, n,r)] — (m, n, r), (13c) 

= (2» —m + l)r®"~’" -5- r(M+l) whenr>0. (13d) 

d® «/ \ /2» — 2m + 1 — 2r®\ d ^ . 

^ r (»,», r) - 0. (u) 


4. Relation to Other Functions 

Eq. (7) expresses T in terms of the M function. Although tables 
of the latter function have been published by Airey (1), his values 
provide only a very limited number of those required for the present 
computations. However, for many special cases the T function may 
be expressed in terms of other tabulated functions. The first, second, 
and fifth casc.«i below are readily derived from known relations. 
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Case I. Th<* exponential function 

T (2« + li w, 1, r) = J rV*. (T2H) (IS) 

r(2ff+ 1,«, r) ■=!. (1(5) 

('onihinirift luj. (16) with h'q. (30) it is ensily shown that 

r(2H + 1,« - l,r) = 1 +«/r». (17) 

The special formulae given below arc obtaiiu'tl by putting wn~ b 
in Eqs. (4la) and (41h). 

7’ (1, K, /')=!- S r^>/sl; h - 1. 2, 3 . (IK) 

I H 

7'(1, K,r) - 1; « =0, -1, -2. (10) 


Case II. 'I'he liessel function /«(x) 

7’ {HI, m, 1, r) = TT^c’’’ ■ {r-/2). (7’34) (2(1) 

T {m, m, r) r {r^/2). (21) 


T (m,m + \,l,r) ^ ^ ~ 1 • 

+ (jvifl) (22) 

r (w, m + 1, r) - * {/«/8 (rV 2 ) - ( 23 a) 

P)l "T* 1 


• I 1 m +(^Jf + l) .(ry2)|• (231)) 


Qise III. 'I'he error (unction 



'/’(1,J, l.r) “l^/,{2rl)<n, 



'•(<-»'* - e ‘''<)/(irrt)KiU, 



■«(«''/2r‘) lCrf(r), 

(21) 

where 

Erf (r) .*■ 

ir^ Jo 

(25) 

Whence 

Vm 

it 

(26) 


Combining this result with Eqs. (41a) and (41b) in which wc* pul 
«o “ i. it may be shown that 

r (1, r) « Erf (r) - «“'* “s r**A!; « - f | . (27) 

-Va 

r (1, », r) - Erf (r) + S r*Vs! : « “ ~ i, - i. (2K) 
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Case IV. The F function of Miller and Gordon (9) 

JIf (J. i r®) = 1 + —r* H- —+ -L r« + .. 

3 5-2! 7-3! 


= J_ fVdr 

r Jo r 


Whence, by Eq. (7), 

T (0, I, r) = M (J, I r*) = 2r F(r). 


(29) 

(30) 


Case V. The incomplete Gamma function 

T (1, «, r) = 2r’‘c-^’r (1, «, 1, r) = I (rf n - 1), (r78) (31) 

where 


/ (c, « — 1) = To (n)/T (n) “ J® 


(32) 


Unfortunately, the only available table of the I Gamma function (11) 
was tabulated for convenience of use in a special way and is not con¬ 
venient as a source of the related T function. It is hoped that for 
some purposes the present limited table of T will be found useful by 
those requiring a table of the I Gamma function, although for this 
purpose there is the handicap* that in the I function corresponds to 
r in the T function. 


5. Recurrence Formulae 

Two basic recurrence formulae for the original T function have 
been given (5). By changing these to the T{m, n, r) form and then 
appropriately manipulating them, six other useful formulae are easily 
derived. 

r(»»+2,w+2,r) =r(w,»,r)-^^^r(m,» + l,r). (TS?) (33) 

Tim+2,n + l,r) =T(m+2,n,r) — ^-^^T{tn,n,r). (r41) (34) 

2f* 

r (w +2, n + l,r) = T(m, « +1, r) -f T{m, n, r). (36) 

2r® 

r (m +2,n, r) = ^ r(OT, » -1-1, r) 

H- — - T (m, r ). (36) 

__2r®_ 

•Of course, Tim, n, r) could be tabulated against the argument instead of r; 
but this would cause some loss of convenience elsewhere. The computer who may 
some day plan to extend the present table should carefully consider the case pro 
and con. 
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7’(m+2,«+l,^) = -I''''’ T(m i-2,,i,r) 

;h +1 + 2r 

(,«+l)(»,-2,^-1) . 

2r‘’(w + H-2r-’) 

/(;/z + l,?/,r) - / (wz H-2, w, r) 

r- 

CiK) 

4r‘ 

7’ (m, «, r) = - ^ —i" - 7’ (iit, fi + Lr) 

f* 

+ («/,«+2, r). (.iU) 

2r» 

7’ (w, «, r) - t’ -Z.rJ 7’ (w 4- 2, H + I, r) 

w + » 2r* 

+ " /r(>n+ »,«+2,r). OH) 

m + 1 


l'!)qs. (3-4) to (37) j>ivo tho roliitioiih bt'lwecui tho functioiih <it the 
corners of the n'ctanglc (w, n), {m + 2 , w),(w + 2, n + 1 ), (m, m 4 1 ) 
in groups of three. liiqs. (38) to (40) an* the "m," “n,” and '‘diagonal” 
recurrence fornmlae, respectively. 

A special recurrence furnuila is also given. 

7’(l,w+ l,r) =r(l,M,r)-«'’V‘’7w!. (7’t(i) (41) 

From this il is easily shown that 


7’(1, w, r) - 7’(1, W(i, r) - e '* 2) r'’/.s!; ti .»«n, (41a) 

^ «no 
«t»* I 

7’(1, «, r)7'(1, «(„ r) 4 f ’’ r'V*!: «''««. (41h) 

i n 


wh«*re »o is a inunher dilli'ring from » by an integer. 


(■>. VaI.UKS of THK FONtTION KOH KI’KCIKIKI) Vai.UKS of m AND «. 

('ombining the data in Hc'ctions 4 and 5 the values of 7' have Ixm'u 
t'xpK'ssed in terms of other functions for m «■ — J i 0, J , I and n ■■ 0, 
ds J, d: 1, ± i, d: 2, with the exception of ten functions which nanain 
in terms of M. 'Phe relations an* given in 7'able I. 


7. SKMI-('ONVBRGHNT SKRIF:.S 

The asymptotic expansion for the M function has been given by 
Airey (1, p. 276, 11)26). ('ombining this result with the value of 7‘ in 
Eq. (7) we have 




-♦si 
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'FABLE lA 

T W, r) IN 'FlvRMS of OxiIbR FUNCTIONb 

/0:=aV2 I>,=:IhUy2j 


n 


m« 


I 


2rg)AV'’n(i3,A’) 


lA'A'/’fL-li+f.’ 







“I 


■I 


-2 


ATT^eT I_j, 

rg)A^e*^ng.z.A*) 

Tfe,l,Aj 

iATr^e^f(i-5L)Ix+Ij] 

|n|)A^e*fM(f.3,A^) 

T{J.2,a) 


2a(aH)FW-a’ 

A’iT+e-F[l.-I,} 
2aF(ii) 

)| Air^ e'^Io 


One 


T(2,I,a) 


I- 


I 


4/> 


T(4,2,a) 
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TABLE IB 

T (w, ;/, r) IN 'Fkrms ov Othkr Kitnctions 

_ I^,4n(Ay2) 

n _I_ 

2 in^lA^e'^'^rKis.A*) i-(i+A*)e^/“ 

•f |ATf*e^j(i+^)lx-I.|.] E^f(A)-2Aif’e*^ 

AlT^e'^ EaE (a) 

0 |r^A^e^n{f,i,Al One 

-i |Aii^e''^|l^+I.|.j EAf(A)+A”'Tr^e*'“ 

f rg)A^e^''M(i2,A-) One 
■1 t(|,1,a) T(3,i,a) 

|ir^)A^e-^/’M^,3/) One 

■r|,2,A) T(5 ...a) 
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T {m, n,r)zl+ - w) (2» +1 - m) 

l!4f2 


j (1 - m) (3 - w) (2» +1 - m) (2» + 3 - m) _j_ 

^ /i _ (w +1) (w — 2» 4* 1) 
At 


2!(4r*)* 

C~r* r’^n-im ^ \"~2~ / /j 


-wt + 1 ^ 


l!4r* 


(wt 4* 1) (wi 4" 3) (wt ■“ 2 m 4" 1) (wt — 2 m 3) 


+ 


2! (4f2)* 

For the four values of m to be tabulated this reduces to 

r (- 1 , - 1 ++. 

laOf' 21 (16r>)> 




_1 1 1(2« + 1) 

1-3 (2m + 1) (2m -1- 3) 

l!4r* 

2! (4r»)® 

_ 1 (4m 4-1) 

1-6 (4m 4-1) (4m-4 6) 

l!16r* 

2! (16r*)* 


_(1-M) 

r(«) 1 

r* 


4- 

(42) 

(43) 

(44) 

(45) 


(1 — m) (2— m) 


+ 




(46) 


The usefulness of semi-convergent series for computation is, in 
general, greatly increased by Airey's “converging factor" (C.F.) (2). 
Slight modification of series for which C.F.’s are already given (1, 
pp. 273-97, 1926) provides the C.F. for 2rF(r) = T (0, r), but exist¬ 

ing tables (9, 6) render it unnecessary. The C.F. for I (r*, m—1)«« 
r(l, n, f) is also given (2), 


r(l,«,r) 



1 —M 

r* 


+ ...(- 1 )-^ 


(1 - m) (2 - m) , 


3 


^ — ~ —2) C.F.]- (47) 


C.F. 
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wIitTc- k s — n, It r''— k, <nul .slh t<‘n>i is I lie Ivasl of the semi- 
scrios. 

'rhe ’s lot Ollier 7' functions or rcl.itcil functions do not sccni 
to i)(‘ .ivaitubU*. 


N. ('uMi'urvrtoN oi- 'ini' I'ahi.k 

The coniimtalion was done on .in eifihl-column Monroe li.ind 
mnehine, sripplemented when necessary by hand work; the work was 
carried to eipht decimal places. The tables used as .1 basis for the 
calculations art* shown in Table II. 

In most cases, for value.sof r greater than four, the .seini-conv<‘rn<*ut 
series of Imis. elH) to {4.5) were used instead of the e\piessions in 
Table I. 



l•u<ol<l, 1. Itic (?rii|>h oi /’((), «, r), I'l'he line lot r 0..'i is orniileil .. 

n (l.ri anil l.I.^,) 

'The computed values were checketl before rounding oil b\ the use 
of the rmirrence formula, lC<i. (117). Kor values of r grealei t han hair, 
when, this method becomes less suitable becausti of the larpe multi 
pliers, the values were cht>cke(l by sua'cssive differences for variable // 
and constant m and r, Tht* Tables at the <jml of this paper Kive these 
values, rounded off to five dt*cintal {daces. The {irinter’s jiroof sheets 
wore compared with the table to eight decimals which was used for 
chocking rather than against the rounded off table. 

A graph of the function r(0, n, r) i.s shown in Ing. 1. Owing to 
the wide variations of r(0, n, 0), its line is not shown, imt instead 
I'(0, «, 5) is shown. The approximate valw's of this function for 
part of the range are shown in Table III. 
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Appendix. A Short Taulk of thk M Function 
"IVii j 2 :roups of the AI function arc required to complete the com- 
putatioii« of 7"(m, «, r) for the range of m and n shown in Table 1. 
'Phe coniputritions were continued only as far as r = 2 which required 

TABLE II 

Source 'Paulks for Computations 


Function Author Reference 

Exponential Function. Lowan. 7 

Error Function.Lowan. 8 

Bessel Functions/o, 7i. . . BAAS. 4,12 

Bessel Functions . . Lowan. .Private Communication 

The F Function. Miller & Gordon. 9, 6 

Square Roots . .... Milne-Thomson. 10 

Gamma (5/4) & (7/4).BAAS. 3, page 40 

The Jlf Function.Computed. Sec Appendix 

TABLE III 


TABLE III 

Approximate Values of T (0, », i) 


n 

m . n. 1 ) 

n 

no , i ) 

n 

no , n, 1 ) 

-0.5 

+1.00 

■1.0 

+0.42 

-1.5 

-1.00 

O.G 

0 97 

1.1 

+0.16 

1.0 

-1.16 

0.7 

0.90 

1 2 

-0.13 

1.7 

-1.17 

0.8 

0.80 

1.3 

-0.45 

1.8 

-0.98 

0.9 

0.63 

1.4 

-0.75 

1.9 

-0.50 

-1.0 

+0.42 

1.5 

-1.00 

-2.0 

+0.32 


H) torms of the series given in Eq. (1). The gap between r = 2 and 
the lowest values of r computable to the required accuracy by the 
iM'tni-('onv(Tgont series is left for someone with better facilities than 
the present author. 

'I'he work of computation was somewhat reduced by noting the 
n'lation, 

Jl/(a, 7 , x) - e'M (7 — a, 7. — «)• WS) 

I'lius the sain(“ three* series served for Jlf (J, 3, x) and M (V-. 3, x) 
for Af (L 2, x) and jW (J, 2, x), for M (I, 3, x) and M (-J, 3, x), re¬ 
spectively, by adding or subtracting the sums of the odd and even 
terms of the series. From the values of M (j^, 3, x) and if (J, 2, x) 
the values of if (J, 1, x), if (f, 2, »), and if (f, 3, x) were computed 
by the recurrence formulae;— 
if (i 1, *) = (r°- + 3) if (i, 2, *) - 0.875 r* M (h 3, *) 
if (4, 2, x) = (ir'-* + 1)M (i, 2, x) - 3.6 r* M (i, 3, x) 

Af (I, 3, ») -1 .tl (4r= - 1) if (i, 2, *) - 1.4 (4r* - 3) if (i, 3. x). 
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A ooinpariMm of llu* values of a-) coiuputed l)y llu‘ scrii‘s 

anti 1)> the r<Turrt^nc<‘ forniulat* i)n)vkle(l a chtTk on tlu* work. Siniil- 
arl>, usin^ vfU’iations of llu* above n^currenee foiniulae, the fiv(‘ (Uhei 
n'(iuirt‘<l values of A! weit* t'oinputed anti ehecketl. This method was 
not applicnl)U‘ al)ov(‘ r 2 (and a' 1) lor its at'tanaej falls oil with 
inen‘asinj> r, h.vt‘n at r - 2, there is an une(‘rtaint\ of a ft‘W units in 
the seventh plaee of tht‘ value of JAl (?, 3, a*) and M ('{,3, x) ealeu 
lated from these formulae. The values wert* etanputed to (*ij>ht de¬ 
cimal places and all dij>[its were used in tlu‘ 7' eoniputations. Tabli* 1\ 
gives lh<‘m ns rounded off to five places. 

TABLE IV 

Tiik ConI'LX'vnt HYrij.R<at.oMiORi(: Kunchon 
M(a, 7 , X) 


X 

a. 'V'- i. 3 


i. 1 

12 

4» 

0.00 

1.00000 

1 00000 

1 .(K)OOO 

\ 00000 

1 000(H) 

0.04 

1 00335 

1 00504 

i oiois 

1 02538 

1 o:ioi9 

0.16 

1 01367 

1.02069 

1 (M20H 

1 10627 

1 12817 

0.«6 

1 03178 

1 04862 

J. lOU 1 

1 25858 

1 3138.5 

0.64 

1 05023 

3 09209 

1.19787 

1 51518 

1 63100 

1.00 

1.09801 

1.16685 

i.;ir>24i 

1.93910 

2 16386 

1.44 

1.15120 

1.25284 

1 .«i0262 

2.65198 

3.07722 

1.00 

1,23314 

1,39778 

2 02200 

3.89705 

1 7i):i\2 

2.56 

1.34764 

1.62449 

2.70-M0 

0.18439 

7.7.5757 

a 24 

1.51962 

I.99685 

l.lOWl 

10.64350 

13 82711 

4.00 

1.79041 

2 64661 

6.90001 

19 92660 

20.698.56 




7. X) 



X 

2, 

1 2 

1 1 

1 2 


0.00 

l.(K)0(H) 

1.00000 

■ 1.00000 

1 OOtKH) 

1 mm 

0.04 

0.97048 

0.97537 

0.99012 

0.99504 

0 99669 

0.16 

0.88746 

0.90575 

0.96192 

0 98065 

0 986tH) 

0.30 

0.76576 

0.80263 

0.91928 

0.05810 

0.97160 

0.04 

0.62501 

0.08139 

0.86748 

0.92951 

0,9515.3 

1,00 

0.48432 

0.56r34 

0.81197 

0.89685 

0,92797 

1.44 

0.35815 

0.44248 

0.75730 

0.86224 

0dK)2l3 

1.96 

0.25448 

0.34402 

0.70664 

0.82739 

0.87512 

2.50 

0.17525 

0.26452 

0.66127 

0.79358 

0.84785 

3.24 

0.11819 

0.20311 

0.62187 

0.76145 

0.82099 

4.00 

0 07895 

0.15707 

0.58794 

0.73157 

0.79501 
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ENTIRE FUNCTIONS BOUNDED ON A SET 
By M. S. Macpiiail 

('oniminiicated by R. L. Jjiiffkry, F.R.S,(\ 

following theorem was proposed by Polya [1] as a problem 
to be solved: Lelf{z) be an entire Junction of minimal type of order 
one, i.Q,, f{e) for all €>0. If the sequence . . . ,/(—2),/(--l), 

/(0)»/(l)»/(2), • • - is bounded, thenf(z) is a constant. Proofs were given 
by Szegb [2], Tschakaloff [3], Paley-Wicner [4|, and others. In the 
second and third of these proofs the points zkn figure as the zeros of sin 
TTZ, and it is natural to ask whether these points can be replaced by the 
zeros Zn of a more general function <l>{z). We shall state a set of condi¬ 
tions on <t>{z) under which we can conclude that if the further require¬ 
ment f{Zn)/<t>'(^n)—0(\zn\^'^) hoUls, then f(z) is identically zero. 
Roughly vSpeaking, any function will serve which resembles sin irz in 
that its zeros lie in a strip and it grows exponentially large away from 
this strip on both sides. I'articular cases are Bohr’s almost periodic 
functions and the Bessel functions of any integral order. 

The conditions are as follows: 

(i) <l){z) is an entire function of order one; 

(ii) the zeros Zn of <t>{z) all lie in a strip \y\ ^ V; 

(iii) there is a number q such that the zeros Zq, ,.. are all 
simple; 

(iv) there is a constant M such that \<l>(z)\ ^ Af in the strij) 

\y\ SY + v, 

(v) there are positive constants^, k such that 
for — 00 < af < 00 , Ij;! ^ F + 1; 

(vi) (here art* sequc'nces {jfr, «} (r = 1, 2 here anti elsewhere), such 

that 0 < 1 > 00 , 0 > .Y 2 ,« > — 00, and the dis¬ 
tance from any zero z,„ to any line x is bounded from zero; 

(vii) the differences |xr, n — 1 1 are bounded; 

(viii) as a consequence of (i) and (v) the zeros z,i are infinite in 
number with exponent of convergence not exceeding unity [5]. 

We can now stale the following result: 

Theorem. Letf(z) be an entire function of minimal type of order one. 
If Zi, Zi,.. . are the zeros of a function <l>{z) satisfying the above conditions, 
and if the relation 
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/U«) Vis'*) = 

holds for n ’ q, then f{z) mn idles identically. 

ProoI'. I,iM P,i(5) di'iiotf tlw' i)rinni>.il p.ut [f), p. !)2) of f{s)/q>{.'‘) 
€>( thf poiiK o„; tlnih for n ~ q wr have 


Put 

( 1 ) 


P„(s) 


/("*) 

<^^("n)(S ~ "») 


00 


/'(s) — ^ P,i(s)^(s). 
» 1 


By (iii), (viii), (i\), tlx* Horich couvcrj-ch uniformly in any finite ro^i<»i 
anti consequently tlelines an entire function [5, p. Of), sec. 2.8]. 'I'he 
function 


mz) 


<l>{z) 


is also entire, for in the neighbourhood of s* wt‘ can write 


i/(s) 


/(f). 

0(s) 


Pniz)- 


m/-n 


Actually it will turn out that //(s) = 0, and so/fc) ■“ P(s). We have 
by (ii), (V). (vi), 


(2) n{xr, 

Hence, 


+ iy) - » +• .v“)- *Lvll) + f>(l/ll + lyl)) 





It follows by a theorem of 1 lartly, liiRlmm and Polya |()], and (v), (vii), 
that 

f l/2’(i» +iy)\^dy - 0(e“*'*'), — «o < x < ». 

J —oo 


Next, consider the integral 


i: 


II(x + iy) e^'^^dy. 


On account of (v), we sec as in the estimate (2) that II{x + »y) 0 as 

lyl **i uniformly in any strip; henw the above int(%ral may be 
written 
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H(iy)e*'^^dy, 

J —00 
or 

e^^^h(u),hiu)^ r H(iy)e*^^dy, 

J -00 

Since for fixed II(x + iy)eL\-^ oo, oo) as a function of y^ we have 
by a well known theorem [7], 

\Hix + iy)\Hy « 



We now wish to infer that h(u)^ 0 almost everywhere. Suppose on 
the contrary this is false. Then there is a number x > 0 such that 
\h(u)\ > fc on a set 6 of measure jjl> 0 (for if the sets where \h{u)\ is 
greater than 1/2, 1/3, 1/4,...» are all of measure zero, then h{ii) = 0 
almost everywhere). There is no loss in assuming that e lies in an 
interval (a, b) with 0 < a < b. Then for negative values of Xt 



is greater than and so is not for all € > 0, We con¬ 

clude that h(u) == 0 almost everywhere. 

Next, by the Fourier inversion formula for functions in L*, we find 
that H(iy) 0 almost everywhere [7]. But since H(z) is an entire 
function this makes JS(z) identically zero, and therefore/(s) *= F(z). 

We shall now show that F(x) eL®{—<»,«). Put F{x) == Fi(x) +F 2 (x ), 
where Fi{x) - Sr^-Pn(:jp) <l>{x), F^ix) - 'ST ^nix) <l>{x). Clearly 
Fi(ic)6lr*( — 00 , 00 ), since <l>ix) is bounded. By Cauchy^s inequality, 


(3) 


1f*(*)N s 



2 00 
Vj 

«(*) * 

«'(an) 

« ju 

nmq 

Zn(» - U) 


We wish to integrate from — oo to oo under the second summation sign. 
Since the summands are positive and the series converges uniformly in 
any finite interval, this is permissible if the resulting series, 

»•« pnl J ““ 
converges [6, p. 44]. 

Let C« be the open rectangle 1 < * < 3^n+ L lyj < ^ + 1. 
and C'„ the boundary of Cn- Then T„(z) is analytic on Cn + C^t and 
by (iv), lrn(z)l S Mon C'^. Hence \T^(.z)\ S Mon C„+ C;[6, p. 166], 

C3 
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while on the real axis outside of we have [rn(:>c)| C M/\x 
Hence 


r l7 n(x')l^rf.v -: 2M^+ 2AP T 4il/ 

J - J I 



It then folloWvS by (viii), (i\) that 


|nv)l' dx 

-00 


u>. I Il'IUH* 


/(*) =® F(x) eLs(—eo, eo). But f(z) = 0(c'®), whc'iKV by a known 
theorem [4, p. 18, Theorem XI], w(* conclude that /(c) is i(k‘ntic,dly 
zero. The theorem is proved. 


Almost periodic functions. We shall investiKale under what con¬ 
ditions the analytic almost pcruKlic functions [see 8| satisfy (i) —(viii). 
It is convenient to transform the thc'orem by rotating the axes through 
a right angle and to use s ~ cr + tt as the indeiH'iident variable with 
Sn the zeros of 4>(s); we shall, however, use the .saim* numbering for tl»‘ 
conditions thus modified. It will ainH'ar that in certain c.ises wt* havi' 

(x) <t>'(,Sn) 0, 

so that (ix) takes the simpler form, 

(«') /(i«) = 0(lr„l-“). 

The result may be stated as follows. 

If <j>{s) satisfies the conditions described below andf{s) is of ntinimai 
type of order one and satisfies (ix'), then fis) vanishes identically. 

We now tliscuss the conditions to be imposed on ^(s). Assuim* 
that (^(.?) is a finite sum 
(4) N«real; 


or more generally an entire almost iwriodic fumdiou with a wries (1) 
as Dirichh'l series in which tin* I'xponents Nn are all betwemi tinite 
hounds. Assume further that there ocnir a largest and a smallest 
exponent 

A «= niax«X«, X » minnX«, 


and that 


( 6 ) 


A > 0, X < 0. 


This last assumption is only a nonnalization to be obtained by multi¬ 
plying by a suitable power Since the bounds of (X^} acttudly occur, 

by a known theorem [8], the zeros of ^(s) are all contaitw'd in a finite 
strip 

(6) —* £s <r S a. 
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Moreover, owing to (5) there exists a strip of the form (6) and positive 
constants A, k such that 

k(s)l ^ for l<rl > a. 

For all real t* let R* denote the closed rectangle —a ^ o- ^ a, 
t* — t S t*+ I ] R^ the open rectangle 

-a-d < <r < a + d, t* - ^ - d < t < 1+ d {d > 0)-, 

and N* the number of zeros ^ 2 » • • •. ^n* in -Ro- By n lemma of 
Jessen [9] we have 

(a) there is an upper bound N of the numbers N*; 

(b) there is a number R such that the function 

If* 

<b*(s) = <^(s)/ E (s-st) 

satisfies the relation li^*(s)l > R on R*; 

(c) there is a constant m Such that for any point of (6) whose dis¬ 
tance from any zero s» of <fi(s) is ^ l/(4«), the relation [^(s)] >i^m 
holds. 

It follows that there are lines t — tr, n satisfying conditions (v), 
(vi), (vii). Conditions (i), (ii), (iv) are also satisfied. Conditions 
(iii), (x) are satisfied provided we assume that the zeros of <fi(s) are all 
simple and that there is a lower bound S to the distance between any 
two. For then we have 

N* 

»«1 

hence, 1 > Rb^- 

Exponential trinomials. We now consider the function p{s) = ae* 
4- C6~*, where p is irrational and — 1 < p < 1. To show that 

a function of this type satisfies conditions (i) — (viii), (x), it suffices to 
prove that the zeros s» are simple and that is bounded away 
from zero. Instead of seeking conditions under which there is a posi¬ 
tive lower bound to the distance between any two zeros, as suggested 
above, we proceed as follows. 

Let us first find a necessary condition for 4>{s) to have a double zero. 
Put 

(7) 

( 8 ) 


ae'-h bef^-\- ce~*= 0, 
bp^— «“•== 0 . 
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Adding (7) and (8), 

2ne’+ h{p + \y' - 0, 




2« 


'"“ill 


2|«1 

i-lip + ll’ 
2H 

‘p + ll< 


Subtracting (8) from (7), 

6(1 - p)e^' + 2ce 0, 


>+i)» __ 

h(p-l)’ 



whence, 

(9) 

Suppose now a, b, c do not satisfy (9). Then 4>(!,) has no tlouhU* 
zero. It is easily checked (without necessarily referring to [8]) that the 
zeros «n“ <tn +*/n of ^(s) dll Ho in a strip —a <r "• a. Suppose if 
possible that on a rortain subsequence of i„. I/d 

<l>is On^‘^8*+ 

wllGfC 

S.«-c.'“. 

Then each function <bn^^(i) has a zero on the real axis in the itderval 
« S ff S |3. Choose a subsequence of such that 
cn^ converge to .4, 5, C respectively. Then the corresponding sub¬ 
sequence converges uniformly to *(s) *■ Ae* + + Ce~*. 

Choose a subsequence of tn® such that the zeros of 
tend to a limit point <ro. Then by uniform convergence, 

(eo). 


iSIft! - . 

4fap^ + 
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It follows that <i>(<ro) == ^'((To) == 0. But since |-4l — |al, |b| « \b\, 
1 cl = \c\t At Bt C do not satisfy (9), and so ^($) cannot have a double 
zero. 

This contradiction shows that <t>'{sn) is bounded away from zero. 
Hence the result: 

Assume that <t>(s) is of the form ae*+ ce^*t p irrational 
— 1 < p < 1, and 


4|o|^^ 




1p-1 

p—1 

Ip +1 

P+1 


If f(s) is of minimal type of order one, andf{sn) =0(lsnl“*), where {sn} 
are the zeros of <l>(s), thenf(s) vanishes identically. 


Bessel functions. In this section we shall take ^(s) to be a Bessel 
function^ J„{z) of integral order m. We shall show that the theorem 
may be modified to yield the following result: 

If a function f{z) of minimal type of order one is bounded at the zeros 
of it is a constant. 

Wc may assume /(s) to be an even function. For suppose we have 
proved the theorem on this assumption; if now f{z) is odd it will 
follow that the even function f(z)/z is a constant which can only be 
zero. But any function/(a) can be written as the sum of the functions 
[/(*)+/( “■ 2 )]/ 2 , [/(a) — /(—z)]/2, which are even and odd respectively. 
Since the zeros of a Bessel function are symmetrical with respect to the 
origin, the condition/(z«) =0(1) holds also for the even and odd parts 
of/(a). 

Suppose then /(a) is even and write 
«'• '' -2 


Put ao= 0 and let z±.„ denote the remaining zeros of /»,(z). 
of (1) and (3) write 

(10 0(z) = P,(z)/„(a) + S' ■ 

*—» (e - 2n) 


and 

(3') 


G*(*)N S' 
»«»-00 


gn*g(gn) 



n«<i —00 




Instead 


where S' indicates that the term given hyn == 0 is omitted. To estab¬ 
lish the convergence of the series we shall show that 


>^The results here used may be found in the treatises of G. N. Watson or Gray 
and Mathews. 
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whoncc 

( 10 ) 


W<‘ liav<> 

•— Sj i(c), 

X(C«)=- 


Also for p - »i, m + I \\(‘ have 


(11) J,(z) = VI2/(7rs)I [cos (s - p7r/2 - r/-\)+ (?,(=)], 

whore ll?/,(5)| 1/10 provi<lod ls| Z, say. Since* this dot's not hold 

on the negative real axis, we may at first take ‘ ’ 0, and later make 
use of the equation J„{—z) = ( —l)'"./’,„(s). The ctiuation l/y^(s„)» 
fldsn!*) is easily deducctl from (10), (11), noting that there are only 
a finite number of zeros with moduli h'ss than Z. 'Phe exiht(*nct‘ of the 
lines X <= Xr,n nlstJ follows easily. We hav(' 

km(*r.»-f «»1 > Ae'‘‘^' lyl~* 

instead of 

«+ fy)l > 

but it is soon on examining (2) that this doc’s not imi)air tlu* proof. 
The desired result for Hossel functions now follows. 


Princeton University, 
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THE COLOURS OF SNOWFIELDS IN SUNLIGHT^ 


By W. E. KNom.ES Middleton, F.R.S.C. 

TN 1935 the writer worked out a theory (1) of the apparent colours 

of distant objects, produced by the action of the atmosphere on 
light. In the calculations with which the theory was demonstrated, 
it was assumed that the sky was completely and uniformly clouded 
(except in the case of black objects), the reason for this assumption 
teing that it made possible relatively exact numerical results. It was 
shown that under such conditions a white object appears white at any 
distance, though it is actually a blue tint too pale to be distinguished 
from white. 

In a private communication, Dr. H. Tschierske reminded the writer 
of the observations of A. Heim, so beautifully set forth in his book, 
Lujt-Farben (2); in particular of Heim’s remarks on the yellow and 
orange tints of distant snowficlds lit by the sun, even, it would appear, 
at mid-day. This made it seem desirable to make some calculations 
of the apparent colours of distant white objects in bright sunlight, 
using the previous theory (1) and making reasonable assumptions 
about the illumination. The reader must be referred to the above- 
mentioned paper for a description of the method of colour specification, 
as it would take too much space to repeat it here. 

Let us suppose a mountain slope facing the sun, and covered with 
freshly fallen snow. Domo (3) measured the brightness of one such 
surface and found it to be 6 times that of the sky near it. This was, 
however, 21® above the true horizon; let us therefore, to be on the safe 
side, assume an upper limit of 4 times the horizon brightness. 

Let the ratio (intrinsic brightness* of object/brightness of horizon 
sky) be denoted by k. Since such a surface will be illuminated by the 
sun and also by most of the sky, we shall not be far wrong if we assume 
the light incident on it (and reflected from it, since it is non-selective) 
to have an energy distribution similar to C.I.E. Source “C” (4). The 
air between it and the observer will be illuminated by the same light. 
We have therefore to add the light scattered towards the observer by 
the air, 

J3,= Fr*(l-«-'') .(1), 

to the light 

_ H; = . .(2), 

^Published by permission of the Controller of Meteorological Services, Depart¬ 
ment of Transport, Canada. 

the brightness which would be observed close to the object. 
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reaching the eye from the object. Here i/* is the brightness of tlu* 
horizon sky, <t the extinction coefficient of the atmosphen* in the 
hotizontal jx'r km, and / the distano* of the object in kilometres. 
Considering for the iiUMHent only a narrow band of the s|H*ctnnn about 
the wavt‘l<‘ngth X, we may write for the energy of this wawlength 
reaching the eye 

/4.x - //a,x(1 - «■'"') + = 

/4xU+(ife-1)«''"'] .(3), 

where is the extinction for light of wavelength X. 

In pure air or in haze, <r will vary with X. In a sample of very light 
haze measured (5) by the writer, it was found that <t\ •» 0.0080X““’"“ 
km“*. A black object could bt* seen against the sky for about 150 km 
in such air, which we shall use in the following calculations. 

TABLE I 

APPARENT COLOURS OF A SNOWFIKLD IN SUNLIGHT 


AMuming illuinination equivalent to C.I.E. Source "C", and a hare in which 






XOOSOX" 

2 00 






Appanmt 




Hue 



Assumed Distance 

bright¬ 

Trichromatic 

wave¬ 

Saturation 

intrinsic 

I 

ness 


cocfficicillh 

length 

per cent 

brightness 

km 





X. 



(ff*- 1) 


(Ha- 1) 

X 

y 

s 

microns 
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4.00 

20 

2.738 

.3238 

.3287 

.3476 

0.570 

10.5 

7 0 


30 

2.328 

.3305 

.3403 

.3232 

.670 

19.0 

13..*> 


40 

2.014 

.3400 

.3430 

.8101 

.680 

22.8 

15.7 


50 

1.777 

.3420 

.8420 

.3164 

.681 

22.7 

16.2 


too 

1.208 

.3310 

.3300 

.8384 

.584 

13.2 

6.5 


160 

1.067 

.3101 

.3204 

.3005 

.580 

4.7 

3.5 

8.00 

20 

2.160 

.3210 

.3268 

.3616 

0.670 

8.9 

5.6 


80 

1.886 

.3816 

.3368 

.3327 

,670 

10.2 

H.O 


40 

1.077 

.3343 

.3374 

.3283 

.680 

17.0 

12.4 


60 

1.618 

.8346 

.3364 

.3201 

.680 

17.1 

12.0 


100 

1.130 

.3250 

.8266 

.8404 

.684 

0.1 

6.0 


160 

1.038 

.3162 

.3101 

.8647 

.688 

8.1 

2.3 

2.00 

60 

1.260 

.3245 

.8281 

.3474 

0.680 

10.4 

7.0 


Using equations (3) of the previous paper, and employing //* as 
the unit of luminosity, we have for the tristimulus values of the ap> 
parent colour of the snowfield 
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^yx[i +(* - i)e-'^']dx 
ExZxU + (* ~ l)e-'^']«fX 


The trichromatic coefficients then are 


(4). 


y 


^'+y+s'* ^'+y'+s' 


.(5). 


These calculations have been performed for snowfields (a) 4 times 
(b) 3 times as bright as the horizon sky, and at distances 20,30,40, 50, 
100, and 150 km. They were carried out by the method of "‘selected 
ordinates** described by Hardy (4), which is more convenient than the 
method used by the writer in his previous work. The results are given 
in Table I. 






42 


THE ROYAL SOCIETY OF CANADA 


In addition to the trichromatic coeflicionts, (he hiu‘-WMveU“n}>th 
and sMituralion have Ixien found for each examph*. The satur.ition is 
miven for conv<‘nieaa‘ in two wa>’s- S is th(* saturation as di'fim'd in 
the previous p<iiH*r Cl) (c.dled colorimetric purity by llanly (0); Pr 
is (he excitation purity (Hardy). 

Thesi' R'sults an: shown graphically in I''ig. I. 'Plu' s.v and zy a\<‘s, 
now univensally employed,hav<* been u.se<l instead ol t he .vo .ind xy .ixe.s 
used in (he i>revious pa|K'r. 

It will l)e obvious that when the distance is zero or infinite (he 
apparent colour of the object will Ik* that of the illumination. The 
calculations show, however, that the object ai)iR*ar8 yc'llower with 
incretising distance up to some 40 or 50 km after which the yc'llow 
l)ea)mes paler. The hue-wavelength remains near O.SHSju at all 
<listances. 

The more brightly the snowfield is illuminated, the yellower it will 
apiK‘ar at a given distana*. I'lie loop formed by the curve* shrinks to 
a point (at C) for yfe = 1; lhi.*i means that a .snowfii*ld actually of the 
same brightness as the horizon will not change its app.tn>nt colour ns 
we rca*de from it. It has not bwn con8id<‘r(*d nec(*ssary to <'alculate 
curves for any more values of k, but the point for k == 2.00 ,1 — 50 km 
has been found, and apijoars on the diagram and in the table. 

It is iirteresting to compare thest* curv<*,s with those for black ami 
white objects under a cloudy .sky, if we rememlx'r that for tin* white 
object under a cloudy sky, k = 0.5, and for the black obje<*t k 0. 
The curve for the white object is a loop lying on the opimsite side of 
“C” to the pr('st*nt curves,and is also shown, as i.s the curve forthe black 
object. Thus the entin* family of curves, as k varh's from 0 to ■!, forma 
a shajx* much like u two-bladed proiK'llor, with (h<* hub at tlu* {losition 
of source 

It is of courst* diflicult to predict the actual apix*,iranee of (1 h‘,m* 
colours frotu the co-ordinates, siiu’e the system has lKt*n t‘stablishe<l 
under lalx)ratory anulitions, ajtd not untler those* found in the 
air (6). However, there is little doubt that all of them which ctjrres- 
pond to distances between .30 and 100 km will Ik: seen as yellow, at 
least by many observers, though the results of Martin, Warburton, 
and Morgan (7) suggest that iwoplc differ wid<*ly in their ability to 
distinguish pale colours from white, especially in the yellow. 

The atmosphere may, on rare occasions, be more selective than the 
sample on which these calculations were btmed. In this event the 
colours will be more saturated. It appears that the necessary comli- 
tions for the yellow appearance of distant snowfields arc, first, that 
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they should be brightly illuminated by the sun; and second, that the 
atmosphere should be rather clear or at any rate highly selective. 

There is one further result that should be mentioned. In air with 
these properties, the black, grey, and white objects referred to in the 
previous paper all reached the threshold of contrast {H differing from 
Ilh by 2 per cent) at distances a little less than 150 km. The objects 
now being considered have not reached this threshold at 150 km; 
indeed, the object for which X = 4 will not do so until a distance of 
about 170 km is attained. This result is in accord with experience, 
since a snowy peak or a brightly illuminated doud is often the only 
object visible at an extreme distance, rising ghost-like out of nothing. 
But this is not conclusive evidence of the correctness of the theory, 
since the generally greater elevation of the peak or the cloud will also 
operate to increase its visual range. 
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ON A STATISTICAL MODEL OF ISOTROPIC TURBULENCE 
By J. L. Synge, F.R.S.C., and C. C. Lin 
Abstract 

A statistical theory of homogeneous isotropic turbulence is developed by 
icgaiding the turbulent fluctuations as due to Hill’s vortices moving about 
chaotically. The calculated velocity correlation tensor of the second order 
satisfies the general relations of von K&rm4n, and the shape of the correlation 
function is in general agreement with experimental results. 

1. Introduction 

The kinetic theory of gases is perhaps the best example of a physical 
theory in which a definite microscopic model is made to yield macro¬ 
scopic results. The crude microscopic model, consisting of elastic 
spheres, has proved remarkably successful. To construct a micro¬ 
scopic picture of turbulence, we do not, of course, have to go down to the 
molecular scale, but we do have to consider a state of motion so chaotic 
that the classical equations of hydrodynamics must be averaged. 
This process of averaging, as usuEilly performed, is by no means clear, 
and in this and other respects existing theories of turbulence compare 
unfavourably with the kinetic theory of gases in logical precision. 

Our purpose in the present paper is to offer a microscopic theory 
of turbulence with some claim to logical completeness. It is based 
on a model of the turbulent regime in which the individual eddies are 
treated as spherical vortices. If this model appears over-simplified, 
we may defend it on the ground that it is successful in giving results, at 
least as far as the deductions of the present paper are concerned. We 
find correlation functions which satisfy the conditions of von Kfirm&n, 
and are in good agreement with observation. 

As a background, we should mention the outstanding contributions 
to the theory of isotropic turbulence. The first theoretical study was 
by G. 1. Taylor in 1921 (1) and a clear formulation of the concept was 
given by him in 1935 (2). A systematic general theory was given by 
von Kirmfin and Howarth in 1937-8 (3); this was simplified by Robert¬ 
son (4), who used the theory of invariants. Recently a theory of iso¬ 
tropic turbulence in two dimensions has been formulated by Burgers(6). 

Although the properties of a model consisting of concentrated vor¬ 
tices does not seem to have been systematically investigated before, 
we may remark that G. 1. Taylor (2) emphasized the importance of 
small eddies in a turbulent field; he has regarded the length X derived 
from correlation measurements as a measure of the diameters of the 
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snuillost eddies. lie and (ire<‘n (6) have further Riven a model system 
illu.stratinR the mi'chanism of the production of .small ed<lie.s from larRe 
ont's. 

Bi'fori' proceeding to the mathisnatical di'tails of our theory, let u.s 
form a Rcneral picturt' of th(‘ formation of turlmli'iici' la'ln'iid a Rrid in 
a wind tunnel. As the air hlow.s through llu' urid, vort icily is inijiarted 
to the portions of tlie iluid which |>ass clow* to the bars of the Rrid. On 
account of the instability of continuon.s vortex distributions, the por- 
tion.s of the fluid endowid with vorticity tend to be concentrated into 
eddies. Except for slow dis.sipalion dtu* to viscosit y, these I'dtiies carry 
their vorticity downstream, and at some distance b(*hind the Rrid we 
have the physical state with which this paper deals in an idealized 
font!. We shall regard th(‘ reRime as om* of isotropic and homo(>e>ieous 
iurbiilenre. Lsotropy means that all orientations of tin* (‘ddies are 
equally probable and homoReneity means that tin* st.itistical volunn* 
density of <*ddie.s is constant throughout the region uiuler consideration. 

In practice, various influenct'S ki'cp the regime from Ix'ing strictly 
isotropic and homogeneous. 'I'hus, the grid produces vortex rings with 
a definite orientation, and this will not be entirely lo,sl. h'urther, the 
walls of the tunnel produce some lack of homogt'iieity, and perhaps of 
isotropy. Finally, a.s we pas.s down-^itream, th(' efli'cls of visco-sity 
produce changes. Consequently, our assumption of isotropy and 
homogeneity is in the nature of an idealization, but it is the idealiza¬ 
tion usually made, and we are not callwl on to defend it as in any way 
a novel assumption. 

In creating a microscopic model of isotropic and homogeneous 
turbulence, we have had two refjuirements in,mind: 

(i) the model must n'siuiible fairly closely the actual physicid 
state; 

(ii) it must !«• sufficiently .simple for matlu'iuatical use. 

In our first attempt, we ri'presented the eddies by infmitesimal 
vortex rings, the vehM'ity-fitdtl <lu<‘ to etich being that of a doublet. 
This Jtiwlei, howi'ver, has und(*sir3ible features aiul <lo<‘s not lead to 
correlation fimction.s in agreement with observation. It is, in fact, 
necesstiry to ust* eddies of finite sizi*, and we finally decided to use 1 fill's 
spherical vortices (7), which prove successful. As an altiTnative, we 
have considered finite vortex rings, but the mathematical calculations 
are unmanageable. 

The Hill vortex is not a ijcrfect model. In an iiiviscid fluid, such 
a vortex moves steadily without change of type, but across its surfaa* 
there is a discontinuity in tangential rale of shear. Hence, if the fluid 
is viscous, a discontinuity i«i shearing stress is called into play, which 
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must quickly alter the motion. We would have a better model if we 
could find a fairly simple axially symmetric steady motion of a perfect 
fluid, without this discontinuity. But such a motion does not seem 
to be known. 

2. Statistical representation oj a turbulent field 

Let us now apply our model to the calculation of correlation func¬ 
tions. For this purpose, we must know two things: first, what the 
properties of the individual vortices are, and secondly, how to cal¬ 
culate average values. 

As mentioned above, we accept Hill’s spherical vortex as the model 
of an eddy. Each vortex is characterized by two quantities, its speed 
U and its radius a. We shall not suppose that these vortices are all 
the same. On the contrary, there will be a statistical distribution in 
respect of type, to be discussed later. The quantities ( U, a) define a 
type. 

The calculation of average values will now be explained. We fix 
our attention on a definite portion of space R behind the grid, fixed 
relative to the tunnel. (If we observed a portion of the fluid carried 
down-stream with the mean velocity, we would not observe a steady 
regime, because of the effect of viscosity.) We imagine an observer, 
who can take instantaneous microscopic pictures of R] such a picture 
will be called an observation. Each observation shows a discrete dis¬ 
tribution of vortices in R. When a very great number of such obser¬ 
vations are superimposed, we get an ensemble, in which the various 
quantities have (in the limit) continuous statistical frequency dis¬ 
tributions. 

We have now to make two simplifying assumptions. First, since 
vortices move in and out of R, their number will not remain the same 
throughout a sequence of observations. But if the number of vortices 
is large, this random fluctuation is of no statistical importance, and we 
shall for simplicity assume the number of vortices in ii to remdn a 
constant number N. Secondly, we shall feel free to regard R as of 
infinite extent, when we find it convenient to do so. (Physically, this 
means that R is large in comparison with the distance between the 
points between which we calculate correlations.) 

Let us now proceed to the mathematical formulation of the prob¬ 
lem. In any particular observation, we may label the N vortices 
present from 1 to N. This can evidently be done in N\ ways. To 
describe each vortex, we require seven quantities: its size o, the Car¬ 
tesian coordinates of its centre Xi (i = 1, 2, 3), and the components of 
velocity Ui (i = 1, 2, 3). To describe the observation completely. 
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w<‘ can therefore use a point in the 7iV-diniensional phasie-siKice with 
ct)orclinate8 (ai, oa,. .. , am,..., a//), where am denotes tin* st‘t of 7 
variables ((.v.)mi (.Va)m. (fMm. nf tlie vortex 

carrying tin* number m. Sinn* there are Nl ways of numbering the 
vortices, tlnw an* N\ different [K)ints in the ph,iM*'Si)aee whieii corres¬ 
pond to a f(iv<*n obst*rvation. 

On suix*rimposing a very great innnber of obM*rv.itions, we g*'t a 
(statistically) continuous frequency distribution in the phasi'-spaee. 
Let 

^(ai, aa,... , an) 

be the probability density function; this means that the frequency of 
occurrence of the microscopic state* in which the m-th vortex is in the 
range of states (am, am+ dam) is given by 


(21) 


, • aif)daida^. 


whore 

(2.1a) 

J .. • aa,. . . 

, , aj^f)daidat . 

.. dan ^ 


the integral being taken for the whole of the phase-spac<*. 

Evidently, the order of numbering is immaterial and therefore ^ 
is symmetric in all the sets of variables ai, aa,... , aj^. The ensemble 
average of any quantity Q{ai,. .., an) is then 

(2.2) <2 * j • • • J 

In accordance with the usual hyimthcsis of statistical mechanics, we 
identify this ensemble average with the average obtained from a great 
numlKjr of actual obst'rvations. 

In the field of turbulence, let ua now fix our attention on two point.s 
.do and Aot for which the correlation functions are to Ik* ealeulatetl 
(Fig. 1). Let p(am) and §(am) the contributions of the vortex m 
(at the point 4) to two quantities P and 0 at the points 4o and Ae 
respectively. These quantities arc, for the purimso of the present 
problem, components of velocity, but the aigument merely demands 
that they are to be calculated by adding the contributions from the 
several vortices; thus 

(2.3) p - S 0 - a 

mm I mml 

where - p(o«), « g(am). 
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Then, by (2.2), we have 

(2-4) PQ = J • • • J S q(,an)4)dai . . . da^r 



Figure 1. —Schematical diagram for the calculation of velocity correlations due 
to a Hill's vortex. 

U =■ speed of the vortex, 

A = centre of the vortex, 

At), At => points where the fluctuations are observed. 

The calculation of average values is impossible unless we know the 
function <l>. We can, however, make a great simplification by analogy 
with the kinetic theory of gases. In an ideal gas, the molecules behave 
independently. We shall assume this to be so with the vortices. 
Furdiermore, in an isotropic homogeneous field of turbulence, there 
are no preferential directions and positions. We assume the vortices 
to be distributed and oriented at random without any correlation as 
regards type, position and orientation. 

This means that while a certain vortex Vi is occupying a position A 
with a certain orientation in the field, another vortex F* can (with 
equal probability) occupy any position B with arbitrary orientation. 
In fact, we are not excluding the mathematical possibility of having 
the vortex Va at the position A. This is not true physically, of course, 
for the vortices have finite sizes and cannot overlap without destroying 
their structure. The theory is therefore to be regarded as a first ap- 

C4 
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proxiniation, just as thi* ideal gas theory’ is a first approximation to 
Van dor Waals’ theory. 

Mathematically, the assumption of the independent'i* ol the vor- 
tkvs from one another, combined with th<“ fact that th<‘ older of mim- 
beriuR is immaterial, gives 


(2.5) 

with 

(2.5a) 


<)(ai, as,..., aty) - • • ■ ^(«w)i 


V^(®»ft)dam “ 1, "• 1,2,..., Af), 


the integral being taken over the 7-dimensionul si«ic(“ of .r„ f/„ a. 
Thus, 

\pZ^m “ 1 />(am)9(am)^(a«)f/am 

(2.5b) - 

\pmQn = \p(.cim)p(.am)da„\q(an)p(an)(lan, (»/ ^ m ) 

and so 

(2.0) pl.'fr^ = P„ qn, if m n. 

Hence 

__ _ AT 

(2.7) i*0'=-P0+ 2 (/»«?« 

Wt*l 


We shall sup{)ose that P, Q an? two “lluctuating” quantities, s<» 
that 

(2.8) /' - 0, 0 0- 
From this assumption it follows that 
(2.8ji) jl>»» •' 0, §m * 0, (»J 1,2,..., N), 

since, by (2.8), 

P-^Np^, (i^Nqn{m«U2 . N). 

Then (2.7) reduces to 

(2.9) >0 - a « Npi, 

W <w 1 

where p, q arc the contributions due to a single typical vortex. It will 
no longer be necessary to use a suffix to indicate a particular vortex. 
The calculation of the average value can therefore be made by 
considering a typical vortex, and calculating the average 
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(2.10) pg = J#>(a)g(o)^(a)da. 

On account of the independence of position, orientation and type, 
we may write 

(2.11) ^(a)do = i«(2)dQ. ff{x)dT . ^{U,a)dUda. 

Here dQ is an element of solid angle, I stands for the direction cosines 
U of the axis of the vortex, and ix is frequency of distribution in direc¬ 
tion; dr is an element of spatial volume of the region R under con¬ 
sideration, X stands for the coordinates Xi of the centre of the vortex, 
and <r is frequency of distribution in position; U is the speed and a the 
radius of the vortex, and #(Z7, a) is frequency of distribution in type. 
We have 

(2.11a) jM(0dO = l, J(r(3c)dT = 1, j#(Z7, a)d£/^dc = 1. 

The first integral is taken over a unit sphere, the second over the 
interior of the region R, and the third for all positive values of U and a. 
If V be the volume of the space-region R under observation, the condi¬ 
tions of isotropy in direction, and homogeneity in position, give 

(2.11b) <r = i* 

47r V 

Introducing (2.11) into (2.10), we have 

(2.12) ^ = ^^^(JJ,a)d'Uda^^^dr, 

where is the average taken for orientation only, and of course 
depends on Xi and U and a. Then PQ is given (cf. (2.9)) on multi¬ 
plying (2.12) by N. 

There is no objection to extending the volume V to infinity while 
keeping the density p = N/V of the vortices constant, provided that 
the volume integral is convergent. Thus, we get 

(2.13) pQ = p|$(Cr, a)dUdajM^ dr, 

the volume integral being taken through infinite space. 

The treatment of correlations of more than two quantities is 
similar. Thus, 

(2.14) P^ = p|#(Z7,tt)dC7da|FF'dT, 
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(2M) 


LV - /)J' 


PQR.S ■ pUHU,a)(lUda 


pqrs^ dr, oU'. 


n may he uot<‘(l iu paswiiR that if all the vortioc's an* of tlu' same tvpi*, 
th(! averuRC values an* proportional to the \olume intcRials themsehes. 
The formula (2.13) forms the basts ol our enleulatioiis. 


3. Hill’s spherical vorlex 

Hill’s spherical vortex may he rlescrihedas a vortex sph(‘re advane- 
iuR with consUuit velocity through si Iluid which is sit rest at infmitv- 
The flow ill the whole field is symmetricsil silxmt the line of motion. 
'I'he vorticity inside the sphere is proportional to the distance from 
this axis of symmetry, while the motion outside is th<‘ s,ime as the 
irrotational motion outside a moving solid spht're. 




Fkiurk 2.‘>!ini’R itpherical vortex. 


In Fig. 2, .4(»<)(» >■ 1, 2, 3} is the instantaneous position of the 
centre of a I lill’s vortex of radius a, and Z< (f «■ 1,2,3) tins the dinvlion 
cosines of the direction of advance referred to any coordinates axes 
(not shown). Let U 1 )C the speed of advance. Then the fluid velocit y 
at a point 4o(*i*) is given by 


(3.1a) Ui •" tiijlj, ay 


3 27a* 1 l7o», , V 

® ^r<»-/+e(|.-^J„,(rSa), 


2 


(3.1b) Ui «■ ffijlj, 0ij 
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where r,- = Xi — Xi, the coordinates of A relative to A o. These are well- 
known formulae, translated into tensor notation. As usual, r denotes 
the length of the vector n, and S„- is the Kronecker delta, while sum¬ 
mation over the range (1, 2, 3) for a repeated index is understood. 
The pressure is given by 


(3.2a) 


(3.2b) p = U 


- (r^ a) 


+ 

9plP 

Sa^ 


where n is a constant (being in fact the minimum pressure in the fluid). 

It is easy to verify that these fields of velocity and pressure satisfy 
the equations of steady motion of a perfect fluid, when a velocity — Uk 
is superimposed and regarded as fixed. Further, the velocity and 
pressure are continuous across r ^ a. The continuity of velocity fol¬ 
lows from the fact that 


(3.3) 


3»t f 


while the continuity of pressure is evident from (3.2a) and (3.2b). 

We note that the tensors a^y and Pij- are obviously symmetrical, and 
we can easily verify that their divergence with respect to either index 
vanishes: 


(3.4) 


^ Q dcLjj ^ Q dpij ^ Q d^ij ^ Q 

dxi 9x^ dXi ^Xj 


These also follow directly from the equation of continuity 
since o*-, fiij arc independent of h. 

It is evident that we can write 


duj 


0 , 


(3.6) ay = 

dxj 2 \ r®/ 

The same reduction is not possible for |8y, because the motion inside 
is rotational. However, we may express /3y in the form 


i/ = ~ + aW^y, = . 
dXj 4 a 


U 2 5 7-7 

rn — — Uri 


(3.6) i 
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It is further i)Ossihlc‘ to write 


(3.7) 


(».«) 


du 

Vi =• , , u 

dXt 


dv 


I 

3 r 


, 3 U 

iK, -= , e -- r* 

a.v. 1G«» 


We note that 


>» I ^ 

Ur- + UaK 
8 U) 


(3.9) B — tt ar 0, ^f= 0 at r a. 

All these results will be useful for later calculations. 


‘1. 'J'he correlation tensors due to JHll’s vortices, all of one type 

('onsider two points Ao and Ao in an i.sotropie honiof»<‘neou8field 
of turbulence due to a distribution of Hill’s vortices. On the whoh*, 
it i.s easier to use geiural ('art<‘sian axes, rather than axes sjH'cially 
related to the line AaAo. Any slight simplification arising from sjx'cial 
ax(‘s is outweighed by the .symmetry obtaiiu'd from the usi* of general 
axe.s and indicial notation. 

Let Vi, ffh be the velocities of fluctuation at the points Ao,Ao, i.e., 
the fluid velocities after subtraction of the steady stn'aming, in any 
particular obs(’rvation. The corndation tensors of von K&rmAn and 
Howarth (3) are defined in terms of the average values as follows; 


(4.1) 




it 


V,Vu 


r... - 


B* - Bi® - »3* “■ »S® “ i V, V, « J fl* f)*. 


The physical meanijig of K,k is this: if Xj, X< are unit vectors at /I n, /I# 
resiK'Ctively, then tin* invariant is the (“orrelatiou ccK'flicient 

Ixitwecn the c<»mp(menl8 of tlu' velocities at /Ig and .(loin the directions 
of X{ and X^. 

Wc shall first calculate these correlation tensors for a tlistrilmtion 
of Hill’s vorticc‘8, all of one ty{X! (i.e., of given U and a), ixissing on in 
§6 to the more general case where there is a distribution in type. 

Let us return to Fig. I and consider a single Hill’s vortex {xnnting 
in the direction Denote the distance A^An by |. We shall use the 
formulae of §3, with the notation 
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In addition to the formulae written explicitly in §3, we have also those 
obtained on replacing by thus leading to expressions oy, and 
othcr_quantities so marked. Thus we have, for the velocities a,t A a 
and Ao, due to the single vortex, 

(4.3) Mi == aalj (r ^ a), m = /3yjy (r S a), 

(4.4) Uk=a.kjlj (r^a), Uk^fikjh 

where oy, jSy are as in (3.1a), (3.1b) and aks, /§« are corresponding 
expressions with r, u replaced by f, ft. The formulae to be applied 
depend on whether the points Ao, Ao lie outside or inside the vortex. 
The symbols oy » j in (4.1) denote velocities due to the whole distri¬ 
bution of vortices in a single observation; m<, m* in (4.3), (4.4) are due 
to a single typical vortex. 

Before applying (2.13), we should be sure that (4.3) and (4.4) are 
in conformity with (2.8a), i.e., 

(4.6) Mi = 0, Sjb = 0. 

This can be seen at once, from the assumed isotropy, which implies 

(4.6) p = 0. 

We can therefore use equations (2.13) to calculate the correlation 
tensors of the second order, (2.14) for the third order, and so on. 

According to those equations, the correlation tensors are propor¬ 
tional to 

(4.7) J uiWk dr, J UfUkUi dr, etc., 

the volume integrals being taken through the whole space. The first 
step is therefore to evaluate the average with respect to direction. 
Referring to (4.3) and (4.4), we see that this average is at once given 
with the help of the following formulae, which can be easily verified: 

lilj = i 5y, 

( 4 - 8 ) •{ hi^k = 0 . 

Uljhlm = -it (SySim -1- hk^jm + 5jm5y*i)> 

Thus, all correlations of odd orders vanish, while those of even 
orders do not vanish in general. This is contrary to the view of 
Taylor (8), who has argued that the third order correlations must not 
vanish identically. However, this discrepancy may be due to an over¬ 
simplification in the choice of the model of an eddy. With a more 
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elaborate model, the formulae (4.3) and (4.4) for and Th might con¬ 
tain terms quadratic in the direction cosines, and then the correlations 
of otld orders would not necessarily vanish. Th(j vanishing of the 
odd-order coirelations may be attributed to the symmetry of the 
vortex, fore and aft. Our main interest, however, lie.s in correlations 
of the second order, because they arc Those' Which are actually 
measured. 

Since the formal expressions (4.3) and (4.4) for the velocity are 
different for r > a and r < a, it is evident that we must distinguish 
two cases in our calculations, according as the distance J between the 
points of observation is greater or less than the diameter 2a of the 
vortex. 

Case (I) i ^ 2a. This will give results corresponding to the outer 
part of the correlation function. In tliis case, no single vortex of 
radius a can contain both the points at which the fluctuations are 
observed. 

Case (2) ^ ^ 2a. This will give results corresponding to the inner 
part of the correlation functions. We shall sub-divide this case into 
two cases: 

(2a) rt :S $ :S 2a, 

(2b) 0 ^ I ^ o. 


In cither of these cases a single vortex may contain both the points at 
which the fluctuations arc observed. 

In Fig. 3, we draw spheres of radius a around the points Ao and At. 
('ases (1), (2a), and (2b) arc shown separately. In (>a&o (1) there are 
four regions J, 1,11, fl, bounded by spheres S, B of radius a centred 
on At, At, and by the plane of symmetry II. In the other Cttses then* 
is a similar but more complicated division of space, as may Ik* set'n 
from the diagrams. 

Now, if a vortex has its centre at the point A, th<* velocities at 
At, At will dept'ud of course on tlic i^obitiun of A. But the formal 
expression for the velocity will also deiwnd on whether the point of 
observation lies inside or outside the vortex. Hence, we have tht* 
following table (Table I), which shows the formulae for Uh, wrres- 
ponding to the cases where A lies in the various regions. 

Referring to Table I and equation (4,8), we sec that the integrals 
to be evaluated are as follows. 

Case (1): 


(4.9) 


I 


«,«* dr 


1+7 


i J/S« “ydr 

ii 
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Figube 3. —Partition of space regions for different cases, classified according to the 
ratio 5/2a. 


A » centre of vortex, 

itOf Ao ^ points where the fluctuations are observed, 
^ = Zo A 0 * distance between the points of observation, 
a » radius of the Hill’s vortex, 

- 51 , Xf-ri^ Xt- Xi, 
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Figure 8—Caee (26) 0 £ $ a 
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Case (2): 


IJ* a</ oy dr + J J /Si/ oJ,,- Jt + I f jSiy dr 
I II III 

+ IJ an akj dr + J Jay ^uj dr +\^jSy dr. 


II 


III 


TABLE I 


Region containing the centre (A) of the vortex 



I 

II 

III 

r 

ft 

III 

Hi 

Oij Ij 


h 

0,7 Ij 

Oij ly 

^ij h 

h 

ajcj Ij 

^kjlj 

^kih 

hih 

0ki h 

fe Ij 


The method of evaluation employed below consists in transforming 
the volume integrals into suitable surface integrals with the help of 
Green’s theorem. Let us consider the cases separately. 

Case (1). To evaluate (4.9) we first transform the integrals as 
follows. By (3.4) and (3.5), we have 

« _d<pi ^ ^ f 

O-ij H-kj — ■"— 0 -kj ~ ~ —V.<®» 
dXj dXj 

fiijajn = —(^»y?jb), 

dXj 

d 

anfikj 

The integral (I + I) in (4.9) transforms by Green’s theorem into 
surface integrals over 5 and 5 and an infinite sphere, this last integral 
vanishing. The integrals over II and fl transform into surface 
integrals over S and S respectively, so that we are left with four surface 
integrals. Two of these cancel by (3.3), and we obtain finally 

(4.11) Jm»- « I J ( — <pi ttfcy + fhfiij)njdSf 

s 

where »y is the unit normal vector to 5, drawn outward. With a little 
manipulation and use of some well-known results in potential theory 
(sec Appendix), the whole integral finally reduces to 
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( 1 * 12 ) 


Hk dr 


wh(^ri‘ 


(i7a*)“ —— 
3 a€,ai* 



T 

3 



, 3fi?A 

(.+ i. ;■ 


X, - ,, 


(hcroordinatcbof^oi'clutivelo J[o,<ind4‘’ 


Case {S). There arc six integrals to be evaluated in (blO). By 
symmetry, the last three integrals are equal to the first three, with the 
suffixes i, k interchanged. We may therefore write 

(4.13) dr + 

where 

(4.14) 5,* = Ja,,-aA,jdT + JjSy aKjdr + J Pij^hjdr. 

/ 11 111 

Unfortunately, the simple method used for Case (1) cannot be 
applied here. The first sU'p in evaluating Uiese integrals is to tran.s- 
fonn them by similar methods into surface integrals over the plane 
of symmetry,—a transfonnation which might also have been used in 
Case (1) to give the result (4.12). 

Let II' and n*’ denote respectively the portions of the plane of 
symmetry r = r for which r> a and r < a. We transform the first 
integral in (4.14) into integrals over and a portion of S; we tran.s- 
fonn the second integral into integrals over portions of S and S. On 
addition, the integrals over S cancel by (3.3), and the integral over S’ 
is then transformed into an integral over and a volume integral 
over 111. Thus wc obtain 

(4.16) .S’lfc** HjaiiipkdS 4- itiliiflpidS + 0h ” ii‘ki)0>jdr, 

II' 11" 1" 

where is the unit normal to II' and II", |)ointing away from*®, as 
iudiciittid in Fig. 3. 

Substituting for from (3.6) in the volunie integral, and using 
(3.7), (8.8), (3.9), wc may reduce it in i)sirt to a surface inlegnil over 
if as follows: 


(4.16) J (3iW — ihj)0iidT «= {njrfui^kj — o-kj) +«i(^* ~ Vh)q 

111 ll" 


-»*i(0 -‘u)q''ri}dS + Siie {(?"(» ~fi)+j5}dr, 

lii 
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where 


„ 15 U 

• dr^ 2 a*’ 


By using bipolar coordinates (r, r, <p), where <p is the azimuthal 
angle about the line -d (^4 o. we can show (see Appendix) that the surface 
integrals in (4.15) and (4.16) are given by 


(4.17) 


f {(- 6„ + 4,?*)S.fc + (2ij-‘ + 4:?), 

i' 


(4.18) /3„- vk dS = {(- 24, + 48,* - 24,») 

n" + (80,-* - 152,-* + 96 - 24,) ,*}, 

(4.19) ftjfcj)+»i(^i - ?*)2-«i(» -u)^'r,}dS 
n" ^ ^ 

= {(- 40 + 105, - 72,* - 5,* +15,»- 3,^ 5.* 


+(- 80,-* + 150,-* + 96 - 280, + 150,* - 36,*),.-,4, 

where 


(4.20) ,.= ^i/2a, , = $/2a. 

The volume integral in (4.16) (for both cases (2a) and (2b)) is 

(4.21) Sik I{<Z"(5 -«) + s 2} dr = 1®^ -75, - 360,* 

iir HAK ) 

+525,* - 225,* 8«. 


The quantities Sit, are evaluated by adding together (4.17), (4.18), 
(4.19) and (4.21), and so by (4.13) we have for Case (2) 

(4.22) dr « {(^ - 384,* + 500,* - 210,* 

+ + (192,2 _ 300,* + 150,* - 36,*) ^ > • 

7 / ,* ) 


The above calculations involve vortices of one type (U, a). If we 
suppose that there is actually only one type present, our calculation 
of correlation functions is nearly completed. If on the other hand, 
wc suppose that there is a distribution in type, what we have done is 
only an essential part in the whole calculation, for averaging with 
respect to type has still to be carried out. 
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In. order to check our results, we shall for the present assume that 
only one type of vortex is present. The case of a distribution in type 
will be treated in §5. 

b'or the correlation tensor i?,*, we have, as in (1.1), 


Ra = 



\VjVj, 


Here v, arc velocities at Aq, Ao respectively, corresponding to a 
single observation. Hence, by (2.13), since there is only one type of 
vortex present, 


(1.23) 


= P dr. 


We obtain by putting fe = i (no summation) and letting {->-0 in 
(4.22); thus 

(4.23a) ~ — • — • 


Let us write (4.12) in the form 
(4.24) 


2gtA 

n* 


+ 


ij' / 


Hence, from this equation and (4.22) and (4.23a), the correlation tensor 
may be written 


(4.26) 2?.s = G(„)5.* + ( Fin) - Gin)) ^’4", n, « f’’, 

2o 


where the functions F, G take different forms according as »}> or <1: 

7 1 
80 »}» ' 

7 I 

iflO 


(4.20a) 


Fin) - 
Oiri) 


in > 1); 


(4.26b) 


Fin) 1 


21 


. . 36 . 


21 

16 


1?® + 


9 

1 

40 


1 


aa 1 _ j I _5 _ ^ 4. 31 „7 

^ 5 ’ + 16 ’ 32 ’’+ 80 ”') 


in < 1). 


We may also write (4.25) as 

(4.27) « gik)Kk +1/({) - gii)] y-*-. 
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where 


(4.28) 




The correlation tensor is thus expressed in a usual form. Indeed, from 
the mere assumption of isotropy (without any particular microscopic 
model) we know* that J?,* must be of the general form (4.27). 



f‘0-f 

Figukb 4.—^Longitudinal (f) and transverse (g) correlation functions (3o, Aa being 
the points of observation). 

The function /(f) and g(€) are the longitudinal and transverse 
correlation functions respectively (Fig. 4). In accordance with general 
theory, they must satisfy (as a mere deduction from isotropy and the 
equation of continuity) von Kdrmin’s equation 

(4.29) 

We easily verify that the above functions do in fact satisfy this rela¬ 
tion. This is a useful check on the accuracy of the complicated calcu¬ 
lations involved. 

*Cf. eq. (3), p. 195 of the paper by von K4rxn4n and Howarth, loc, ciU\ see also 
Robertson, loc. ciU 
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I.ot Ub sum up our result; On the ai>sumption that a state of isotropic 
and homos^eneous turbulence is due to IlilVs spherical vortices all of one 
speed U and one radium a, behaving independently, the longitudinal (/) 
and transverse {g) correlation functions for points at a distance $ apart 
are as follows : 


(13()a) 


(4.30b) 

/«)-! 

j?(«) -1 



for { < 2a. 


Wc would, of course*, expect the correlation functions to join uj) 
continuously at | = 2a; but the junction is remarkably smooth, there 
Ixiing continuity of derivatives up to the fourth order inclusive for/({) 
and up to the third order inclusive for g(^). 

Wc note that the correlation functions are independent of U, the 
speed of the vortices. Their dependence on o is very simple, a change 
in a corresponding to a change of scale. 

Before passing to the consideration of distribution in type, let us 
connect our model with the micro- and macro-scales of turbulence. 

The micro-scale of turbulence defined by Taylor (2) is given by 


(- 1 . 31 ) 


X* V/rA-o 


while the macro-sctilc is given by 


(4.32) 



1 


or, by (4.29), provided that {/($) vanishes for infinite | (as it does it* 
our theory), 

(4.33) 

Jo ;V 

For distinction wc shall use capitals (A and L) for the case where there 
is only one type of vortex present. 

With the function /({) » F(ii) given by (4.26a) and (4.26b), wc 
find that the micro-scale A is given by 
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(4.34) 


i = _ J_ ;7//(o) = i , 

A* 4a® 10 a® 


or 

(4.35) 



and the macro-scale L is given by 


(4.36) 


L = a J F(7j)drj 


= 0.69 a, 

— a = 0.55 a. 
64 


We observe that the lengths L and A are directly connected with the 
size of the eddies, A being about two-thirds of the radius of an eddy. 

Comparison of the shape of the correlation curve given by (4.26a) 
and (4.26b) with other results (theoretical and experimental) will be 
made in §6. 


5. The correlation tensors due to IlilVs vortices with distribution^ in type 

So far we have dealt only with vortices of one type, all of the same 
size and travelling with the same speed. To treat the general case, 
we have to include a further averaging process; we must integrate 
with respect to the variables U and a in (2.13) and (2.14). We note 
that the correlation tensors of the third order are still identically zero. 
For the correlations of the second order, we now have, instead of (4.23), 

(5.1) VtV]i ~ dUdajUf u^dr; 

for the last integral we have the expressions (4.22) or (4.24) according 
as 2a is greater or less than Also 

(6.1a) pj^(U,a)dUda dr, 

"^or the limit, we have again the expression (4.23a). It then follows 
that the correlation tensor is 


5.2) 


foo I 

lo J 

%(Z7,a)C/®a®-j 


1 1 

1 

1_1 

S* j 

>dUda 


i:i 

^{U,a)TPaHUda 

0 


where the functions F and G are as in (4.26a) if 2a < ? and as in (4,26b) 
if 2a > |. If we write Rih in the standard form 


C6 
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(fi.3) 




(i h 

j 

e 


wo oI)tain the following oxprohsions for (he longitudinal and Iraubvorst' 
correlation functions: 


(5.1) 

(5.6) 

whore 

(5.6) 

we note that 

(5.7) 




I/(a) « 


10 
foo 
^ JO 


0 Jo 


<t>([/,a)lWdU 


i: 


n(ja)da = I. 


Since the energy associated with a Hill's vortex is 


it follows from (5.6) that 11(a) may be interpreted as giving the dis¬ 
tribution of energy among the sizes of the vortices. Our microscopic 
model gives no information at sill regarding this function; we can only 
make some simple and plausible assumption. 

I.,et us assume 

(6.8) • JI(a) « 

wherc A and ao are con8tant.s. Thest* constants an* connected by 
(6.7), and so we get 

( 6 . 9 ) //(«)-„^ 

2<Zo V^o/ 

the constant Oo remaining undetennined. With this choice of 11(a), 
the correlation functions (6.4) and (6.6) iKicomc (with v - a/ai) 

(6.10) /(€) « jj 

(6.11) g(i) - dv. 
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When (4.26a) and (4.26b) are substituted into these formulae, a direct 
calculation gives 

(5.12) m = r® {120 - e-f(f' + 5f* + 20f« + 60f* +120f+120)} 

loO 

+ |l + f - — f* - — +--f* +----- 

I 10 10 160 640 640 / 


Jr » 116 


—r®+— 

64 640 J 


(6.13) 


«(5) = - ^ rM 120 - e-f (r+5r^+20f» +.60f*+i2or +120)} 

320 




■rf-{ 


10 320 160 

L7if3_147f* + _27_ 
32 128 1280 


Lf-V 

80 / 


1280 1280 


where 

(6.14) f = €/2ao. 

The discontinuities in the higher derivatives of /(O and g(^) have 
been removed by the process of averaging for type; the functions are 
now analytic. As a check on the calculation, we may verify that 
they still satisfy the relation (4.29). 

Referring to equations (4.31) — (4.36) and (5.4), we see that the 
micro-scale of turbulence X is given by 


and that the macro-scale I is given by 


(5.16) 


LH(,a)da = ^ 


H(a)a 4 a. 


With H(a) given by (6.9), we obtain 


(5.17) 


(5.18) 


X® 20 al’ 


X = 4/ ~ 0.98 ttot 

V 21 
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(n.lO) /= ffo-1.6t«o. 

(>t 

'riu' (lislrihution of oiiorgy prosouls ,i m.i\in\uin (s;ivon In n'{a) 0) .i( 

(o/iO) ti = 2^10. 

Wo SCO that X is about ono-h.ilf of iho radius of (‘ddy oorrosiKUKliug to 
maxinuun sharo of onortty. 

To sum up: We consider a state of isotropic and liomos’cncons tur¬ 
bulence correspofidina to lliU’s vortices with a distribution in type {U, a) 
such that the function TI(a), defined by {/>.(>) in terms of the probability 
'I’fi/, a)dVda of a vortex being in the range (IJ, U -\- dU; a, a 4- da), is 
given by {/>.!)). Then the longitudinal (/) and transverse (g) correlation 
functions for points at a distance $ apart are given by (b.lii) and (r>.l',>), 
together with (l>.l/t) where «« is the constant appearing in {!>.!)). The 
micro-scale (X) of turbulence defined by (4.^1) and the macro-siale (/) 
defined by {4.8'$) are given by (b.lH) and {5.til) respectively. 

('omparison with cxpc'rimonts will l)o mado in tho uo\t sootion. 

6. Comparison with experiment 

Lot us now try to compare with oxperimontid data tho thuorcdioal 
correlation functions/({) and g(f), as given by (•'>.12) and (5.13), sis well 
as the simpler functions given by (4.26a), (4.261)) and (4.28). Since tho 
relation (4.29) (which is also o.xperimcntally verified (8), (9)) gives the 
function g(?) explicitly in terms of /({), we shall discuss the function 
/({) alone. 

Heforo comparing the exact shsiiie of the theoretical and exiK*ri- 
nimital rorrelsition (nirvos, let us first c/)nsider the qiu'stion of “simil¬ 
arity.” 

If we consider all tlie vortices to be of one type (§ 1), tho correlation 
function/(?) is givtm by the first eriuation of (4.28). ('onsulerod as a 
function of ii(«“ {/2o), it htis a definite fonn. It is, however, tuoro 
natural from a physical point of view to consider it sis a function of 
the distance between the iioints of observation. It, then, we compan' 
correlation functions sit two places, one at some distance down-stream 
from the otltcr, we are to cxiiect that, due to decay, the vortices at thi* 
two places will be of different types, and the function /(J) will there¬ 
fore have different forms at Uic two places. But the curves at the two 
places will be “similar,” in the sense that the curve at one place may 
be obtained from the one at the other by a magnification in the direc¬ 
tion of tho g-axis. This means that the function /(J) has a “self-pre¬ 
serving” property (3). Indeed, the correlation functions for different 
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homogeneous and isotropic fields of turbulence, each due to vortices 
of a single type, will all be similar in the above sense. Referring to 
(5.4) and (5.12), we sec clearly that this property of similarity still 
holds when we consider a distribution of vortices in type, if the func¬ 
tion 11 {a) as given by (5.9) is a universal one. (The arbitrary constant 
do may vary from one case to the other.) 

I.et us now compare the theoretical results (5.12) for /(J) with 
experimental data. We have the parameter oo in (5.12) to adjust for 
a change of scale of £. We take such a value for oo that the theoretical 
and experimental results agree for / == 0.5. The comparison is shown 
in Fig. 5, with f = f/2ao as the horizontal coordinate. The experi¬ 
mental data are taken from Fig. 1 of Taylor's paper (8), reduced ac¬ 
cording to the relation f = 1.87$ ($ in inches). The agreement is good 
for the main part of the curve.* 

The theoretical curve of /($) given by (4.26a) and (4.26b) is also 
shown for comparison. It is made by taking f = 2.45ij. This makes 
the curves agree for/($) = 0.5. It can be seen that this curve is quite 
different from the other ones. Thus, the turbulence field behind a 
grid is not the one composed of Hill’s vortices all of the same type. 

Von K4rm4n and Howarth (3) have also derived the correlation 
curve of /($) for the case of “small Reynolds number of turbulence,” 
on the assumption that the correlation functions are strictly "self¬ 
preserving" as we pass down-stream. Their results may be expressed 
asf 

(6.1) /(e = jf(x), x = $/&, 

where b is an arbitrary constant, aind where the function ^ is uniquely 
defined when ,^'“(0) is given. Thus, for Jf“(0)= = 

This function is plotted in Fig. 5 by taking f = 0.488x so that it agrees 
with the other curves at /($) = 0.5. It can be seen that their curve is 
similar to our curve of/($) given by (4.26a) and (4.26b) and bears only 
a slight resemblance to the experimental results. In Fig. 3 of their 
paper, thecurvesof Jf(x)forJ|“(0) = —l/4and —1/5 are shown. The 
latter curve when plotted according to the above scheme is nearly the 
the same as the former one, and consequently is not shown to avoid 
confusion. 

•A question regarding the shape of the experimental curve in the immediate 
neighbourhood of $ = 0, i.e., f “0, will be discussed below. 

iOur I is their r. Our ,^(x) is their /(x). and is given by thdr equation (66) 
(in which a = — 3f"(0)). According to their notation, x vi/o^and 

hence X ■“ r/6, where b = —a quantity varying with X. 
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Let us now consider the question of similarity of the correlation 
curves in relation to experiiuental data. In the first place, experi- 
nunital results do not seem to be definite enough to settle the question 
of **sc‘lf"preservalion*' as we pass down-stream in a wind tuniu^l (10). 
ScK'ondly, when we consider the correlation functions produced under 



F 20UKI$ 5. —Comparison of the < heoretical correlation curves for/({) with exix‘rinu*nt. 

G.Experimental points and curve taken from Fig. I of Taylor^s pup<‘r (8) 

with horizontal scale properly rc»diicecl (f « 1.87{), 

. . . . . Theoretical curve according to the prc*W‘nt th(‘ory, vortices of different 

types. 

^. —. —. Theoretical curve according to the present theory, all vortices of the 
same type. Horizontal scale properly reduced (f » 2.457;). 

..Theoretical curve according to von Kdrmdn and Ilowarth for low 

Reynolds number of turbulence, 5f^'(0) *■ —1/4. Horizontal scale 
properly reduced (f «» 0.488%). 
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different conditions, we have the following result of G. I. Taylor.* 
He wrote: “When the 2?i(r) curve is measured at a fixed section with 
varying wind-tunnel speeds, it is found to be practically invariable, 
except that the curvature at r == 0 increases as the wind speed in¬ 
creases.” Thus, in the neighbourhood of | = 0, our theoretical result 
(5.12) can be in agreement with experiment only for a particular wind 
speed, for there the experimental curves differ among themselves. But 
for the main body of the curve, the agreement is good for all wind 
speeds (Fig. 5). This shows that our distribution function H(a) as 
given by (5.9) (upon which (5.12) is based) is good for all wind speeds, 
except for slight variations with them. 

Let us now go one step further and ask what kind of a variation 
in the distribution function H(a) will give a change in the curve in 
the neighbourhood of f = 0, without chauiging the rest of the curve 
significantly. This point is illustrated by the following example. 

Suppose that instead of the distribution function (5.9), we have 


(6.2) ir(o) = 


2oo{H-i«*r(3-ife)} 




J?L 

ao 


where T is the gamma-function 



and € and k are positive constants, depending upon the experimental 
conditions under which the turbulence is produced, and satisf 5 dng the 
conditions that (i) e is very small and that (ii) k is less than or equal 
to unity, but greater than a finite number, say 1 /2. The two quantities 
e and k may be related or not among themselves. The difference 
between (5.9) and (6.2) is very small and hence these two distribution 
functions give correlation curves not very much different from one 
another. But when we come to the calculation of the curvature at 
J =» 0, we may find a considerable difference. By (5,15) and (6.2), 
we find that the curvature 1/X'^ corresponding to (6.2) is given by 


J, _ 1 l-f€^r(l-jfe) ^ 
V' X2 1+ie*r(3-jfe)' 


where X is the micro-scale of turbulence according to (6.9) and is given 
by (6.17) or (6.18). When the two quantities e and k vary, the value 
of X' is changed. This means that the curvature of the correlation 


*Tayloi*, loc. cit. (8), p. 315. His r is our and his Ri(r) is our/({). In fact, he 
showed from his theory and experiment that the curvature at J “ 0 varies directly 
as the wind speed. 
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curve /(S) (say) at 5 = 0 changes with exptTimenlal conditions. In 
particular, if € is zcto, we have X. If k - 1 and c is not zero, 
(G.n) ^i\es an infinite cnrvalure for lh<* curve at $ “ 0; this humus that 
the curve has a pointed lop. (This corrt^sponds to an iidinite rate of 
dissipation in tlu* usual theory.) 'fhe curvatun* may he liniU' only 
when II {a) vanishes at a -- 0 faster than 0(a) (cf. ec|. (5*15)). In a 
j»<MU‘ral manner, we may say that llu* correlat ion funct ions have sharpen* 
tops when small eddies arc more abundant. 

When € and k are varjang properly with the wind spc(‘d, the enrva- 
tur(» f;»iven by (6.3) wdll be proportional to it. This stTves to explain 
in ,i>eneral terms the above-mentioned experimental results of Taylor 
at various wind spc*eds- Since the correlation functions are nearly th(‘ 
same, the distribution function 11(a) must be nearly indepi*ndenl of 
the wind spc<‘d. Th(‘ fact that the correlation curves are sharpen* at 
i - 0 for hij>her wind speeds means that then‘ are then more small 
eddies. R(‘ferring to (5.15) and the example just mentioiUHl, w't‘ s(‘e 
that a little change of 11(a) in the immediate neij»hbourlu)od of a — 0 
is sufliciemt to brinj^ about a hi^ change^ in 1 /X“. We can tlu^re^fore stM 
why the correlation functions at dilTenmt wand speeds can 1 h‘ veM*y 
nearly the same as each other and yet have such a wide variation 
of curvature at the top. (This discussion is analogous to Taylor’s 
discussion with the spectrum of turbulence (11),) 

7. CoHcliuIin^ remarks 

The fair agreement of the theoretical results with experiment seems 
to indicate the general correctiu^ss of this model of turhulenci'. In 
fact, it seems that nt) otlua* ('alculation of correlation functions has led 
to results in fair agrinmuad with experinumt. The (‘xisting r(‘sults 
r(‘gardiug the shape of the correlation functions an* v<m KArmairs 
rt‘l.ition ('1.29) aiulTaylor’s r<*Ialion betWH‘en fn‘(iu<»ncy spirtrum (II) 
and correlation functions, 'rhey are n^lations among obsiTved <iuan- 
litiesj but do not givethcorelically Iheshapeof the corn‘lat ion functions 
themselves. TIu‘ purely theoretical resultsderiv<*d by von Kfinn/in and 
Howarlh (3) regarding the correlation fimclions art' true only for ^dow 
Reynolds number of turbulence/’ and it seems that exiH'rinu'ntal 
results satisfying this condition arc still wanting. 

I'hc present theory also offers a very definite pictures to iulerpr<‘t 
the scales of turbulence I and X, which usually are only vagiu'ly 
associated witli the sizes of the cddic's. 

On the other hand, this theory also has its unsatisfactory points: 

1. In the first place, Ilill’s spheriaxl vortex is by no means a perfect 
model of an eddy. As mentioned above, the discontinuity of the 
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derivative of velocity across its surface makes its existence impossible 
in a viscous fluid. Owing to this discontinuity, it is diflSicuIt to build 
even an approximate theory of the decay of turbulence on the basis 
of the present model. 

2. The correlation functions of the third order vanish identically 
in our model. This may be avoided by a small change in the model 
of an eddy, destroying the fore-and-aft symmetry of the Hiirs vortex. 

3. The distribution of energy with respect to size, or more generally, 
the distribution of HilPs vortices with respect to type, has not been 
treated satisfactorily. As discussed in §6, the distribution must be 
expected to be in general different for different fields. This lack of 
similarity is perhaps due to the effect of viscosity. 

So far the theory deals only with the kinematics of homogeneous 
and isotropic turbulence. The next job in this theory is evidently to 
find the law of decay. As this is difficult with a model eddy involving 
discontinuity in the derivatives of velocity, we must try to find a 
reasonable model which is free from this defect. The new model 
should also be free from the defect of requiring all the correlation 
functions of odd order to vanish. So far the authors have not suc¬ 
ceeded in this respect. The investigation of the nature of the dis¬ 
tribution function, and particularly the effect of viscosity upon this 
function, is also a matter requiring careful investigation. 


Appendix 


We shall explain here briefly the calculations leading to the results 
(4.12) and (4.17) —(4.21). Some details are omitted, but sufficient 
detail is given to permit a check on the calculations. 

Ca$e (1), In this case, we arc required to evaluate the integral 
given in (4.11). It is taken over a sphere, and so we can use the well- 
known Gauss theorem of mean value for harmonic functions. We 
deduce, in the notation of Fig. 3, 


( 1 ) 




d^i 



this follows from the facts that 


J 

dXi 



SiS.I" 


d 

11 dx. 




dr, 


IS a 


harmonic function, and ~ ) =' — ( — ) when Xi = a:,-° 

dXiV J 
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Let US now consider the first part of the integral in (4.11): 

(2) ~ afc;W/d5. 

By (3.5) and (3.7), we can Iransfonn h into 
(2a) h = ~- f J ,p.uu,<iS. 

dx^dXjJ.', 

Writingout the integral J ^,««jrf5explicitly, noting that r = a over 5, 
and replacing r,- by ?, — we have 

(3) ^^^iun,dS = J^(f. -?.) i n}dS. 

Using (1) and (Irocn's theorem, we can easily transform (3) into 

(•1) f <p,unjdS = ^ ■ "o 

J.V I 3 } 

Substituting (4) in (2o) and noting that 

d* /1\ . .. 2 

r,> v » j “ O' ;-ow)V'’) “ ■-' 

:,a|Al/ dxjdxy r 




wc have 




This gives 
(fl) 




(‘Y 

on applying (Jauss* theorem. 

The other part of the integml in (l.ll) 

(6) i» » f ndijnjdS 


can be more easily evaluated. We have, by (3.7), 

(6a) - J . f ufiijUjdS. 

dXft is 

Writing out the integrand explicitly, and noting that r » a over S, we 
have 
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On making use of (1), (7) becomes 

(8) /* = — ipa^ _il_ . 

Substituting (6) and (8) in (4.11), we have the desired result (4.12). 



Figure 6.*—^heme of coordixiate systems used for calculation—spherical coordinates 
(p, 6f and bipolar coordinates (r, r, <p). 


Case {S). To evaluate the integrals (4,17) — (4.21), we use bipolar 
coordinates (r, r , <p) (Fig. 6). In that figure, the spherical coordinates 
(p, d, <p) are also shown. The quantities and pi are components of 
2loi4o and 0^4 referred to the general coordinate axes (not shown). We 
shall find the following formulae useful: 
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(ii) Tho t*lonu‘nl of anM on the piano of syniniotry r ? is 

( 10 ) (IS -- p(ipdip rdrd(p - rdrdp, 

(iii) Tlio av(M*aj»(‘ value's of /j, <iiul p^pk willi n'spe'ct lo^^aro j^ivon by 

(11) ' r Pi(/^ - pcoso^*, 

2a-Jo ^ 

(ua) -Jr} ‘ 

Ovor tho i)lano of syminolry, wo havo 0 — 7r/2, and honco 


(12) ; \pi(h 0, 

2n-J 0 

(,2a) 

Wc hav<> also for 0 — r 12 

(12b) * [ piPjPk<h - 0. 

2a'Jo 

To verify (11) and (lla), we write 

(12) -(-sin 0co8v’»?r’' f sin Osin vjfJ*”, 

P 

when* fl”*, fl**’ ;ir(‘unil vectors alonn tlu‘ directions of the vi'Ctors 

Sii Vii ti (I'ln- d)- When we substitute this esjnvssion in the intenrands 
of (11). (1 la), and make use of the relation 

(M) nW 6«. 

the reqiiin'd r<‘8ults follow inune<liat(>ly, shu'e Jf/i-. 

Other formulae to Itc used are 


( 16 ) 

and 

(16) 



r* 




over the plane of symmetry. 


Etiunlions (10), (12), (I2a), (I2b), (15) attd (16) arc tlie necessary 
formulae for evaluating the integrals (-1.17), (4.18), (4.19) over the 




Case (26) 0 ^ ^ a 


Fiqurb 7,—^Partition of space as appearing in the (f,f) plane (cf. Fig. 3; the shaded 
regions have no correspondence in space). 
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plane of symmetry. The computation is straightforward but a little 
lengthy. We need only note the limits of integration: 

(i) is to be intcgrat<*d over the interval (0, 2v)\ 

(ii) r is to be integrated ovtT the range («, «>) for 11' <m<l ovt'r 

for 11". 

We may remark that the calculations in Case* (1) can also lx* done 
by this scheme with r integrated over the range ^2 ’ ** ) ^*^ cover the 


whole plane of symmetry. 

The evaluation of the volumt* integral (4.21) is also stniight- 
forward. Only the limits of integration will be explained. 

We first integrate with respect to ip from 0 to 2ir, leaving a double 
integral over a region in the (r, r) plane. In Fig. 7, we show the 
various regions of that plane corresponding to the different portions 
of space (/, II, III, I, fl, III) for both the (^ases (2a) and (2f>). The 
integral is therefore of the form: 


(17) / = jdf Jdr/(r,r) 

«/S 

for Case (2a) and 

(18) / »J*d?Jdr/(r,f)+|df Jdr/(r,f) 

«/* i-r t r~( 

for ('ase (2&). The integrand is found to be odd in r, and hence (17) 
and (18) are identical, the integral 


/(r,r)dr 

l-r 

being zero. The actual evaluation of (17) involves only the evalu¬ 
ation of the integrand (which can be easily done with the help of the 
formulae in |S) and the integration of certain polynomials. 
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REACTIONS IN THE SOLID STATE 
By T. TnoRVALDSON, F.R.S.C. 

Introduction 

^HEMICAL reactions in gases and solutions were the first to be 
^ studied theoretically on account of their simple mechanisms. 
The atoms, molecules, or ions involved are relatively free and mobile 
and reactions between them lend themselves readily to quantitative 
treatment. The study of reactions involving solids introduces a 
number of new factors of considerable complexity and this makes 
quantitative treatment difficult. Industrially such reactions are of 
great importance and empirical knowledge has therefore generally 
been far in advance of theory. 

The modern advances in the theory of reactions in the solid state 
were made possible by increased knowledge of crystal structure 
brought about by the use of ac-rays. Starting with this firm founda¬ 
tion, the application of methods familiar to physical chemists and 
physicists for the measurement of rates of diffusion, electrical and 
thermal conductivity, photoelectric and photochemical effects, heats 
of reaction, absorption spectra, energies of activation, etc, has re¬ 
sulted in considerable theoretical progress during the last fifteen to 
twenty years. The use of the electron microscope in the study of 
such processes promises to lead to further advances. 

The available quantitative results apply mainly to reactions be¬ 
tween crystalline solids, and especially to reactions between crystals 
possessing ionic lattices. The study of cellulose and rubber, where the 
unit groups are constantly repeated, might in some ways be considered 
as a borderline field. Some properties of these are analogous to those 
of well-defined crystal lattices such as the lattices of graphite, solid 
solutions, zeolites, etc. Many of the conclusions as to reactions 
between crystalline substances are equally applicable to reactions in 
amorphous or glassy systems. 

V"\CH i 
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Diffusion Piifnomknv 

The ('lassirnl d(*t(Tminalion of tlu^ rate of dilTusion of ^oUl into 
load puhlishod by Roborls-Austtni in 18(H) may porhaps bo oonsid(M*od 
as tlu‘ first fundamt'ntal nu'asunmuMit of tho kind applirabk* to llu* 
slndv of roaotion ratos in solids. Tlu‘ lat<‘r sluda^s of '‘I'annnann and 
olhors j»avo additional information as to tlu^ mobilitic's of partu'Ios 
in motallu' s\sti‘ms and tlio formation of intornn'talHo oompoiimls. 

'Hu* sim[)lost oaso of dilTiusion is tho s<)-call<‘d *‘s<‘lf-dilTusi<)iY’ or 
tho pimotration of a i)artIolo by diffusion into a Systran oomposod of 
rhomioally idonlioal partiolos. 'This oonooi)lioiL whicdi was intro- 
diu\‘d hy Maxwell in a discussion of th(‘ kinetic tlu‘ory of ,i»ast\s» is of 
j^n^at im])ortanoo in oonno<'(ion with r(‘a<'lions in tho solid state. 
Actual nu‘asunMnonts of rates of soIf-dilTuskm could be made only 
aft<‘r tlu* discovery of radioactive isotop(‘s aiul became of jitmeral 
applk'ation with the introdm^tion of artifuMally radioactive isotope's 
as indi<Mtors, 

Von lh*v<‘sy and his co-workers comi)ared the rate of ditTusion of 
j»()ld into li'ad at I(55"’ with tlu' rale of sedf-dilTiusion of lead into h'ad 
using a radioaeiive lead isotop(‘. 'Hiey fouml that gold diffused fiv(‘ 
niillion times as fast as the lead. "Hu' ratio of diffusion rates was <'ven 
great(‘r at lower temperatun's. Von llev('sy (explained this dilhTence 
in diffusion rates on tlio basis that the high symnu'try in the distri¬ 
bution of (dectric chargt's in the pun* mc*tal gives a very stabl(‘ system 
so that even near th(‘ melting point very f(*w lead atoms have' tiu' 
kinetic <‘nergy necessary to iree theniselvi's from th<‘ir mdghbours. 
In the solid solution of gold in lead the binding of the gold atoms is 
much w('ak('r and tlu'se an' therefore more mobile at a given t<‘mp<'ra- 
tnre. lie sup|)orted his conclusion liy pointing out that as gold is 
progn'ssively stil)s(itut<‘d by metals cheink'ally Tiion* ami mor<' similar 
to lend, tlu* rate of <!iffusion in lead is progressiv<dy reduc('<l. Others 
consider that the diameter of the atom or ion may lx* the main <!(*- 
termiuing farlon 

'Phe (dinnge in the value of the em'flieient of self-diffusion with 
temiH^rature may bo represented by an tixprossion of tho familiar form, 

&x whore D is the diffusion coefficient, C a constant, li llu* 

activation ciiergy of the proce.ss of diffusion an<l k the lioltxman 
constant. Tho value for E in the self-diffusion of lead is 28,050 cal. 
(**hcat of loosening of the lattice particle*’)* CalcuIaU*d values for 
the diffusion coefficient, P, agree well with experimental values. 

By using artificially radioactive ions one can determine diffusion 
ratos for the self-diffusion of positive and negative ions in their crystal- 
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line salts. From these data ionic mobilities and electrical conductivi¬ 
ties of ionic crystals can be calculated by the method of Nernst. 
Diffusion rates can also be calculated from conductivity data for 
crystals. 

Diffusion in anisotropic crystals presents some points of interest 
in relation to chemical reaction rates. Rates of diffusion for different 
crystal faces differ. Thus, rates of self-diffusion of bismuth atoms in 
hexagonal bismuth crystals parallel and perpendicular to the main 
axis are very different. Similar results have been obtained with 
diffusion of iodine ions in lead iodide, while the rate of diffusion of 
lead ions in lead iodide differs only slightly with direction. Hedvall 
has found differences in rates of chemical reaction on different faces 
of anisotropic crystals. 

Electrical conductivity of solids is in general closely related to 
rate of diffusion and chemical reactivity. Conductivity of crystals 
may be entirely ionic or electronic or a mixture of the two. Electronic 
conductivity appears in many compounds such as some oxides, 
sulphides, selenides, nitrides, and carbides of the heavy metals. Ionic 
lattices in general show ionic conductivity, but many transition types 
are brought about by polarization effects. Some ionic crystals such 
as the silver halides and alkali halides at low temperatures are pure 
cationic conductors; others such as the chlorides and bromides of 
barium and lead are pure anionic conductors, while in some cases both 
ions are transported through the crystal as in alkali halides at high 
temperatures and in lead iodide. The type of conductance may vary 
gradually with temperature and in a discontinuous manner at transi¬ 
tion points. 

Irregularities in the Structure of Crystals 
AND Electrical Conductivity 

Neither the classical theory nor the early x-ray investigations of 
crystal structure considered the possibilities of imperfections in a 
normal crystal lattice. Later, when information as to lattice energies 
was available, theoretical calculations of the physical characteristics 
of ideal crystals, such as compressive strength and hardness, were 
made but the values obtained did not agree with those actually 
found. It appeared that real crystals possessed lattices much less 
rigid than would be expected for geometrically perfect crystals. 
Explanations suggested included: weakness due to presence of traces 
of foreign impurities, contractions in the lattice as a thermodynamic 
property of crystals, a dissociation equilibrium between charged and 
uncharged particles in the lattice, etc. Studies were made of the 
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ilislrihiition of ('hari»os in lallurs, (xpns of ImmkIs I)(‘twc‘on Intluv 
parlU'h'S, ])olan/ati(>n t‘ir<rts, ionir \ohinu‘vS and llu‘ reflation of lh(‘s<‘ 
to th<‘ I'.vininrti>’ an<l othrr properties of <'r>\stals. 

'The most <»ener.ill\ itei'epled theory <>l (‘leetrietil eondueti\it\ in 
ionie <M"\s(aIs is <'ontU‘('l<‘<l witli the names of l'renlv(*h \\’m;n<‘i', 
Sthottk\, ami Jost. ki‘<*urriin' imptM*l< ('(ions an' pn'siml in the 
inttit*(\s ol t'rNstals, tlu' ln‘<jiu‘ne\' of siK'h disorder in mo ei\'en 
slruetun* in llieniiodj nami(* (‘(jnilibrium lumij;; det(‘nnined l)\ (lu* 
temp(‘ralnH‘. d'he iherinnl motion of tlu‘ I.ilth'e |)arti('I(‘s ('aiis<‘s sonn' 
ol them to h'avt' thtar normal position and to Ix' trapjKxl in nns\m- 
nit*tri('al positions in tlu' erystal lattu'c'- 'riuis, in an i(mi(' crystal of 
a pun* substance in th(*rnud etiuilibriiim at a .i^iven (<‘mi)(‘ratui'e, (ht'n* 
will 1)(‘ a (‘ertain nuniluM' of littice points from \vhi<‘h the ion is missing 
and (*\cept in sp<‘cial (msi\s the same numbiT of ions lotMt(‘(l 
IatlI(H‘ points. d'h<‘ displaced or in(<*rslilial ions atul vacant spa<*es 
incrt‘as(‘ in nnmIxT with risini; {(‘iiipiTatun* and an* iiu»bile in an 
eU'clric rK*l<L i\t low tempi‘ratnn‘s (luw lx*coim* immolxh*. 'Khis 
nia> t»U'an at room ((‘mper.dnre for om* substance (asscxlium (‘blorid<‘) 
and at Ii(pii<l-air (einp(*raturi* for another substance (as silver Ix'omide). 

klectrh'al ('omlmdivity in many solid ioiia' ('ompounds is t'xplatiuxl 
b> this lh(*ory as beinj* due to tlu* moveiiu'iit of intt'rstilial ions and 
vacant lattice points, l^h'ctrolytic ('ondnctivhy may lx* dm* to tin* 
followinji: 

(1) An ion jiunjis from one intenslitial position to anothcT. 

(2) An interstitial ion takes Ibe plmn* of an ion in the laltU'e, the 
laIttT moving on loan inti*rstitial position, 

(?{) An ion jumps from its lattu’e fdace (o an adjacc'Ul vacant 
latthx* point. 

At ttMnp<‘ralnr<*s ol from KWr to 2tKV’ below llu* imdliuji* point 
(lu*re is in ji»eneral a thermodyiimnu* efinilibrium of (In* intt‘rs(itial 
ions tind vacant places ami the crystal ther(‘fort‘ ijossesses delitiitc* 
eomlnctivily. At lower temperature the (‘onduelivity of tin* 
tlepi*nds on the tluTinal and nurhanical history of tin* spt*ciim*n, 

'rin* (‘ITccl on el<*rtri(*al comluetivity i)ro<luce(l by incn‘aHinK the 
numlxT of vaeanl lattin^ jxnnts can be studied by means of solid 
solutions. Thus, if one forms a solid solution of eadinium chloridt* 
((M('lji) in silver chloride (A^('l), it is evident that one vacant positive 
lattice point will be pro(luc<*cl for every inole<*uI<* of cadiuiuru chloride 
itilroducecl into the lattice, since the ratio of tin* numl)er of cations to 
anions is 1 to 2 in ('dCla and 2 to 2 in Agd. It is found that the 
conductivity of the solid solution increases <*ss(*ntially in the same 
ratio as the number of vacant lattice i)oiiUs indicatiuK that the 
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conductivity is due mainly to the movement of cations through the 
vacant positions, or stated differently, due to the mobility of the 
vacant positions. The conductivity due to the interstitial silver ions 
per se is therefore negligible in this case. This gives a method for 
calculating the concentration of the number of vacant positions (and 
interstitial ions) in pure silver chloride at the same temperature. The 
chlorine ions apparently form a rigid lattice while the current is 
carried only by the cation, which shows disorder at 300° C. to the 
extent of about five-hundredths of one per cent. That means that 
one ion in two thousand is present in interstitial positions with the 
same proportion of vacant lattice points. The corresponding value 
for silver bromide is four per thousand. 

In some cases such as the a-modifications of Agl and Ag 2 S, ^c-ray 
investigations show a perfect anion lattice with the cations distributed 
in almost complete disorder. The cationic conductivity is extremely 
high, nearly as high as in the molten state. 

Only cases where there is disorder of cations have thus far been 
considered. In other crystals such as KCl both the cations and anions 
contribute to the conductivity. Here, according to the theory, there 
is a certain amount of disorder among both cations and anions. In 
cases of substances showing pure anionic conductivity there is dis¬ 
order only among the anions, and the cations form a perfect lattice. 
The main determining factors are the relative ionic diameters, the 
interstitial space and the binding forces between the ions. 

This theory may represent an over-simplification of the mechanism 
of conductivity of solids even of the ionic type. Mott considers that 
an electronic current might exist in a polar crystal such as sodium 
chloride. If an electron is removed from a chloride ion we have a 
chlorine atom and a ‘^positive hole” which is mobile, since an electron 
from an adjacent chloride ion can “fill it up” and this process may 
then be repeated through the crystal. Thus by a scries of trans¬ 
ferences of electrons and no transference of chloride ions, the chlorine 
atom may reach the anode. This may be in part the mechanism of 
photoelectric currents and of electrical conductivity in the case of 
certain semi-conductors. In an analogous manner, an extra electron 
introduced into the crystal lattice may transform a sodium ion into 
a sodium atom and then by a series of jumps of the electron from ion 
to ion the sodium atom may reach the cathode through the movement 
of an electron without actual transference of ions. 

Further, given a lattice point from which a negative ion is missing 
an electron may be trapped in the potential “hole” giving rise to 
so-called “F centres” and “F spectrum bands” in the visible. An 
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example is rock salt irradiated l)y .v-raj's, iirodacing yellow ('oloration. 
Annealing' of such crystals i>rodiH'es colloidal particles of sodium in 
the crystals. Then* is also the theoretical possiI)ility of tin* trapi>ing 
of tw<» ehs'trons in the |>otential hole and the trapping of electrons on 
metallic atoms, which will not Im* cotusidered here. All lhe.s(> would 
liavi' an inllnence on <'heniic.d n'actions in the solid stal<‘, i‘siH‘cially 
photocheniic.d or o\i<lation-retluction reactions. 

'Phe theory in gcmeral lends itself to treatment by tlu* methods of 
statistical mechanics. 

'Phe above discussion refers only to dilTiusion insid(> of singh' 
crystals. It is evid'iit th<it a theory of dilTusion based on disonliTly 
arrangenit'ul in crystal lattices may havi* important api>lications in 
exijlaining physical and {'hemical phenomena occurring at surfaces 
and interfaces. 

.^I•I*LI<'\TtONS TO ('ithMfC.XL RKVCTtONS III-TWKI'R Soi.lOS 

WagiU'r has applied thes(' ideas to ch(>niical reactions in tin* solid 
slate with considerabU* success. 

In a reaction, involving only solids, of the lyin*: d + yAK, 
(he reaction product, Ali, is formed betw(‘en the initial pha-ses A and 
li. b'or ftirtlu'r reaction dilTusion of tlu* reactants in tin* solid ri'action 
product AB must taki* place. 'Phe rule of dilTusion of A and H in AB 
is therefore llu* main factor determining the ratt* of reaction. WagiU'r 
has sugge,sted that the dilTusion repn'st'Uls ionic transiHwt umler a 
potential gradi(>nt rsdher than nure thermal dilTusion. For some* 
systems such as the system, 2Agl + Hgli vAgsllgU, this s»‘enis to 
he in agre<'ment with experiment. 'Pin* anion lattice reniahis fixed 
while both tin* silver and mercury ions migrate. 'Phe a-Agidlgli 
phast* can dissolve both silver k«l'nh‘ and mercuric iodide. In tin* 
product id)out everv fourth po.sitive lattice i)oint is unoccupied. It 
is inten'sting to noK* that a-.\gi!Hgl 4 iK)ssj‘Sses about 1,000 limes tite 
conductivity of any other solid substance studied in llu* temperatun' 
range 50“ t(» 150". 

WagJKT has also applied his theory to mictions of tlus lyin', 
A +B- >C+A especially the reaction, C'u + Ag('l >• Ag +('u<'l, 
I Ic has found that the reactod layer formed between the origimil phases 
is a disorderly conglomerate of Ag and Cu('l. 'Phe chemical change 
can be calculated approximately from the e.m.f. of the galvanic cell, 
Ag/AgCI/Cu('l/Cu (0.6 volts) considering transport numbers of the 
ions and the free energy decrease of the reaction. 'Phe mclhml can he 
extended to double decompositions involving two salts. 

Wagner’s theory has been applied to the tarnishing of metals. 
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Such a system is represented as two single electrodes with the film of 
reaction product acting as both electrolyte and external circuit (it 
possesses both ionic and electronic conductances). The reaction is the 
reverse of electrolysis. 

The low rate of tarnishing of pure aluminum and beryllium and 
certain of their alloys is explained on the basis of an oxide film of 
extremely high electrical resistance preventing ionic transport. 

Among the earliest systematic studies of reactions between solids 
are those of Hedvall and his co-workers. They determined heating 
curves with reactive powder mixtures. Deviations in the temperature¬ 
time curve during constant rate of heating, from the curve obtained 
for a non-reacting powder of the same heat capacity and under the 
same conditions, indicates exothermic or endothermic reactions as the 
case may be. 

The reactions studied were mainly exothermic displacement re¬ 
actions of the type; A'O + A"XOnA"0 + A'XOn. Powder 
mixtures of the three oxides, BaO, SrO and CaO with carbonates, 
sulphates, phosphates, and silicates of the alkaline earths and heavy 
metals were used. There was a very striking similarity in the tempera¬ 
ture at the beginning of rapid reaction depending on the free oxide 
and almost independent of the salt used. Thus the temperatures of 
rapid reaction, with only minor deviations, were: for barium oxide 
(BaO) about 350®, for strontium oxide (SrO) about 450®, for calcium 
oxide (CaO) about 530®. 

Hedvall and his co-workers found certain interesting exceptions to 
this rule. The three oxides when heated with silver nitrate all gave 
approximately the same temperature of rapid reaction, namely 170®, 
which is very much lower than the reaction temperature of any of the 
oxides with the other salts used. Crystalline silver nitrate has a 
transition point at 160® and this led Hedvall to study reaction rates 
with reference to transition temperatures of the reactants. Using 
crystalline silver sulphate which has a transition point at 411®, he 
found that the reaction temperature with BaO was 340®, which is 
approximately the same as with the other salts and is well below the 
transition point of 411®, but both SrO and CaO reacted rapidly at 
420® which is just above the transition point of silver sulphate but 
well below the normal reaction temperature for these oxides. 

This high reactivity of solids at transition points (or rather approxi¬ 
mately at the temperature at which the rate of transition is at a 
maximum) appears to be general, the reaction rate being lower both 
below and above this temperature. Jost, however, states that in some 
cases there is no maximum in the curve for the rate of reaction but 

Cla 
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that tluw irt an iiUToase in mirtivily at tiu' transition ItMnpc'ratuiv 
l)<‘(\'uis(.‘ lh(‘ liij^li loiniKM-alun' pliasi' has a hi!L;lu*r n‘a(*ti\ilv, 'rh(‘n‘ 
is soiiu' (‘\|HTinu‘nlal (‘vi<k‘iuv Ih.il solid solutions of nu*t«]ls and allo>s 
show sitnilar inaviina for rcai'tuni rat(‘s at transition points. 

lirdvall (’om(‘s to tlu^ <'on(‘hision that dii(‘ to th(‘ (listurl)(‘d t'on- 
<lition of tho (’r\sttd lattu'c^ at tin* transition j)olnt, thn <u‘tivation 
oiUTji’y of llu‘ diflusion prori'ss (**<‘iuT.i'y of loosiMiinu”) vt*r> small 
aiul the rcN'irlivity tIu*ivfon‘ iiiRh. Ih‘ ron.suhM*s that in his <lispla<'(*- 
nu^nl RMctions with the o\id<‘s of harium, strontiunu and raloimn 
and sails of oxy-acids, ono is doalinj; with dilfiision of thooxidi* and 
not of nu‘talli<' ions and that. Iho prodoniinalinj; factor (in thi* absence 
of a low Iratisition point for the salt) is tluTefon* th(‘ rate of ditTusion 
of tlu* oxi<U» us(‘d. 

On th(' oth(‘r haiul, in Ih*<lvairs exjuTimcMils with barium oxide 
and th(* halides of copiur, tlu» redaction t(Mn|H‘ratui‘t^ was not tlu* sanu^ 
for iht* <linerenl haHdt‘s, but aurtn^d \vith tlu^ l(‘nip(Talurt‘ at whi<*h 
'rubandt found a sudd(*n increase in lht‘ ionk <'ondu('tivit\ of tin* 
r(‘spectiv(‘ lialides. H<‘r<‘ tlu^ nMC.tion is appan'iitlv due to ionh' 
mitral ion. 

Jand<‘r and his co-workers carrit^d out many (‘xptTinu^iUs usinj* 
coin{)a<‘l pellets of crystalHiu* powders, deterininin.i» inat<‘rial transport 
by analysis. In the rea<'tion, Zn().\V(),i + M,i»0 - >- ZnO + LWO^, 
thi‘y ft)und that only the tmiKHtic oxide ditTusi‘d across tlu* boundary. 
Many otluT similar cases waw fouiul, Pairs of substancc*s lu^haviiyu: 
in this w‘ay KOtK'rally show'ed pun* electronic conductivity. In sonu* 
cas(*s, lK>wev<T, thev found mi\<»d coiulnc1ivil>’ and in olh<*rs tlu*v 
('onclud('d that the nsu'tions took place* through ditfusion of ions 
rather than anhy<lride j^roups. 

Tammann, jander, an<l otlu*rs have |)ropose<l niatheinatieal 
(expressions for rates of n‘aetioti bet\v(H*n solid phast's. back of linn* 
prevents <*onsideration of th<‘se. Thv saim* applies to attv distatssion 
of ultrasonic, maji*neti<*, photo<‘lertric, or |>hotocheniica! ellVcis on 
ivactions in tlu* solid stale, 'riiis bri(‘f accotmt is (’onlimal niainlv to 
reat^hms of normal or tlu‘nnod>naniically slabh* phas(‘s, (\>nsid<*ni- 
tion of tilbects on rat<‘s of reaction of surfac-(‘ phenonu^na and phase* 
boundaru‘s, iinperf(*ct lattices nn<l luetaslabk* systc*nis produei«d by 
ttieehanical and other means is also oniittcxl. 'I'hese are of (*xtr(*nu‘ 
importance in n>nn(*ction with metallic systi*ms, n‘crystallwalion and 
anuealinj{ of metals, a^e hardening of alloys, sintering pro<vss<‘s, and 
lieterogeneous catalysis. Reactions of solid expIo»iv('S and dc'tonators 
is another fudd whk'h is not considered. 

In conclusion, the nxiction between calcdum oxid(* and silica, 
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which on account of its technical importance has been given a rather 
detailed study, especially by Jandcr, will be considered briefly. Four 
different products are possible, namely compounds with molar ratios 
of lime to silica of 1:1, 3:2, 2:1, and 3:1. When calcium oxide and 
quartz arc brought together in any of these proportions and heated at 
1000® to 1200°, it appears that the compound with the ratio 2:1 is at 
first formed. The proportion of lime and silica thus does not appear 
to affect the initial reaction, although it does determine the product 
obtained on prolonged heating. As the melting points of calcium 
oxide and of the different modifications of silica are well above this 
temperature and the lowest eutectic in the binary system is at 1436°, 
there can be no question of a liquid phase at 1000 to 1200° C. 

A description of what happens when a 1 to 1 mixture of lime and 
silica is heated at 1200° C, gives a good picture of a rather complicated 
reaction. The first product which can be detected in appreciable 
quantity is dicalcium silicate. This does not necessarily mean that 
this product is formed in a single step. It is possible that mono¬ 
calcium silicate is first formed but that due to the chemical activity 
of the nascent molecule of calcium silicate and the greater mobility 
of calcium oxide than of silica, a second molecule of lime is immediately 
taken up to form dicalcium silicate. The high rate of diffusion of 
calcium oxide gives an excess of this substance in the film of product 
formed between the two phases and causes the reaction to take place 
on the silica side of the film. As the reacted film becomes thicker, the 
supply of lime to the silica side of the film is slowed down and silica 
molecules in the film become relatively more plentiful. At this stage 
the x-ray patterns begin to indicate presence of the 3:2 calcium 
silicate in the mixture, the proportion increasing with time. With 
further decrease in the supply of lime, the x-ray patterns begin to 
show the presence of monocalcium silicate and the dicalcium silicate 
begins to disappear. Later the dicalcium silicate has completely 
disappeared and the proportion of the monocalcium silicate continues 
to increase at the expense of the 3:2 compound until after prolonged 
heating the pattern shows only the monocalcium silicate. None of 
the 3:1 compound, tricalcium silicate, is formed as this is unstable 
at 1200° C. 

When the ratio of CaO to Si02 in the original reaction mixture is 
increased, the initial observations are the same, mixtures of silicates 
being formed with reversal to the compounds nearest the original 
composition of the mixture. If the ratio is between 2 to 1 and 3 to 1 
and the temperature is in the range 1250° to 1900° where tricalcium 
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silicate is slahlc, tlic diculciuni silicate and the excess of lime react to 
form (ricalciiitn silicate until all the free lime has disappean'd. 

1 'hus it is evident (hat the relative rates of dilTusion of th(‘ n‘ac(injt 
units and tlie stability of tlu' possible compounds at thi' temperature 
used detiTUiine tlu* progress of (he reaction. 'Pile pictiin' is, however, 
oidy an “over-all" one and does not settle tlelinitidv whether ions or 
molecules are the dilTusiii}; units. It is unlik(>ly (hat in llie formation 
of the silicates the silicon and calcium ions arc the difl’usinK units, 
but the reaction could also be explaiiu'd on that basis. In similar 
reactions botwetm MgO anti AI2O3 to form spinel, it is probable that 
the (HfTusinjj units are the small cations of maRnesium and aluminum. 

In conclusion out' nuKht say that while a Rood iK-RinnitiR has been 
inatle towards exidaininR the mechanism of reactions in the solid 
stale, apparently no satisfactory gt'ueral theory has so far apjK>ared. 
DilTusion is definitely the most important factor in delermininR both 
the rate and nu'chanism of such reatdions. 'Phe theory that dilTusion 
in (he solid state is essentially a movement of ions uiuhr a potential 
Rradienl is the most interestirtR and promising one, but its application 
is doubtful in many casi's wIktc it appears lilu'ly (hat tlu' dilTusing 
particles are neutral molecular Rroup.s. 
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THEORY OF ALGEBRAIC FUNCTIONS BASED ON THE 
USE OF CYCLES 

By S. Beatty, F.R.S.C., and Muriel Wales 

1. Introduction 

Perhaps no topic in Mathematics exhibits as wide a variety of 
treatment as the theory of algebraic functions associated with a given 
fundamental equation F{z, u) = 0 . Indeed, among purely algebraic 
treatments, as distinct from those that are geometric or transcendental, 
there is one that rests on a study of the form of algebraic functions 
relative to all fine points s = a, taken at once, and another that is 
concerned with the form relative to each finite point z — a, taken by 
itself. All existing treatments make use of the branches of w, appear¬ 
ing as series in powers of the element z — aior the finite point z = a 

and the clement — for the point at infinity. In the present paper, it is 
z 

proposed to develop the theory by making use of the cycles rather than 
the branches at each point. Fractional powers of the element are 
present in a branch, except when the branch is also a cycle, but, of 
course, only integral powers of the element appear in a cycle. We shall 
outline a process for obtaining the cycles at a point. Where a cycle is 
made up of several branches, it will, in general, be supplied by the 
process to be described, and in that case it will not be necessary to 
extend it to supply the constituent branches. It may happen, how¬ 
ever, that the process does not supply the cycles directly, in which 
case it must be extended to furnish the branches, which can then be 
combined to yield the cycles. The method for obtaining the cycle 
factorization of F(z, u) relative to a given point was suggested by that 
employed in an earlier paper for obtaining the branch factorization (1). 
Here, as before, the given point will be z = 0 . 

2 . The generalized resultant 

Let Pi{x) s +-+ (i = 1, 2,-, w), denote 

m polynomials in x, of degrees wi, ^2,.. -. , and let P{x) denote 
their product, of degree N = ni+ +...+Construct the m poly¬ 
nomials 

. (® = 1, 2,-- J»), 

P<(») 

and form the N poljmomials, in order, 

-, Qiix), («■ = 1 , 2 .. m). 
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The determinant of the coefficients of these N polynomials, with rows 
referring to polynomials in the given order and columns to powers of a; 
in descending order, will be called the generalized resultant of the 

polynomials Pi(x), .. and denoted by 

D = P 2 » • • • • j Pw)* 

We call attention to the following properties of P(Pi, P2, .. .Pw): 

(i) P(Pi, P2, . . . . , Pm) is equal numerically to the product of all the 
ordinary resultants P(P*, Pj), for i < j. 

(ii) P(Pi, P2, . . . . , Pm) is zero when and only when some pair Pi(x), 
Pjix) have a common root. 

(iii) Where P(x) is a polynomial in x, of degree iV — 1 , there exist 
unique polynomials in x 

Pt(x), of degree n^— 1 , (i = 1 , 2 ,. ... , m), 

such that 

P(x) ^Pl(x)Qi(x) +p2(x)Q2(x) +. +Pm(x)Qm(x), 

provided that the generalized resultant P(Pi, P2,...., Pm) is different 
from zero. 

Property (ii) follows from property (i), on making use of the fact 
that each P(P», Pj) is different from zero except when P»(x), Pj(«:) have 
a common root. Property (iii) is seen to hold, since P(Pi, P2,....» Pm) 
is the fundamental determinant involved in solving for the coefficients 
in Pi(x)f P2(x)f .. .. , Pm(x) so as to make the sum of their products 
by ()i(iJc), (?2(ix*),. . . ., Qm(x) respectively agree identically with P(x)f 
and since this fundamental determinant is by hypothesis different from 
zero. It only remains, therefore, to verify that property (i) holds. 
Let Xi be a typical one of the n^ roots of P»(x), for f = 1 , 2 ,.... , w. 
The coefficients of each Pi(x) arc integral, rational, symmetric func¬ 
tions of the fti roots (jCi), and so P(Pi, P2,...., Pm) i& an integral, 
rational function of the N roots (xj), (x2)i . ..., (acm). Since the gener¬ 
alized resultant P(Pi, P2,... ., Pm) is zero if Xt — Xj, it must contain 
as a factor the product expression 

T (Xt-Xj), 
t<j 

which is homogeneous in the N roots (aai), (x^), ...., (acm) and of degree 

Z fit nj 

»<j 

in them. But, if the rows of the generalized resultant P(Pi, P2,__ Pm) 

are multiplied in order by 

1 , _, 1 , __ .. 1 , __ 

the result is a determinant A, in which the N columns in order are 






BEATTY AND WALES: ALGEBRAIC FUNCTIONS 


13 


made up of terms, of des; rees 0,1. N-lint, (xi) .{xi) .. (xm) ■ 

It follows that A itself, in its expanded form, is made up of terms of 

degree--- i in/, (.ri), (vs).. (a:„). But, A=/*i?(Pi, P2,..., Pm), 


when* 


5 =s 


-- 1 ) 


and so i?(Pi, P 2 , 
of degree 


.. . . , P^), in its expanded form, is made up of terms 


N(N - 1) 
2 



1 ) 


~ S Wj 

t <j 


in (.ri), (.ra),. . . . , (xm)- It follows, therefore, that 

P(P 1> P2» • • * • j Pm) ~ C T (3C2 — Xj ^, 

%<1 

in which c denotes a constant depending for its value on the sequence 

Wi, W2,., iim but independent of the particular roots (jci), (3^2), 

.. .. , {xn^ going with this sequence. We shall now determine the 
value of c. Wc may write, taking Pi{x) to be 

R{x^'\ Pi, Ps,-- Pm) = c TT (0 - Xk) TT {x^ - Xj), 

Kk l<t<3 

where the portion ir (0 — Xi), for a fixed k, involves nirik factors. 
Writing P(P2, P3, - . * . , Pm) in the form 

C TT (33^*"" X^, 
l<t<3 

and applying Laplace’s rule to write R{x^\ P2, Ps,. .. ., Pm) in the 
form 

+«.+...+»«) {^(_ :»;,)}»>P(P 2 ,P,.PJ, 

we deduce by equating equivalent expressions for R(x”^, Pj, Ps,..., Pm) 
that 

^ an J «l(»S+»l + .. . + »m) 

Using r(‘sults of tins type, as well as the particular result 
P(Pm-l, Pm) « ( - I)””*-! X (»m-i - X„) 
for the ordinary resultant, we find that 

c = (-!)*. 

where q can be written in either of the forms 

(wi)w 2 + (wi + ni)ni H”.d" (i*i ■!" wj -h... -h «i»—i)wm> 


or 

Hliltt •{‘Itfir- > •"!“**»)"t" Wa(»s-}". . .+»«)-}■.l(Bm)» 

which completes the verification of property (i). 
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3. Cycle factorization of F(z, u) 

Let the fundamental equation F(z, w) = 0 have the form 
Fmu^+ +.= 0, 

in which . fu are rational functions of z. Denote by X 

the least of the orders at the point z = 0 of any of the radicals 

ff . . •., . 

We, therefore, have 

F^u^+ z’^ + .. + . ..)+•• •.). 

which involves only integral powers of z, and in which one at least of 

Cl, 02 ,.Ojr is different from zero. Consider the expression 

Fi^ 

made up of items each of weight JVX in z, where u itself is regarded as 
having weight X in z. In F — Fi, each item is of greater weight than 
N\ in z. Let the least such weight be N\ + Xi — X. Denote by Gi 
the aggregate of items present in F — Fi and having weight JVX +Xi —X 
in z. We may, therefore, write 

Gi s («w-i bi z^+u^-Hi!i‘^+ .... + bj, z^’^) z’^-’^, 

in which one at least of bi, b^ .. 6^ is different from zero, any 

particular b, being certainly zero, however, if jX + Xi — X is a fraction. 
We, therefore, have 

F s Fi + Gi + items of greater weight than JVX + Xi — X in z. 

Let the different irreducible factors of Fi be denoted by Ii, Iz .. 

Jm, each involving only integral powers of z. We may, therefore, 
write Fi in the form 

We shall now investigate the possible forms of h, 1%, . 

depending on whether X is integral or fractional. In case X is an 
integer, it is clear that 

A — « + Ciz’', J 2 ^ ...., Jfl, s M Cm^> 

in which Ci, Cs,.C*. are all different constants, of which one 

may be zero and one at least is different from zero. In case X is a 

fraction — in its lowest terms, it may happen that one of the irreducible 
n 

factors I\, It,...., Im does not involve z, which means that this 
particular irreducible factor is « itself, but any irreducible factor U 
actually involving z is of the form «"+ Ciz"^, in which the constant Ci 
is different from zero. This is evident, since the only possible form 
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that /, could have is 

2 ”^ + b +_+ 

which is reducible for h greater than unity. In case X is a fraction — 
in its lowest terms, the possibilities are, therefore, that either ” 
h s M, Is * C 2 z*\ .s M» + Cm z”\ 

with the constants C2,. , Cm all different from zero and from one 

another, or 

7, S «» + ClZ“^ l2 = u” + . ,Im = u” + C„2"\ 

with the constants Ci, Ci,Cm all different from zero and from 
one another. 

We recall that the first step in carrying out the cycle factorization 
of F was to write it in the form F ^ •P'i+ G'i+ items of greater weight 
than N\ + — X in z, where the form of the first factored part Fi, 

has been already noted. We shall now show the second step in the 
cycle factorization of F. Wo amplify the first factored part Fi to 
obtain the second factored part Ft, namely 

Ft s (Ji^‘ + + Jti^-^) .... ilm*'» + Jmiz^'-^), 

where the functions 

Jnz^'~^, Jtl^'~^, - Jml^~^ 

are of less degrees in u than 

I/-, It*'. .....Im*” 

respectively and are determined from the identity 

Gi ® Fi +Jti^'-^It-*' + .... + Jmi^-^ImT*”^), 

which determination is provided for by property (iii) relative to the 
generalized resultant i?( 7 i^'. It *',...., Im*” 0 , taken with respect tow, 
which generalized resultant has a value of the form Cz^^, where the 
constant C is different from zero and K'K is an integer. It appears 
that the second factored part Ft involves the first factored part Fi, 
as well as Gi, and additional items of greater weight than iVX+Xi — X 
in z. It should be noted that some of the functions 

Jziz^-^ . 

may be identically zero, but one at least must be different from zero. 
Just as Gi was determined as the aggregate of items of least weight 
iVX + Xi — X in z present in F — Fi, let Gt, given by 

Gt» («^“^ciz^ +u^~^ct^^ + .... + z^“\ 

be determined as the aggregate of items of least weight iVX + X2 — X 
in z present in F — Fs. It is, of course, plain that X* exceeds Xi. 
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The result of the second step is, therefore, to write F in the form 
T?’ ~ + G2 + items of greater weight than N\ + X2 — X in 5, 

where the form of the second factored part F2 has already been noted. 

The third step towards effecting the cycle factorization of F carries 
on the process begun in the first step and appearing in fully developed 
form in the second. For this purpose, we amplify the second factored 
part F2 to obtain the third factored part F3, given by 
Fz s (/i^- + .... 

where the functions 

, -- 

are of less degress in u than 

. .. . , 

respectively and are determined from the identity 

Gs S Fx /r^- + .... + /„* . 

which determination is assured by property (iii) relative to the 
generalized resultant R{Ii^\ ...., Jm”"*) = Cz^^. It appears that 
the third factored part Fz involves the second factored part Fz, as 
well as Gz, and additional items of greater weight than N\ + X2 — X 
in 2. It is plain that some but not all of the functions 

-- 

may be identically zero. Let now Gz, given by 

Gz ^ dii^ -f” dz!^ “I".... “H dji z^^) z^’ ^, 
be determined as the aggregate of items of least weight N\ + Xj — X 
in z present in F — Fz, where, of course X3 exceeds Xa. The result of 
the third step is, therefore, to write F in the form 

jF s F8+ G8+ items of greater weight than N\ + X3 — X in z, 
where the form of the third factored part Fz has been already noted. 

It is plain that the process continues indefinitely through suc¬ 
cessive steps and yields the factorization of F in the form 

Fmzr (//< -h Ju z’^“’‘ -1- J^z +.), 

with only integral powers of z appearing, even though some or all of 

X, Xi, Xa, Xa.may be fractional. We shall refer to this as the 

process of formal factorization. 

We must now take stock of the progress which all this implies 
towards obtaining the cycle factorization of F, and for this purpose 
we need consider only the factors of F already obtained, of which 

H^I^+ Ji^-^ + Jzf^-^ +. 

is typical. The possibilities axe as follows: 
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(i) X is integral, with I having the form u + in which the con¬ 
stant C is different from zero except possibly for a single one of 
the factors IL 

(ii) X is fractional, with I having the form «, which can be the case 
for at most one of the factors IL 

(iii) X is fractional, with I having the form u^+ in which the 
constant C is different from zero. 

In (i), if = 1, we see that JJ = 0 is already a cycle in z, of order 1, 
while, \ip> 1, we make the substitution u -f- = v, which converts 

H into an expression of the form 

II s • .. .+Aj)t 

where each /zi involves only integral powers of z, where the degree of 
JET in V is likely to be less than the degree of F in w, and where the X 
number of II with respect to v is certainly greater than the X number 
of F with respect to u. The type of discussion already given for 

S + .... +fjsf 

can then be carried out on 

fl" ~ 4“ hp, 

and this implies that all difficulties implied by possibility (i) can be 
met as they arise. 

In (ii), the discussion deals with two sub-cases of the same type 
as those appearing under (i). In the second sub-case, the variable v 
is really u itself. This means, therefore, that all difficulties implied 
by possibility (ii) can be met as they arise. 

In (iii), if p 1, II 0 is already a cycle in z, composed of the 
n branches 

IT s (w — +. ..) {u — +,,,) - {u — + •••)» 

where £ denotes e” and c is written for C”. However, if ^ > 1, it is 
necessary to make one or more substitutions and work down towards 
branches. We note that II is not just P, since this would mean that 
F too had repeated factors, which is a thing that would have been 
guarded against at the outset by using essentially the quotient ^of F 

by R in place of F itself. Writing f for z” and c for C**, we 

sec that the expression 

p~(««-f-Cz”y 

converts into 

I* + 

which is made up of all the items of least weight n^\p in f present in H, 
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where, of course, u must be regarded as having integral weight n\ in 
In other words, 

is the first factored part of H relative to f, just as -Fi was the first 
factored part of F relative to z. Even as F\ was written as the pro¬ 
duct of powers of irreducible factors 

Fi^ 

none involving fractional powers of z, so Hi may be written as the 
product of powers of irreducible factors 

Hi s (u - (u - .... (w - 6^”“' c f^)^ 

none involving fractional powers of {, and all being of the simplest 
form, namely linear in u. The process of formal factorization thus 
begun on i?, expressed in terms of w, can be carried out to its con¬ 
clusion so as to supply the corresponding factored form of J/, namely 

ir = {(« - eery + ...}{(«- e»cr")*+ ■ • • } 

Each of these n factors can be expressed in terms of v, { by making on 
them the substitutions 

— €C= z;, w — = t;, ...., u— 

in order, and then the process of formal factorization can be applied 
to them as functions of v, f. 

On repeating the process of formal factorization, making use of 
substitutions for one or both variables as necessary, we observe that 
the cycles in z of JT — 0 could be built up if the cycles in $ of one of 
the n factors equated to zero were known, and in this way we could 
make use of induction to obtain the cycles in z of IT » 0. For, if one* 
of the n factors equated to zero is the product of q cycles in f, of orders 
wi, m 2 f ...., Wj,, then JI ~ 0 is the product of g cycles in z, of ord<ys 
nmi, »W 2 ,...., nm^, since a cycle in { of one of the w factors equale<l 
to zero combines with the n — 1 conjugate cycles in $ of the remaining 
w — 1 factors equated to zero to constitute a cycle in z of JT « 0. We 
can, therefore, count on obtaining the cycle factorization in z of F « 0* 

4. Function basis for a cycle equivalent to an assigned order 

Let G s + -4.g^ =: 0 denote a single cycle in z of 

F = 0. The corresponding branches are obtained by expressing G 
as a product of linear factors 

G « (tt — wi) (u — «... (w — Uf) t 
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whence the branches are seen to be = wi, w = Ma, .. ., w = where 
Ui =6 (?), «2 = 0 (ef),. u^ = 6 €), in which f denotes z' and 

€ = e , and 6(^) represents a power series in 

In this connection, the fundamental theorem asserts the existence 
of w = p(s, «), a rational function of ( 2 , w) such that the v expansions 
wi = p( 2 , wi), W 2 = p(z, « 2 ),. . .. , p ( 2 , wj are each of order 1 in 
or, what is the same thing, the order of their product is 1 in 2 , or, 
otherwise expressed, jR(G, w) is of order 1 in 2 . The distinctive feature 
in the proof which we shall now give of the fundamental theorem is 
that simplicity is secured by confining the discussion to a single cycle 
and making use of determinants throughout. 

The function Wj defined by the Lagrange interpolation formula 

u . w 

ui u\ .f 

' «2.ttp' “ 0> 

I 1 M, u\ .<-1 

is a polynomial of degree v — 1 in «, and the coefficients of 1, w, w®, 
. . .. , in this polynomial are power series in But, these power 
scries in ^ are really power series in a, since if we suppose that one of 
them contains a power of ^ which is not a multiple of v we must con¬ 
clude that w changes its form if €{ replaces f throughout, which is 
opposed to the obvious fact that no change takes place in w as a result 
of €? replacing Nevertheless, these power series in 2 need not be 
rational functions of 2 , and so w need not be of the form p{z, w), a 
rational function of ( 2 , u). Apart from this, the function w satisfies 

all of our requirements, since it takes the values J, €{,-, $ as w 

takes the values 1 ^ 2 ,. •.., and so has a total order of 1 in 2 for 
the cycle G 0. This difficulty is removed, however, by replacing 

the power scries . .they appear in D, by truncated 

power series ui, 22 ,obtained from them by deleting all powers 
of S after a sufficiently high power. It is plain that the v values of w, 

namely Wi, ^ 2 ,still begin with the terms €, -- 

and, of course, w is now of the required form p( 2 , «), a rational function 
of ( 2 , tt). 

The preceding discussion may be modified slightly to relate more 
explicitly to the cycle G » 0 and less to its branches. Let A denote 
the determinant 
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1 0 0 0 . 0 

0 1 1 1 . 1 


A s 

0 

0 

Ui 

< 

U2 

th . 

. 

. u, 

. ut 


0 



. 


and write the product 

determinant AD in the form 



1 

u 

. 

. M”-! 

w 


^0 

Si 

S2 . 

.^.-1 

O-Q 

ad s 


S2 

Si . 

. 

cri 


5^—1 

Sj, 

5,+l . 


0-^-1 


where + «“ + ... + w”, for m = 0, 1, 2,. 2^—2, and 

<^m— + .. + for w == 0, 1, 2.. v — J. 

It appears that each Sm is expressible rationally in terms of the coeffi¬ 
cients gi, gt,.. . . , gp appearing in the expression for G and, hence, is 
a rational function of z. In particular, The functions <r», are 

power series in Indeed, they are power series in z but need not be 
rational in z. In particular, <ro= 0. Since A is different from zero, 
the equation AD = 0 implies the same function w as the earlier equa¬ 
tion D = 0. Indeed, this fact can be seen from the form of the 
determinant AD itself. For, replacing « by Mi and w by it appears 
that AD takes the value zero, seeing that it is then the sum of Ji; pro¬ 
ducts of the form 


1 

Ml 

u\ .. 

...M^ 


1 

Up 

M* . . 

... uy^ 


1 

U, 


...«r 


1 

Ut 

«*, . . 

_Mr* 

e*"'f 


in which p,q .. f represents a permutation of 1,2, . v. Since 

the second factor of each of these products is zero, it follows that AD 
is also zero. The same conclusion follows if u is a'placcd by «, and w 
by for the remaining values of i. In other words, we see that 
w takes the values f.,.., as«takes the values Mi, tti,,. .,u,. 
The difficulty arising from the fact that w need not involve z rationally 

can bo dealt with by replacing mi, Mj,.m„ wherever they appear 

in D or A, by mi,M 2 .. obtained from them by deleting all 

powers of f after a sufficiently high power. This has the effect of 
replacing the rational function Sm by a rational function s„ congruent 
to it up to a sufficiently high power of f, and likewise replacing the 
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function <rm by a rational function congruent to it up to a sufficiently 
high power of f. The function w resulting from this deletion has the 
properties required. That is, it is a rational function of { 2 , u) and has 
order 1 in 2 ; for the cycle G = 0. 

Having thus seen that there exists a function w = p{z, u), rational 
in (u, u), with orders-i. in z for the branches of G = 0, or total order 1 

V 

in z for the cycle G = 0, we can employ it to construct a rational function 


of (s, u) with orders t = A in 2 ; for the branches of G = 0, or total order 

V 

TV Kin z for the cycle G — 0, it being understood that k is an integer. 
A satisfactory rational function of ( 2 , u) is supplied by vf , understood 
to be written in reduced form relative to G =0. 

We say that a function-basis 

(11^) s .. ijrW) 

and an order-basis 


in 2 for G = 0 are equivalent, provided every rational function of 
( 2 , u) built on either basis is built on the other as well. The rational 
functions of ( 2 , u) built on (WO are all of the form 


p(i) + p(s) ^( 2 ) +_+ pWpf^-W^ 

where ...., P^"^ are rational in z and have orders zero or 

greater at the point z = 0. The rational functions of (z, u) built on 
(t) all have total orders equal to or greater than jc in z for G =* 0. It 
is plain that- a function-basis {W) equivalent to the order-basis 


(r) 



in z for C = 0 is supplicdi by 


{W) s 


, w' 


.A + V —1 


)- 


The matrix M formed from the coefficients of , 1 ap¬ 
pearing in the functions of a function-basis 

(W^) s ...,, 

in z for G = 0, constitutes a convenient representation of the function- 
basis. The rows of M refer to the functions ...., in 

order and the columns to m'~®, -, 1 in order. 


6. Function-basis for a combination of cycles eguivaknt to an assigned 
order-basis 

Let the fundamental equation F = 0 break up into r cycles at z = 0 

Gi= 0| Ga= 0,...., Gr“ 0i 
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of degrees vi, V 2 , _ ,Vr in where, of course, + ^2 +.. . + “ iV*, 

Let a total order-basis relative to z == 0 for the fundamental equation 
f = 0 be denoted by 


where 


(r) s (n, T2,-, Tr), 




are partial order-bases relative to z == 0 for the cycles Gi— 0, ^ 2 = 0, 

.Gr= 0 respectively. It will be found that the construction of 

a total function-basis 

(IT) s . 

equivalent to the total order-basis 

(t) S (n, T2,-- Tr) 

involves the uses of partial order-bases 

(n — wi), (t 2 — 0)2),-- (rr *- Wr) 

rather than the partial order-bases 

(ri), (^ 2 ), . • • . , (Tr), 

F F 

where wi, aj 2 , . cor are the branch orders of —» —- , . . . . , 

Gi G 2 

at z = 0 for the cycles Gi = 0, G 2 = 0,...., Gr =» 0 respectively. 

An important special total order-basis at z = 0 for F* == 0 is sup- 

dF 

plied by the branch orders of — for = 0 and is denoted by 

du 


i/j) = (mi, M 2 ,-- Mr). 

It is clear that 

(mi — «x), (M 2 — W2),-- (Mr — «r) 

are special partial order-bases at z — 0 for Gx = 0, G 2 = 0,.. •., Gr = 0 
respectively, supplied by the branch orders at z — 0 of 

~'forGi=0, . l-"forGr = 0 

du du du 

respectively. 

For the cycle G,= 0 at z = 0, let 

(TFi) s . 

by a partial function-basis equivalent to the partial order-basis 
all the functions being of reduced form relative to G,= 0, the whole 
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applying for the individual cases i -1,2 . r. We wish to show 

how to employ these r partial function-bases 
(Wx), (TTx). 

for 0, Gs = 0,.Gr = 0 equivalent to the r partial order-bases 

(ri— Ml), (t2— Ms), -- (Tr — Mr) 

for Gi= 0, G 2 = 0,.. Gr= 0 to construct a total function-basis 

{W) = ..... W^^5) 

for F = 0 equivalent to the total order-basis 

(t) = (ri, T2, ..... Tr) 

for F == 0. 

Another statement of the problem can be given in terms of ma¬ 
trices. Being supplied with partial matrices 

il^l. il^2i ..... Mr 

associated with partial function-bases 

(PTl). m .(TFr) 

equivalent to the partial order-bases 

(n— Ml). (t 2 — M 2 ).(Tr — Mr), 

we wish to show how to employ them to construct a total matrix M 
associated with the total function-basis (W) equivalent to the total 
order-basis (r). 

The statement of the result given in terms of function-bases is 

iW) s(|^(T7i),£(Tr2) . 

which is an abbreviated notation for 



In terms of matrices, this result is 


Ml 

Mi 

JIf s . R (Gi, G21 • •. • 1 G,), 

’ Mr 

as follows at once from the form stated for (W), on effecting the re¬ 
quired multiplication of matrices. It remains, therefore, to show 
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that {W) as defined is equivalent to (r) as given. In the first place, 
any rational function of (z, u) built on the total function-basis 

iw) s £ m, ./ m ) 

is built on the total order-basis 


(r) s (n, T2,-- Tr), 

seeing that this is true of the N particular rational functions of (s, n) 
^ (i = 1,. .., r ; j = 1,. .. , Vi), 

constituting (W), Indeed, the particular function — has branch 

orders equal to or more than o)i+ r»— a)i= r» for the cycle Gf = 0 and 
infinite branch orders for the remaining cycles. In the second place, 
any rational function of ( 2 ;, u) built on the total order-basis 

(r)s(ri, T2,-- Tr) 

is built on the total function-basis 

iW) ^ (I m, Z (TT.),.Z (Wr) ) 


as well. For, let p(s, u) denote any assigned rational function of (s, u) 
built on the total order-basis (r). Writing p(s, u) in the Lagrange 
form corresponding to the cycle factorization 


G 1 G 2 . ... Gr 


we have 


„ ^ . F {pG,\ F (pGr\ 

'’-gA>-A+g;w.+- - +G;b-;/ 

where ■ ■ • ■' denote the reduced forme of 


pGi pGa pGr 

ir"~F’ . ’~F 

spectively. The portion 


relative to Gi = 0, Gt — Q, .... ,Gr =0 re- 


F 

a 


m. 


of the Lagrange form of p has branch orders equal to or more than r< 

F 

for the cyde G» = 0, and since the first factor — has branch orders 

Gi 

for Gi= 0, it follows that the second factor (has branch orders 

\ F /i 

equal to or more than Ti— Mi for Gi®" 0 and, hence, is built on the 
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partial function-basis (IF») for Gj = 0. Of course, the portion 

^ / his infinite l)ranch orders for all cycles of F = 0 other 

G, \ F / <■ 

than the particular cycle G» = 0. In oilier words, is built 

gAf J* 

F 

on the portion of the function-basis (W) implied by {W^. Seeing 

Gt 


that this argument holds for i = 1, 2,. .. , r, we have shown, therefore, 
that any rational function p(s, u) built on the total order-basis (r) is 
built on the total function-basis (W) as well, which, taken along with 
the earlier result in the opposite sense, concludes the proof of the 
equivalence of the total function-basis 



and the total order-basis 


(t) S (n, 72, • . . . , Tr). 

Briefly then, this means that the problem of constructing a total 
function-basis (IF) equivalent to a total order-basis (r) is reduced to 
the r separate problems, of simpler type, of setting up r partial function- 

bases ( 1 ^ 2 ), -, (Wr) equivalent tor assigned partial order-bases 

(ri— 6?i), (r 2 — 0 ) 2 ),. . . , (rr— «r), seeing that the act of combining 
them presents little formal difficulty, whether it be carried out on the 
actual functions involved or symbolically by the use of matrices. 


6. Properties of fundamental exponents 

The results to be discussed in this section refer to all the cycles of 
jP » 0, taken at once. It must be realized that the total matrix M 
of a total function-basis 

(WO s . 

equivalent to an assigned order-basis 

(r) ^ (.Ti, rs, -, Tr) 

at z = 0 has been defined relative to the N independent functions 

u^~\ .,1. For that reason, we shall denote the total 

matrix M by 

M m .,1). 

Total function-bases 

(WO s (W‘^\ W^*\ ..... W^">), (WO ^ .. 

are equivalent, according as their total matrices 

M s .,1), (u^-\ .1) 
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are equivalent, or, what is the same thing, according as 

. ,l)^M (u^~\ .1) (o,«), 

where the matrix (apg) has order zero at z = 0, with its individual 
terms rational functions of z, of order zero or more at z = 0. 

The determinants of equivalent total matrices 

., 1 ), .... , 1 ) 

are of the same orders 

. . . . , 1 ), 1 ) 

at z = 0. But, the corresponding orders 

iu^-\ . ,l),l (u^-\ .. 1), (i = 1. N- 1), 


are also equal, where these denote the least orders of any of the 

sub-determinants of i rows and columns found in the matrices 

., 1 ), ., 1 ) 


0 ‘ 


respectively. For, any such sub-determinant of M is the sum of 
products of such sub-determinants of M and rational functions of z 
of order zero or more at z == 0, which means, therefore, that is not 
less than 0,. The inverse total matrix identity 

M - M{ap\T^ 

may be employed in like manner to show that ^ is not less than di. 
In other words, Qi = 

Among total matrices M ...., 1) equivalent to 

.. .. , 1) those that are referred to as normalized are 
particularly important. Their principal diagonal terms are 

z““^-s z““^-^., z"*®, 

and the terms to the left of the principal diagonal are all zero. The 
numbers (a), given by 

(a) s (ajy-i, ajn/_ 2 , . . . . , ao), 


are called the fundamental exponents associated with 1) 

and the total order-basis (r) s (n, r 2 ,. ...» Tr) at z « 0. The funda¬ 
mental exponents (a) can, however, be found without carrying out 
the normalization of ...., 1). This we shall now indi¬ 

cate for the case that u has all its orders zero or more at z=0. Each diag¬ 
onal term in a normalised matrix equivalent to , 1) 

has the least order in z of all terms in the same row. For this reason 

and since ajv-i, ajyr_ 2 ,-- ao are in monotone decreasing order, we 

see that 

-f . .. -f- 1, iV — 2,. . . ., 1), 




BEATTY AND WALES: ALGEBRAIC FUNCTIONS 


27 


where it must be understood that the sets (a), (d) are both associated 

with u^~^, .1). On the other hand, if « has some of its 

orders negative at s = 0, wc shall employ an integer h so that v = «z* 
has all its orders zero or more at z = 0. Where the fundamental 
exponents associated with (r) and .1) are 

(ttW-li ..oo), 

those associated with (t) and .,1) are 

+ (iV — 1) h, aj^_s + (W — 2) A,.. . . , ao). 

If the columns of ...., 1) are divided in order by 

z“^‘S .. z*“, we obtain thereby .,1), from 

which the numbers (0) can be obtained. We have, therefore, 

(ajy_i + o-N-i + . . • + aw-») + ih= — d„ 

(i = W - 1, W - 2.1), 

where the sets (a), (0) are associated with («^~*, .. 1), 

.,1) respectively. In either case, the numbers (o) 

can be found in terms of known quantities. 

The fundamental exponents (o) associated with (r) and 
...., 1) satisfy the relation (2) 

So + Sr** = I S — 1 + 

It should be realized that the relation continues to hold if stated in 
terms of o = mz* rather than «. This is due to the compensating facts 
that the set (o) converts into 

(ttjv-i “h (-^ “ 1) "h — 2) A,...., oo) 

and the order-basis (/t) into (p +iN — 1)A). 

Wc propose to examine what happens to the fundamental expo¬ 
nents (o) when any particular one of the order numbers in (t) is increased 
by the minimum amount, that is to say when a single t, is increased by 

the corresponding -- . Already it is clear that none of the numbers 
yt 

in (a) increases. But, since their sum decreases by 1, it follows that 
only one of them actually decreases, and that indeed by 1. It is pro¬ 
posed to indicate which of them it is that suffers this decrease of 1. 
The discussion need be given only for the case that n has none but 
zero or positive orders at z = 0, seeing that the remaiining case can be 
reduced to it by making use of » *= «?, for h sufficiently large. 

Taking (WO® .to a total function-basis 

equivalent to a total order-basis (T)s(ri, tj, ...., r,) at z = 0, there 
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is no loss of generality in supposing that only one of the N functions, 
say in the total function-basis (W), has the precise order for the 
branches of the cycle Gz == 0. We shall now prove the lemma that the 
function-basis (W') obtained from (W) by replacing hy is 

equivalent to the order-basis (r') obtained from (r) by replacing r* by 

Tt + — . For one thing, all rational functions p' (s, u) built on (IF') are 

certainly built on (t') as well. We have still to see, however, that all 
rational functions p'Cz, u) built on (r') are built on (IF') also. The 
general rational function piz, u) built on (r) is of the form 

where P^^^ P^^\ . ... , P^^^ are rational functions of z, with orders 
zero or more at z = 0. From this we obtain the general rational 
function p'(z, u) built on (r') by making it impossible for the exact 
order r* to be taken by it for branches of the cycle Gt = 0. This is done 
by requiring the constant coefficient in P^^ to be zero, which converts 
into a function with z as factor. In other words, p' is built on 
(IF'). This completes the proof of the equivalence of (r') and (IF') 
at z = 0. 

Beginning with the equivalent total order-basis (r) and function- 
basis (IF), with which are associated the sets (a) and (^), and passing 
to equivalent total order-basis (t') and function-basis (IF'), with which 
are associated the sets (a') and (0'), we are now in a position to outline 
a procedure for discovering which of the N differences implied by 
(a' — a) is —1. On multiplying the elements in row j of the matrix 
■ • • • I 1) associated with (r) by z, wc obtain a matrix 
Jlf'(w^"’\ .. .., 1) associated with (/). In particular, therefore, 

1 With respect to the correspondence between and 

there are two possibilities, namely 

(i) ^ (ii) djsr^i — 1 


Case (i) arises when, if row j be deleted from Jlf, there exists in the 
remainder a sub-determinant containing iY — 1 rows and columns and 
having order in z. On the other hand, case (ii) arises when no 
such sub-determinant exists. These statements are evident, and they 
provide the means of distinguishing between cases (i) and (ii). In case 
(i), therefore, the information sought has been obtained, since 


1 “f* (ZQf (li — ttj, ttg 0^2 » » * • • , 


In case (ii), however, we have found out merely that aj == ao, and so 
the process has to be continued to the next step. Cases (i) and (ii) of 
this next step are obtained from the original forms already given, by 
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repidcing N — 1 by N — 2. In case (i) of this next step, complete 
information has been obtained, since, of course, 

®i I ®ii 0,2 — ®2».. Off—i = ojr_i 

is the new information to be associated with = oo of the original 
case (ii). In case (ii) of this next step, the new information obtained 
is merely = a,, to be associated with oo = of the original case (ii), 
and still another step must be taken. The process may be continued 
in this way until the desired information is obtained. 

The cases that apply may be listed as in the schedule involving N 
rows and JV — 1 columns: 

(i) 


(ii) 

(i) 



(ii) 

(ii) 

(i) 


(ii) 

(ii) 

(ii) . . . . 

....(i) 

(ii) 

(ii) 

(ii)..., 

, . . . (ii) 


Each row stales whether (i) or (ii) happens, up to the necessary stage 
of application. These rows correspond to the results: 

tto** — 1 + ao; 

01= — 1 + oi; 

02 = — 1 + 02 ! 


ttjv-i “ ~ 1 + ou-t; 
oir-i = — 1 + on-1 ; 

which register by rows the particular number in the set (o' — o) which 
is actually —1, leaving the remaining numbers in the set zero. 

If a total ordcr-bsisis (r) is replaced by any other total order-basis 
(t'), a corresponding change of fundamental exponents from (o) to (o') 
results. What these changes are may be found by applying the pre¬ 
ceding unit result either up or down and as often as necessary, obser¬ 
ving always tlic condition for appl 5 dng it that only one of the functions 
in the total function-basis takes for the particular cycle at which the 
order number is stepped up by tlie minimum amount the exact order 
appearing in the equivalent total order-basis. 

Given a total order-basis ((t)) made up of individual total order- 
bases for all finite points, it has been shown (3) how to combine the 
corresponding individual total function-bases to form a single total 
function-basis ((W0)> with matrix M, applicable to all finite points at 
once. 
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A SIX-BODY PROBLEM 
By Danill Buchanan, F.R.S.C. 

1. Introduction 

This paper deals with periodic and asymptotic orbits in a particular 
problem of six bodies. Five of the bodies are of equal finite masses, 
arc relatively fixed at the vertices of a regular pentagon, and revolve 
in circles about their common centre of gravity with uniform angular 
velocity. The sixth body is infinitesimal and moves in the vicinity of 
the equilibrium points or points of libration of the finite masses. The 
law of attraction is that of the inverse square. 

In a recent paper, Hinrichsen (1913) considered the number of 
libration points for n bodies in which w —1 of them are finite and are 
relatively fixed at the vertices of a regular (7^ —l)-sidcd polygon rota- 
ting about the centre of gravity with uniform angular velocity. He 
showed that there arc 3w—2 libration points, all lying on axes of 
symmetry, and obtained their approximate position for the cases when 
n = 3, 4, 5. Periodic and asymptotic orbits near the libration points 
for « = 6 were obtained by the author in a recent paper (Buchanan, 
1944). 

The problem discussed in the present paper is to locate the equili¬ 
brium points for 7^ = 6 and to determine the periodic and asymptotic 
orbits in their vicinity. 

Two- and three-dimensional periodic orbits and two-dimensional 
asymptotic orbits have been obtained. The periodic orbits are similar 
to the orbits of Class A and Class B of Moulton’s Oscillating Satellites 
(1920). The asymptotic orbits are akin to those obtained by the 
author (Buchanan, 1919) for the Asymptotic Satellites. 

2. Tiii5 Differential Equations 

Following Hinrichsen, we choose a system of rectangular axes, xy^ 
rotating unifonniy about the centre of gravity. The plane of rotation 
is taken as the ^cy-plane and the co-ordinates of the finite masses are 
chosen as in Fig. 1. The sum of the masses is taken as the unit of 
mass and the unit of distance is selected as the distance from any finite 

Cl 
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mass to the centre of gravity of the remaining four finite masses. Thus 
the distance from the origin to any vertex of the pentagon is 4/5. The 
unit of time is so taken that the angular velocity of rotation is unity. 

With the units and axes selected as above, the co-ordinates of the 
finite masses are 

(Xk, 3'Ji) =(-8 cos {2k - l)36^ .8 sin {2k - 1)36°). 

(A = 1,... , 5). (1) 

Let the co-ordinates of the infinitesimal body be denoted by (x, y). 
Then the differential equations of its motion are 


dt‘ dt 

dV- dt 

10 1=1 \ /•,/ 
r\ = (x - x,)-+ (y - y,)-, 
% “ 5* 


( 2 ) 


3. The Libration Points 

The libration points, as previously stated, are located on axes of 
symmetry. There are sixteen (3w—2) libration points and five axes 
of symmetry. Hence, besides the origin, there are three libration 
points on each axis of symmetry. The axes of symmetry' are the lines 
through the vertices of the pentagon and perpendicular to th(* opposiU^ 
sides. From the way in which the axes of reference were chosc^n, it is 
obvious that the x-axis is an axis of symmetry. The absciwssas of tlu‘ 
libration points on the .v-axis are found by solving i2j = y = 0. 
The approximate co-ordinates are liht(‘d in Table I. 


TABLE I 

Libration Point 

(a) 

(o) 

(b) 

W 


Co-ordinates 

(-1.258,0) 

( 0 , 0 ) 

(.822,0) 

(.916,0) 


The co-ordinates of the other points can be obtained by rotating the 
j^-axes through multiples of 72“. The libration points are marked in 
Fig. 1. 

We shall consider in detail the points on the »-axis only. 
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4. The Equations of Displacement 
Lot us make in (2) the substitutions 

X -'K + €ti, y — eVyt -- to— (1 + 5 ) t , ( 3 ) 

where X dciiiotes the abscissas of the libration points in Table l;u and v 
ar(i new depenclenl variables; r is a new independent variable; e is a 
parameter and 5 is a power series in e vanishing with e. Derivation 
with respect to r will be denoted by the operator D. With the above 
substitutions, equations (2) become 

6D% - 2€ (1 + 5) Do - + «)* S* + «“)•! 

\ P%/ I 

eD^v+2e(l+S)Du=i(l+dyS*(l 

»«1 \ Pj / 

fii = (\ — X, + euy + (—y, + «o)®. 

The asterisk on the summation sign designates the omission of terms 
independent of e. For sufficiently small numerical values of e the 
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terms in 1/pi can be expanded into converging power series in e. We 
thus obtain, after e has been cancelled off, 


[D2 - Ji(l + 6)2] ~ 2D (1 + 5) = (1 + 6)^ 2 S e\ 

2D(14-5)2i + [D2-J2(l+5)2]t- = (l+3)2i i 

*•=1 /,^-0 


j + k ^ i + 1, 


where 


£^1 = 1 


' /1 _ 3(x -x,y \ 

■'.=1 Ia? Af j ’ 

= 1 - 2 -(—3 -^’ 1 * 

U? Af j 
== (X — x^y +yly 

TT^l) — J V 

^ ~Ar~r 

Tt(1) —TV ^») 

.“A!““r 

v{\^ = 2 USV. 


(5) 


The remaining 11^1,^ Vjj? arc functions of X, x*, 3 /,. In particular 

uj;>=vi?=vw=o. 

If we consider only the terms in (5) that arc independent of e, we 
obtain the equations of variation, viz., 

(D^-dx) u--2Dv - 0 , ( 6 ) 

2Du + {D^-d2)v== 0 . 

The indicial equation for the characteristic exponents is 


+ (4: di — da) D^ -f- did 2 ~ 0. 

The values of di, da, and of the characteristic equations and 

exponents for the libration points (a), ( 0 ), (i), (c) are listed in Tabic 11. 

The character of the solutions of the differential equations of 
motion ( 2 ) depends upon the solutions of the equations of variation. 
These latter solutions are known as generating solutions. If the 
characteristic exponents are purely imaginary the generating solutions 
are periodic and lead to periodic solutions of the equations of motion. 
If the characteristic exponents are real or complex, asymptotic solu¬ 
tions of the equations of motion will result. From the form of the 
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characteristic exponents listed in Table II it follows that asymptotic 
orbits exist in the vicinity of each libration point (o), (o), ( 6 ), (c) and 
periodic orbits near (a) and (d) only. 


TABLE II 


Constants 

(n) (-1.258,0) 

(o) (0,0) 

(6) (882,0) 

(0 t.916,0) 

di 

5.403 

1.977 

-.740 

.590 

d2 

-1.123 

1.977 


4.128 

ua^ 

13.707 

0 

2.818 

5.996 


- 6.639 



-9.653 

Characteristic Equations 

D*-.280Da 

D‘-t-.046D» 

D‘-1.368Di 

Di-.718D2 


-6.078= 0 

+3.909 = 0 

-4.520 = 0 

+2.436 = 0 

Characteristic Exponents 

±1.615, 

±1.526* 

±(.989±i) 

±1.24oi, 

±1.708 

±/.980±.7757; 

1 


5. CONSTROCTION OK TwO-DiMENSIONAL PERIODIC ORBITS 

We propose to determine periodic solutions of equations (5), as 
power series in «. Accordingly we put 

00 00 00 
u = = S a - S 3,6', (7) 

and substitute in (5). The resulting equations will be cited as (5'). 
By equating the coefficients of the various powers of e in (5'), we obtain 
sets of differential equations that determine the various Uj and Vj, In 
the case of periodic orbits we proceed to show that the 8j and the 
various constants of integration can be so determined that the Uj and 
Vf will be p('riodic and will satisfy certain assigned initial conditions. 

Periodic Orbits near (a) 

We shall consider in detail the construction of the two-dimensional 
periodic orbits near the point (a) and then list the results for the cor¬ 
responding orbits near ( 6 ). 

For initial values of u and v it will be supposed that « = 1 , == 0 

at the initial time. There is no loss of generality in putting m = 1 as 
u carries the arbitrary factor € in ( 3 ), nor in putting = 0 as the initial 
time may be chosen as the instant when the infinitesimal crosses the 
^c-axis. With these initial conditions it follows that 

Wo(0) 1, ^y(O) ~ 0, j = 1 , 2 ,. .. , 

«^,(0)«0, 0,1,2.... 







6 


THE ROYAL SOCIETY OF CANADA 


Step L Coefficients of €° in (5') 

The differential equations at the first step are the same as the 
equations of variation and hence the periodic solutions that satisfy (8) 
are 

24o= cos jSr, z>o= — 2.533 sin /3r, = 1.526. 

The period of these solutions is 2Tr/^. 


Step 2. Coefficients of € in (5') 

At the second step the differential equations are 

(D2 - di)ui- 2 Dvi = - 5i(3.075 cos pr) ~ ] 

14.445 + 28.152 cos 2 iSr), 

2Dui + (D2 - d 2 )vi = (8.740 sin fir) + 

16.817 sin 2/Sr). 

The particular integrals of (9), expressed in symbolic form, are 


(9) 


= JL [(D« - di) + 2DV<‘“’], 

A 

Z,1 = 1. [ -2DU'*^ + (D* - 
A 


( 10 ) 


A — (4 —' d^ D® -f" did^^ J 

Since A = 0 for D® = —jS®, the terms in cos jSr and sin jSr in (10) must 
vanish if ui and Vi are to be periodic. As these terms carry the factor 
di we must put 5i — 0 to obtain periodic solutions. The complete 
solutions, therefore, that are periodic and satisfy the initial conditions 
(8) are 

= — 1.115 cos jSr 4- 2.669 — 1.554 cos 2jSr, 
vi — 2.824 sin jSr —.812 sin 2pr, 


1 


(11) 


Step S. Coefficients of in (5') 

From the integration of the equations at the third step we get an 
idea of the procedure at the general step. The differential equations 
at this step are 

(D* - di)«a - 2Di>s = \ 

2Dtt2 + (D*-d2)i'2= V<»>, / 

= «2(3.075 cos fir) + S Cj»^ cosjiSr, 

J-0 

= 82 ( 8.740 sin /Sr) + S sini/Sr, 

J-1 


(12) 
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where S) ’’ are known constants. The constant enters (12) only 
as expressc'cl. 

The particnlar integrals of (12), expressed in symbolic form, are as 
in (10) 

= i l(l)--“ -<ii) 2DV''>'], 

A 

z'2 = ’ l-2DU‘'’ + (D--rf0V^*']. 

A 


If U 2 and V 2 are to be periodic, the coefficients of cos I3t and sin fir in (13) 
must vanish. Thus 


- (;8* -f ds) j 3.075 S. + } -f {8.740 5*. + } = 0, . . 

2p {3.075 52 + Cl='^}-(/32-f-di) }8.74052+} =0. ^ 

The functional determinant of the expressions in the brackets { } 

vanishes and hence oni^ equation of (14) is redundant. On solving 
either equali(ni we obtain 


].206(^{‘'’ - 3.05 2 S{'’ 
22.906 


(15) 


With ^2 thus determined Uk* periodic solutions satisfying the initial 
conditions 7^2(0) — v^iO) = 0 are 

{ A 3 

«2 = ij cob jpT, 7/2=2 sin y/5r, 2 

^=*0 /“O 

where the and are known constants. 


(16) 


Step\n\+ /. Coefficients of in (6') 

Let ,'us supi)ose that the solutions at all the preceding steps have 
been obtained and that for ^ = 1, ..., 7/ — 1 

Ar+l 1 

Uk = s fj* cos y/Sr, 

7- « 

/(r-f 1 

»<{ = ij sinjfir, 

j-1 

5ft = constant. 

Then the dilTenmtial eciuatioiis at the step j 2 + 1 are 
(D“-di)tf„-2Do„ 

- 2D w„ + {D^ - di)v„ = V(''+«, 

?l+l 

U^"+"' =5„ (3.075 cos /St) + S cos jjSr, 
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where are constants and 3„ enters only as expressed. 

On forming the symbolic expressions for the particular integrals 
we find that two equations in S„ must be satisfied if the particular 
integrals arc to be periodic. These* equations are the .same as (J1) if 
52 , are replaced by 5„, Ci"’*'", rc.spectively. Hence both 

equations are satisfied by putting 

_ 1.206 - 3.052 

" 22.966 

The desired periodic solutions that satisfy the initial conditions are 
therefore the same as (16) for k = n. 

This completes the integration for the ixjriodic orbits near (a). So 
far as the computation has been carried out we have 

.T + 1.258 = 6 cosjSt + e=(-l.n5 cosjSr + 2.669 - 
1.554 cos2/3t)+. ... 

y = —2.533 « sin + e-(2.824 sin jSr — 

.812 sin 2|3 t) + .... 

If we neglect the terms in e® and higher powers we obtain the 
approximate orbit 

^ = 1 
6 ^ (2.5336)2 

This represents an ellipse with the centre at (o) and with the major axis 
parallel to the y-axis. The parameter e denotes the initial displacement 
from (o) along the .r-axis. 

Periodic Orbits near (b) 

The corresponding periodic orbits near the lihration point (6) are 
.V -.822 = 6 cos iSr + e-(.425 cos (St + 1.103 - 1.528 cos 2(8 t) + . .. , 
y = —.3256 sin /Sr — e® (.138 .sin /St + .235 .sin 2 ^t) + ... , 

l8 = 1.245. 

The approximate equation is the ellipse 

(■v-.822)2 yi 

62 (.3256)2 

having its centre at (5) and its major axis along the ac-axis. 'Fhe para¬ 
meter 6 denotes, as in the orbits near {a), the initial displacement from 
(i) along the x-axis. 

6. Asymptotic Orbits 

According to the definition given by Poincar6 (1892) a solution is 
asymptotic if it has the form P(/) where the real part of a is negative 
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and P(i) is periodic. As the characteristic exponents at all the libra- 
tion points have values such that their real parts are negative, asymp¬ 
totic solutions exist for all the points. 

Point {a) 

To obtain the asymptotic orbits near point (o) we consider equa¬ 
tions (5') with 5 = 0 and D = d/dt. These equations will be cited 
as (5")- 

Step 1. Coefficients of e® in (6") 

The differential equations at the first step are the same as the 
equations of variation (6) and the desired solutions are 
«o = Vo = .865Be“^“*‘, 

where B is arbitrary. If we select the initial condition «(0) = 1, which 
may be done without loss of generality as u carries the factor e in (3), 
we have 

«o(0)= ],7i,(0)= 0,i = 1, 2. (17) 

Then the asymptotic solutions at the first step arc 
no = = .865e~^-“®‘. 

Step 3. Coefficients of e in (5") 

On equating the coefficients of e in (5") we obtain 
(D* - di)ui - 2001 = = 8.736e"’ ®’“', 

2D7/1 + (D* - di) vi = = - 11.490e-* 

As and contain no terms in the particular integrals will 

contain no terms in t exidicitly. The desired solutions satisfying the 
initial condition (17) are 

Vi = - 1.519e"‘-*>®'-.0016"® =®®"'. 



Step » + /. Coefficients of e'‘ in (5") 

Let us supjwse that i<o,. ■ ■, ««-!, I'o. • • -i J'li-] have all been deter¬ 
mined and tliat 


■ "s «■***. 

k^l 




a = —1.615, j — 0,. .. , 77 — 1, 
constants, 

j-l-i 

S « 0, j> 0. 

ft*-1 


( 19 ) 
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Then the diflcrential equations at the step // + 1 arc 

(D-’ - di) u„ - 2Dti„ = U^" 

2D«„ + 

=’2 . ^20) 

«+l 

A .-2 / 

where are known constants. As no terms in e~'°^ occur 

in the right members of (20) there will be no terms in / explicitly in the 
particular integrals. 

On obtaining the complete solutions and selecting the constants 
of integration so as to satisfy the initial and asymptotic conditions it 
will be found that the desired solutions for tin and 2'n an* the same as 
(19) fori = n. 

Approximate equations for the asymptotic orbit are 
.V + 1.258 = 
y = .8656 e”' 

They represent a straight line through (a) having the slope .865. With 
respect to fixed axes through the origin the asymptotic orbit for a given 
value of € is the dotted line approaching the path of (a) in Fig. 2. 

Poin/ (b) 

The asymptotic orbits near point (b) arc similar to those near 
point (a). So far as the computation was carried out the equations 
are 

:c-.822 - e"* ^''0 ■ • • , 

y = - 1.0716 - 62(2.035 e"'--1.982 ^ ‘'**0 - - • • 

An approximate orbit is 

;c -.822 - 6 y = - l.OTle e"' 

It is a straight line through (6) having the slope —1.071. Its orbit 
with respect to fixed axes through the origin is the dotted line ap¬ 
proaching the path of (6) in Fig. 2. 

Point (c) 

As the solutions for the asymptotic orbits near (c) and (o) are 
different from those near (a) and (5), we shall consider in detail the 
orbits near (c) and list the results for (e). 
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Step 1. Coeficienti of in (5") 

The differential equations at the first step are the same as the 
equations of variation. The generating solutions are therefore 

«o = c”“'f Bi cos fit 4- 5s sin fit), I 

oo = «““*(-.305B,-f .534Bs) cos |8f, (21) 

a = - .080, ti = .775, I 

where Bi and Bs are arbitrary constants. As there are two arbitrary 
constants at each step of the integration we may impose tw'o initial 
conditions. 

Let it be supposed that ?/(0)= 1, 0 ( 0 ) = 0. Then 

Ho(0)= 1, 7<,(0) = 0,i = 1, 2. 

0,(0) = 0, j = 0,1, 2. 



Figtike 2 
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With these initial values the solutions at the first step arc 

Wo = (coSjSi + .572 sin \ 

(.708 sin jS/). j 

Step 2. Coefficients of €- in (6") 

The differential equations at the second step arc 
(D2 - di)ui - 2 D«;i = 

2 Dwi + (D 2 -d 2 )?;i = 

UC 2 ) ^ g- 2 a/ 5 g 2 ^ 4 434 cos 2pt + 3.430 sin 2pt), 

VC 2 ) ^ g“ 2 a/ (3 9 Q 9 _ 3 999 2pt + 6.834 sin 2pt), 

The particular integrals in symbolic form are the same as (10). On 
making use of the property 

fiD)e^V =e“7(D+a)U, 

- 1 -tt, 

/(D) /(D+a) 

we note that the particular integrals will contain no terms in t expli¬ 
citly. The complete asymptotic solutions at this step that satisfy the 
initial conditions are 

Ml = e--9«o' ( 1.161 cos fit - 3.805 sin fit) 

- (1.102 + .069 cos 2fit + .105 sin 2fit), 

(—2.386 cos fit -1- .541 sin fit) 

+ (1.305 -I- 1.081 cos 2fit -f .148 sin 2fit). 

Step n +1. Coefficients of e” in (5") 

The integrations at this step arc entirely similar to those at the 
second step. The desired solutions are 

»+i . i , 

«n = S 2 (Bj^^ cos kfit -f- sin kfit), 

i-1 k">o 
»+i ^ j 

“ S S (Di'^ cos kfit + sin kfit), 

k-Q 

where ..., are constants. Further 

. . , »»+i j »+i j 

BW = DW « 0, S S = 2 2 = 0. 

jml k^Q 




( 26 ) 
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An approximate orbit is obtained from the equations 
■r -.922 = (cos + .672 sin pt) e, 

y = _ ( 708 sin 0t) «, 

/3 = .775. 

Table III lists values of x —.922 and y for certain values of k, where 
t — kir/p. Each value for the co-ordinates is to be multiplied by e. 


TABLE III 


II 

X - 3f-.922 

y 

0 

1 

0 

1 

.411 

-.185 

2 

.0784 

-.097 

3 

-.0154 

-.0255 

4 

-.0188 

0 

5 

-.00775 

-.00350 

6 

.00148 

.00183 

7 

.000290 

.000479 

8 

.000355 

0 


With respect to fixed axes the asymptotic orbit is the dotted line 
approaching the path of (c) in Fig. 2. It crosses the path of (c) 
periodically and with diminishing amplitudes from the circle as is the 
case in damped vibrations. 

Point (o) 

The approximate asymptotic orbit near the origin is 
X - ‘ (cos t) e, 

y s —g-'SSO* (sin 

Since U^ 2 o = 0 at the origin, the terms for the second step of the 
integration are zero. The orbit is a spiral about the origin as in Fig. 2 
but with respect to the rotating jcy-axes. 

For all four points (a), (o), (b), (c) the parameter « is arbitrary. 
From the way in which the initi^ conditions were chosen, e is the 
scale factor denoting the initial displacement along the *-axis from a 
libration point. 

7. Three-Dimensional Periodic Orbits 

To obtain three-dimensional periodic orbits we choose a set of axes 
X, y, z in which the »y-plane and units are taken as in the previous work. 
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Let the co-ordinates of the infinitesimal be denoted now by (ac, y, z). 
Then the differential equations of motion are 

■^-2^-2., 1 
dtf dt 

^ + 2^.a,, 

dt^ dt ^ 

^ (26) 

dt^ 

(r?+^). 

= (jc - ».)* + (y - y,)® + - 

Let 

« == X + €W, y = €V, z ^ €W, ^ — ^0 == (1 + 5)r, (27) 

as in (3), Then the differential equations corresponding to (5) are 
[D^ — di(l + 5)^] u — 2D (1 + 5) w = terms as in (5) ^ 

+ (1 +5)®U?,>sW“e 

+ higher degree terms in 

2 D (1 + 5) « + [D® — (^2 (1 + 5)2] V » terms as in (5) 

+ higher degree terms in but carrying f (28) 
the factor v, 

[D2 + 7^ (1 + 5)2] w^(l+ 5)2 W?o\wze; 

+ (1 + 5) V (W^ «% 4- w*) 

+ higher degree terms in w, ' 

where 

* iV S . y = confatant, 

A, 


W?.\ = 2UW 




ww = ^S 


« = S 0 = 23 »;6’, te; = 21 a'jc’, « « 23 

j««o j"“0 i"0 i*i 


Now let 
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When these substitutions are made in (28) we obtain equations, cited 
as (28'), which define the various Uj, Vj, Wj. If we take only the linear 
terms in (28) we obtain the equations of variation, vi/., 

(D^-di)u -2Dz; = 0, I 
2Du + (D- — ia) = 0 , ! (30) 

(D- + 7 -^) zy = 0 . J 

The first two equations are the same as ( 6 ). It has been shown that 
these equations have periodic solutions for the points (a) and (b) only. 
Their periods are Pi = 27r/i3, where p = 1.526 for (a) and p = 1.708 for 
(J). The solution of the third equation of (30) is 
ze; — Cl cos 7 r + C 2 sin 7 r, 

and its period is P 2 = where 7 has the values listed in Table IV. 
Hence there arc three typers of periodic solutions of (30) according as 
we select the period Pi or P 2 if iS and 7 arc incommensurable or the period 
P 3 which is a multiple of Pi and P 2 when p and 7 are commensurable. 

For the period Pi the generating solution of the w-equation must 
be zero and this will lead to the two-dimensional periodic orbits already 
determined. The case when p and 7 are commensurable has been 
found too complicated and is left unsolved. The three-dimensional 
periodic orbits have the period P 2 = 27r/7, p and 7 being incommen¬ 
surable. Their generating solutions arc 


=t 0, = Cl cos 77 + C 2 sin 77 . (31) 

As two arbitrary constants occur in (31) we may impose two initial 

conditions. Since the infinitesimal must cross the .ry-plane if its 

motion in three-dimensions is to be periodic, we may select the initial 

time as the instant when the infinitesimal is crossing the zy-plane. 

Thus we may take w(0) = 0 without loss of generality. Again, since w 

carries the arbitrary factor t in (28) we may put Dw{0)= 1 , likewise 

without loss of genera lily. When these initial values are imposed upon 

V) we obtain n • a 1 o 

7 = 0, 1,2, 

D{w)o{0)^h DwM^0J>0} 


Wc shall now intc‘grate equation (28') subject to the initial and 
periodicity conditions selected. 


Step 1. Coefficients of in (28') 

The differential equations are the same as the equations of variation 
and the desired solutions arc 


Uq = Vo 


0 , 


1 . 

Wo ^ — sin 77 . 
T 
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Step 2, Coefficients of e in (28') 

The differential equations at this step are 

(D'-c/i) = LC7e»-, 

2D«i+= 0, (3:3) 

(D2 + 72 ) w/i = - 2512^0. . 

Since /S and 7 are incommensurable only the particular integrals of 
the first two equations of (33) may be retained. In the last equation 
we must have 5 i == 0 if is to be periodic. The desired solutions at 
this step are therefore 

Wi “ cos 27 r, 

Vi = sin 277 , 

Wi = 0 , 

where Co^^ 4 ^^ ^.re known constants. 

Step 3. Coefficients of in (28') 

The differential equations at the third step are 
(D^ — di)U2 2D2^2 ~ 0> 

2D2^2 “1~ (D“ — di) V 2 “ 0, 

(D^ + y^)w 2 = — sin yr + sin 877 , 

where G[^\ arc known constants. The desired solutions are 

«2 “ = 0, 

^2 = sin yr + sin 37 r, 

52 = -lyGi^K 

The integration of the higher terms proceeds as at the previous 
steps. It is found that the u's and 2 ;'s with even subscripts and the w's 
and 6 ’s with odd subscripts are all zero. The non-zero terms have the 
general form 

k 

= 2 cos 2jyT, 

}-0 

^ak~i = 2 sin 2jyr, 

3^1 

Wjft = 2 sin (2i + 1) yr, 

j -0 

where known constants. 

The numerical values of various terms in the first three steps of the 
integration for the solutions near the four libration points are listed in 
Table IV. 
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TABLE IV 



(o) 

( 0 ) 

Q>) 


u® 

-7.017 

0 

3.502 

3.642 

wi'Sk 

15.065 

4.578 

19.003 

13.017 

7 

t.l40 

.076 

1.545 

1.308 

«o 

0 

0 

0 

0 

Vo 

0 

0 

0 

0 

Wo 

1/7 sin yr 

1/7 sin yr 

1 /y sin yr 

1 /y sin yr 

di 

0 

0 

0 

0 

Ui 

.494—.304 cos 27 T 

0 

.922+.116 cos 27 T 

-1.805-h.216 cos 2 yr 

Vi 

.337 sin 277 

0 

—.046 sin 2yr 

—.103 sin 2yr 

Wi 

0 

0 

0 

0 

Ui 

0 

0 

0 

0 

Vi 

0 

0 

0 

0 

di 

-.180 

1.8<K) 

2.622 

-2.401 

Wi 

—.244 sin^yr 

— .512 sin^r 

—.216 sin*yr 

—.252 sin*yr 


The approximate periodic orbits near each point are obtained by 
taking only the terms in e and in the solutions. 


Point (a) 

The equations of the approximate orbit near (a) are 
jc + 1.258 = €2 (.494 - .304 cos 2 tt), 
y = €2 (.337 sin 2yr), 

2 ^c/ysinyr. 

The equations of the projections on the co-ordinate planes and the 
corresponding curves are as follows: 


xy-plane 


(x + L2S8 --.494c2)2 y 

(, 304 € 2)2 (. 337 € 2)2 



C3 
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xz-plane 


X +1.258 - .1906^ = .800c:2. 



yz-plane 

y = .772a - l.316a*. 



Figure 5 



BUCHANAN: A SIX-BODY PROBLEM 


19 


The three-dimensional orbit near (o) is sketched in Fig. 6. 



Point {o) 

The orbit in this case is a straight line co-inciding with the z-axis. 


Point (6) 

The equations of tlic approximate orbit are 

X -.822 = (.992 + .115 cos 2rT), 

y s= _ .046€° sin 2yr, 

z = L sin yr. 

y 


Point (c) 

The equations of tlie approximate orbit are 

* — .916 = — €*(1.805 — .216 cos 277 -), 
y = — .103 €* sin 277 , 

€ . 

z = — sin yr. 

y 


The three-dimensional curves near (6) and (c) are shown in Fig. 6. 
For the points (o), (5), (c), the parameter e denotes the initial dis¬ 
placement from the libration points along the »-axis. For the origin, 
e is proportional to the initial projection along the z-axis. 
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8. Convergence of the Solutions 

The question of the convergence of the solutions will now be 
considered. 

Periodic solutions may be shown to converge by nuking use of an 
existence proof in which dominating scries are set up. It was shown 
by MacMillan (1913), however, that if one can make the formal con¬ 
struction of periodic solutions, similar to those that have been obtained, 
as power series in a parameter, then such solutions will converge for all 
values of the time provided the parameter is sufficiently small num¬ 
erically. 

The convergence of asymptotic solutions was considered by 
Poincar6 (1892). He showed that convergence is assured as the time 
approaches plus infinity provided the solutions have tlic asymptotic 
form already defined. Divergence of the solutions would occur should 
the determinant A vanish in the construction of the particular integrals 
and thus give rise to secular terms in t explicitly. The asymptotic 
solutions that have been obtained contain no secular terms and conse¬ 
quently they are convergent. 

Thus if periodic solutions can be constructed, their convergence is 
controlled by a parameter and not by the time; and if asymptotic 
solutions can be constructed they will converge as the time becomes 
infinite. 


REFERENCES 

Buchanan, D. Am. Jour. Math., 39; 79-110. 1919. 

-Can. Jour. Research, A, 22: 1-25. 1944. 

-Trans. Camb. Phil. Soc., 22: 309-340. 1919. 

Hinrichsen, J. J. L. Am. Matli. Monthly, SO: 231-237. 1943. 

Macnullan, W. D. Trans. Am. Math. Soc., 13:146-168. 1913. 

Moulton, F. R. Periodic Orbits, Chap. V, Publication 161. The Carnegie Cor¬ 
poration of America. 1920. 

PoiNCARl^, H. Les m6thodcs nouvellcs dc la m6canique c61cste, tome 1, chap. 7. 
Gautier-Villars, Paris. 1892. 



Section III, 1946 


[21] 


Trans. R.S.C. 


AN ELEMENTARY PROOF OF A THEOREM IN GEOPHYSICS 

By T. H. Matthews 

Communicated by David A. Keys, F.R.S.C. 

TF the velocity of a seismic wave in the earth is v^+ ad where and a 
are constants and d is the vertical distance below the surface, the 
quickest wave path between two points A and B on the surface is the 
arc of a circle in a vertical plane through A and B. 

The quickest path lies in the vertical plane through A and B, This 
can be shown by projecting any other path orthogonally on this plane. 
For every element ds on the path we have the projection ds' on the 
plane where ds' ds, and the velocity along ds' equals the velocity 
along ds. Hence the total time along s' is less than the time along s. 



Y 

Figure 1 


Now V == i»o+ dd = a(d + vo/a). 

If we take the axis XX' parallel to AB and a distance c = vo/a 
above AB, then v = ay. 

Let OF bisect AB at C and let -40 = CJ5 = b. 

If P is any point on a wave-front path starting from A , we have 

ds . a 

— ssi V = ay = ar sin d. 

dt 

also r — = sin w. 
ds 

- d$ dd ds • n • .T, T 

Therefore — “ — • — — a sm ^ sm ^ .I 

dt ds dt 
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Hence 

d6 

- is independent of r and is a maximum tor a ghcn 0 when =90'’ 
di 

that is, the quickest path from OP to the adjacent line OQ is peiixjn- 
dicular to OP, and the quickest path from OA to OB is a circular aic 
with centre 0 and radius OA. 

Time from A to B = \dt = \ - from I 

a sin 6 

T* 

log tan ] 0 
1 , tan i XC)B 

a tan J . 


Since tan XdA = — and tan XdB = — — and c = — , we can show 
b ha 




Figure 2 
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Every circle which passes through any point P and has its centre 
on the fixed line XOX' passes also through P' the image of P in XOX', 
i.e., these circles form an intersecting coaxal system. 

Hence the wave front of a disturbance starting at P is a circle of 
the orthogonal system which has XOX' as its radical axis. 

And, in three dimensions, the wave-front is a sphere belonging to 
a coaxal system (obtained by rotating the circle about PP'). 

P is a limiting point (a point sphere) of the system, and as the wave 
spreads, the centre of the sphere moves vertically dowm^ards from P. 
Successive stages are shown in Fig. 2. 
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THE ABSORPTION SPECTRUM OF LIQUID OXYGEN 
By II. D. Smith and N. Barton 
Prescntod by G. M. Shrum, F.R.S.C. 

{Read May Meeting, 1942) 


I. Introduction 

During the course of an attempt to detect in the near infra-red 
absorption spectrum of liquid hydrogen certain bands predicted by 
Herzberg (1938) on the basis of the theory of the quadrupolc radiation 
of molecular hydrogen, an apparatus was devised for obtaining long 
optical path lengths (Smith and Marshall, 1940) in a substance con¬ 
fined in a limited space. Preparatory to working with liquid hydrogen, 
it was deemed advisable to test the eflSciency of the apparatus by 
employing liquid oxygen, which possesses in the visible and near infra¬ 
red region a number of well-defined absorption band systems, which 
have been investigated extensively in recent years (McLennan, Smith, 
and Wilhelm, 1930; Guillicn, 1934, 1936; Ellis and Kneser, 1933). 
In this test a greater path length of liquid oxygen than had been 
employed by any previous worker was used. A thorough study 'was 
made of the spectral region from X4200A to X11500A. 

II. Apparatus 

The general optical arrangement usually employed in obtaining 
long path lengths in a vertical column of absorbing medium is indi¬ 
cated schematically in Fig. 1. The spherical mirror Mi is immersed 
in the medium at the lower end of the container in such a way that 
two plane mirrors, M i and situated at the other end of the column 
are at the centre of curvature of Mz* A horizontal beam of light from 
the source S is condensed by the lens L, and reflected by the small 
plane mirror M, in a direction designated by the beam A in Fig. 1. 
Successive reflections of the beam at JkTs, -3^2, Mu and again at Mi give 
rise to the beams 5, C, D as shown in the diagram. The light emerps 
in a vertical direction between mirrors Mi and Mu and after reflection 
from the small plane mirror Mu is focussed by a lens on the slit of the 
spectrograph. 

A modification of the above system was used in the investigation 
of the absorption spectrum of liquid oxygen, and is exhibited in Fig. 2. 
The spherical mirror Mz is placed at the lower end of the Dewar flask, 
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with its axis parallel to that of the lube. T^^o plane mirrors, Ms and 
ilf 4 , are suspended from cap C, which covers the mouth of th(' I)(‘war, 
and in which there are two circular openings, D •s and Du through w Inch 
the beam enters and leaves the container. A horizont<il beam of light 
from the carbon arc 5 passes through the diaphragm Z?i, and is foc'usvsc d 
by lens Li on the circular aperture jD 2 , after being reflected at the pLine 
mirror J/i. The light traverses the length of the flask, and is refl(‘ct(‘d 
back along the tube by the mirror il/s. The beam then suffers reflec¬ 



tions at Mz and M 4 , which are adjusted so that the beam reflected from 
Af 4 returns to the concave mirror Ms. The light, after its final reflec¬ 
tion at M’s, passes through the circular opening A to the mirror 
where it is reflected to the lens Z 2 which focusses it on the slit of the 
spectrograph. 

By adjusting mirrors Mz and carefully, it is possible to get 
repeated reflections of the beam at Mz^ ikTi, and Afs, so that many 
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traversals of tiie column arc obtained. By very careful adjustment a 
total path l<‘ngtli greater than 200 feet has been obtained in a column 
of air I feci long. Owing to the strong absorption of liquid oxygen, the 
full advantages of the method could not be used in the present experi¬ 
ments. All neci'sstiry adjustments of the optical parts within the 
flask are made from above by means of long bakelite rods. Mirrors 
used in the apparatus are front-surfaced with evaporated films of 




Figcse 2 

aluminum or silver, and mirrors Jlfj, M^, are completely immersed 
in the absorbing medium. 

One of the chief difficulties encountered in optical experiments 
involving long columns of liquefied gases at atmospheric pressure, lies 
in obtaining a quiet surface on the liquid. Even a gentle ebullition 
gives rise to a disturbance at the surface which diminishes appreciably 
the amount of light entering or leaving the absorbing medium. 

The method devised in this work to keep the surface of the liquid 
as quiet as possible is exhibited in Fig. 3. The liquid oxygen is con- 
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tained in a silvered vacuum flask (A)f 130 cm. long, with an inside 
diameter of 12 cm.^ The flask rests on a wooden base D, \\ hich is lined 
with a thin layer of felt C, the whole being surrounded by a thin-walkd 
sheet metal container open at the top. x\ protective Iay(*r of felt, 



which acts also as an absorbent of moisture, is placed betwee^n this 
container and the Dewar. The whole is now placed in a double walled 
metal container G, which is insulated with 3 inches of Kapok. Crushed 

iThis Dewar flask was kindly provided by Professor Giauque, Department of 
Chemistry, University of California, Berkeley, California. 
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solid carbon dioxick' is placed in the space B betA\^ccn the inner and 
outer metal containers. Additional cooling is provided by pouring 
liquid air through a small tube F, leading to the bottom of the dry ice 
compartnKmt where it is possible to maintain a small depth of liquid 
air throughout the experiment. When the system has been cooled by 
the above means, liquid oxygen may be kept in the vacuum flask for 
a period of 72 hours or longer. 

A Hilger constant deviation spectrograph with a glass prism gave 
excellent spectrograms, in the region X4200A. to X11,500A., on Eastman 
spectroscopic plates of the types shown in Table I. 


TABLE I 


Type 

Range 

F 

XX4600 — 6800A. 

S 

XX6700 — 7200A. 

U* 

XXC800 — 7500A. 

R* 

XX7300 — 8500A. 

Z* 

XXIOOOO—12000A. 


pes U, R, and Z hypersensitized in a solution of 4 per cent ammonia, eth> 1 
alcohol, and water, 

III. Results 

Sixteen absorption bands were obtained in the spectral region in¬ 
vestigated in this work. All are degraded towards the violet, and each 
has a very sharp edge on the long wave-length side. The positions of 
the band heads are given in the first column of Table II. The results 
obtained by Guillien (1934,1936), by Ellis and Kneser (1933), and by 
McLennan, Smith, and Wilhelm (1930) are tabulated in the second, 
third, and fourth columns respectively. The three bands recorded in 
the near infra-red by Ellis and Kneser were obtained by them with an 
infra-rod spectrograph. It is generally accepted as a result of the work 
of Mulliken (1928), Herzberg (1934), and others that these bands are 
the first three members of the system arising from transitions between 
the lower and the energy levels. The band at X12,610A. was 
discovered bolometrically by Abbott in the solar absorption spectrum, 
and studied further by Herzberg (1934), who established its identity 
as the 0>0 member of the — ^A system. This band has not been 
observed photographically. The second member, 1 > 0, at X10,680A. 
is not observed in the solar spectrum because of the presence of a 
strong water vapour absorption band in the same region. As far as 
the authors are aware, this is the first time that this band has been 
recorded by photographic means. The next two members of this 
system, namely, the 2 > 0 at X9280A., and the 3 ■> 0 at X8140A., 
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TABLE II 

Wave-Lengths or Absorption Bands tor Liquid Ox\gen 


Ellis and McLennan j Smithy 

Authors GuilUen Kneser and Wtlhelni 


10680 


10350 


9900 


9280 


8140 

8150 

7640 

7630 

7060 

7307 

6860 

6895 

6370 

6290 

5820 

5760 

5340 

5320 

4960 

4950 

4830 

4772 

4620 

4632 

4490 

4472 

4200 

4210 


12610 

10600 

10420 

9190 

9200 

8250 

7650 

7665 

6900 

0916 

6300 

0368 

5780 

5820 

5335 

5364 

1982 

4775 

4802 

4028 

4475 

4481 

4208 


appear very clearly on our plates. However, the suggested fifth 
member of very low intensity at X7307A, given by Guillien, cannot be 
detected in our spectrograms even with the greatest path length used. 
In addition to those of the system, two other bands were found 

in the near infra-red region at X10,360A. and X9900A. The presence 
of neither of these can be accounted for satisfactorily on the basis of 
known energy levels of the 0% molecule. Due to the difficulty involved 
in determining accurately the wave-length of the head of this weak 
band found by the authors at X10,360A., it is possible that it may be 
identical with that given by McLennan, Smith, and Wilhelm at 
X10,420A. 

The present work verifies the existence of all bands previously 
found in the region from X7200A. to X4000A., and in addition furnishes 
evidence of a very weak band at X7060A. 

Guillien did not observe visually on his plates the weak band at 
X4826A. first given by McLennan, Smith, and Wilhelm, but thought 
that his microphotometer tracings indicated the possibility of a very 
weak band at X4632A, The present work, however, definitely verifies 
the existence of this band which can be observed visually and which 
has a wave-length of X4620A. on its long wave-length side. 

It is interesting to compare spectrograms obtained with different 
path lengths of liquid oxygen. As we go to greater amounts of ab- 
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sorbing material very noticeable increases occur in the widths of some 
of the principal bands. This is illustrated in Plate I, w’here (a), [b), (c) 
are spectrograms of the visible region for thicknesses of 32 cm., 130 
cm., and 180 cm., respectively, of liquid oxygen. In particular, the 
bands with heads at X5820A. and X6370A. increase gradually in width 
until they each extend over 350A. In fact, for a thickness of 180 cm. 
of liquid oxygen there is almost complete absorption in the spectral 
region from X6365A. to X5200A. 

The experiments described above were carried out at the University 
of California at Berkeley, California, and the authors arc indebted to 
the Physics and Chemistry Departments of that institution for the 
use of their facilities. Thanks are due particularly to Professors Birge, 
Giauque, Jenkins, and White for their kindness in providing special 
equipment. 

Physics Department, 

University of British Columbia, 

Vancouver, B.C. 

May 7,1946. 
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WAVE.-IMPEDANCES AND THE EFFECTIVE CROSS- 
SECTIONS OF ANTENNAS 

By W. H. Watson, F.R.S.C. 

Summary 

'I'he paper connects wave conceptions, circuit ideas, and notions arising in the 
theory of the scattering ot particles. Wave-impedance, a more general concept than 
held-impedance, is defined (§1) The connection of wave-impedances with the 
effective cross-section of a scattering antenna is developed for waves defined by a 
scalar wave-function C§2), and for electromagnetic waves (§3). Matrix representa¬ 
tion of coupling between different types of waves is discussed (§4). The method is 
extended to include the treatment of an antenna connected to a receiver or trans¬ 
mitter (§5). The last section discusses high gain antennas by a method analogous 
to that used by Heisenberg (1943) for atomic particles. 

By suppressing the full geometrical implication of field theory, the aim of this 
work is to extract in antenna-wave problems the system of connections analogous 
to circuit theory. 

§ 1. Wave-Impedance 

The ideas to be presented in this paper form a linl« between wave 
conceptions, circuit ideas, and notions which are most naturally devel¬ 
oped in connection with the scattering of streams of particles. The aim 
is to extract the system of connections in antenna-wave problems by 
suppressing the full geometrical implications of field theory in the same 
kind of way that is followed in treating lumped loads on transmission 
lines. 

In the reflexion of the principal wave on a linear parallel-plane 
strip transmission line, the field impedance, defined as the ratio electric 
force/magnetic force, varies with position along the line. At the ter¬ 
mination it is equal to the impedance presented to the line when the 
strips arc of unit width and are unit distance apart. In this simple 
type of wave, the electric and magnetic forces do not vary in planes 
perpendicular to the direction of propagation. In a coaxial line they 
do vary, but the form of their dependence on distance from the axis is 
exactly the same for both, and in the principal wave the distribution 
possesses circular symmetry about the axis. Hence the ratio Er/H^ is 
independent of position in a cross-section of the line between the two 
conductors. This principle may be applied to any characteristic wave; 
namely, if E and H are at right angles to each other, and for the par¬ 
ticular wave considered, depend on the coordinates specifying position 
on a surface of equal phase by exactly the 'same function of these co- 
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ordinates, the conception field-impedance applied to the particulai 
characteristic wave in question is perfectly clear, and as Schelkunoft 
(1937, 1938) has shown, can be applied usefully to the plane waves in 
wave-guides and to the spherical and cylindrical waves in space. With 
plane waves, the characteristic ficld-impedance docs not depend on 
distance in the direction of propagation, whereas with the spherical 
and cylindrical waves it does. 

The fact that impedance is defined as E/II is in large measure 
irrelevant so far as waves are concerned, lor essentially the same pro¬ 
perties apply in determining the reflexion, etc., ol any waves of one 
characteristic form. In fact there is a definite advantage in concen¬ 
trating attention on the conception wave-impedance which has simpler 
properties than field-impedance and will now be defined. 

Suppose that for simplicity we consider a plane wave satisfying 


Vhi 


d^u 
d? * 


( 1 ) 


the propagation being in the 2 -direction. For the haiinonic charactt^i- 
istic distribution 

d^u 


d^u . d^u , 
dx^ dv^ a/2 


we have 


az“ \ cV 


U ' 


( 2 ) 


^3) 


and, suppressing the time factor 

+86-^^^ (4) 

The first term represents a wave travelling in the direction s-increasing, 
the second a wave travelling in the opposite direction, while the com¬ 
plex numbers A and B yield the amplitudes and phases of these wav<‘s 
at (ct “ kz and w/ = — fes resixjctivcly. 

Suppose that this wave system exists for s :S: 0, r; = 0 benig the 
termination of the '*line^’ where the waves arc reflected, then B/A 

A + B 

denotes the reflexion coefficient and - is the impedance, both 

A -B 

where X is the wave-length on the 


being reckoned at s = 0 


(mod') 


line. The reader will easily verify for himself that this result is quite 
in accordance with circuit ideas applied to a conventional transmission 

line, provided that he multiplies-by the characteristic impe- 

A —■ X? 
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dance (Zo) ot the line. Now the way in which Zq enters the wave 
picture is through the idea ol energy flow. 

Consider equation (3). Introduce the function v so that 


du 

dz 


= pv 


dv 

dz 


= gu. 


Then = — k-. 

In a pure travelling wave in the direction s-increasing 


(5) 

( 6 ) 


u = v=:Aj— 6 -^“° 

P 


(7) 


and 



( 8 ) 


If, in this wave, the mean energy flux density W in the direction of 
propagation is ’ uH where u " is the conjugate complex to u 



W = 



(9) 


is the characteristic field-impedance of the wave in question. 


If V represents electric force, u magnetic force, then this quantity is 
measured in ohms. From the physical point of view, however, the 
meaning of characteristic impedance is relative to the physical char¬ 
acter of the wave-function the square of whose amplitude determines 
the energy flux. * 

So long as it is understood that we refer wave-impedance to the 
appropriate characteristic impedance for the wave considered, we need 


concern ourselves only with the dimensionless ratio 


A +3 
A-B 


that is, by 


omitting from field-impedance the number (or function of the space- 
coordinate in the direction of propagation) characteristic of the wave 
in question, we arrive at wave-impedance which depends only on the 
relation, as to both amplitude and phase, of the waves travelling in 
oposite directions. For a spherical wave, for example, with the wave- 
function satisfying (1), the radial functions are‘ 

“ 1 /^kr ” 4 / 2 !^ 


and in place of (4) we write 

«„ =» A„ut -f B„ui^. (10) 


•See §2 for the dclinition of thcbe functions. 
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ut is the outgoing and uZ the incoming wave of the 7Jth order. The 
ratio {An +Byi)/{An’- Bn) is then the wave-impedance in this 7zth 
order wa'S'c system, viewed outwards from the centre of the sphere. 
This impedance is independent of distance from the oi igin. The reader 
is referred to Schclkunoff’s paper “The Transmission Theory of Spher¬ 
ical Waves” where he will observe that field-impedance is a function 
of distance from the origin and that we are therefore required to think 
of a non-uniform transmission line. 

The term wave-admittance easily finds exprosbiou as (A — B)/ 
(A +B); it is understood that the characteristic wave in question 
has its own characteristic admittance, which is the field admittance in 
a pure travelling wave. It will generally be a function of the co¬ 
ordinate used to specify propagation of phase. 

§ 2. Effective Cross-Sections 

As a step towards the treatment of cdectromagnetic waves in space, 
we consider 'waves specified by means of a scalar w^a\e-function, in 
order to avoid the additional complication of the vector wave-functions 
required to represent electromagnetic '^vaves. Imagine a uniform plane 
wave propagated parallel to z and incident on an “antenna” situated 
at the origin. This antenna is excited by the incident wa\e and by 
radiating scatters it, so that energy is removed from the incident 
directed beam. 

Let the incident harmonic wave (time factor be rei)resc‘ntcd 
by ^ \vhcrc 0 is measured from the polar axis coincident with 

the direction of propagation. This wa\'<» ma> be represcuitc'd as the 
superposition of waves converging on and diverging Ironi the origin 
as follows: 

«.s^ ^ 2 7 ?!L+ \ J I. 

2 y 2 kr 

(-/'4+1 (M + (^ r )) Pn ( coi , 0 ) (11) 

where P» denotes the Legendre polynomial of order n, and the 21 - 
functions are the Hankel functions which have the following asymp¬ 
totic forms (r 00 ) 



(12) 
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When one considers the time factor it is evident that these func¬ 
tions represent respectively at great distances from the origin outgoing 
and incoming spherical waves. 

We shall write 



/ j/ (kr) p» (cose) = J„. (13) 

Thus equation (11) becomes 

P = ?!^(0„+j„). (ir) 

n^O 2 

On the assumption that only zonal spherical waves are radiated, the 
outgoing scattered wave is similarly represented as 

S=^CnOn (14) 

where the coefficients Cn arc as yet undetermined. 

The wave system resulting from the superposition of P and S is 

P + 5= (15) 

= 2 (^«I»+P«On). (16) 

n-0 

Wc define Bn/An — Wn as the reflexion coefficient (looking toward the 
antenna) for the nth characteristic wave chosen. It is necessary, of 
course', that (15) shall represent, outside a sufficiently large sphere, 
the solution of the wave-equation subject to the boundary conditions 
imposed by the presence of the antenna in the incident plane wave. 
The representation of the solution in the form (15) is unique as is well 
known from the theory of orthogonal functions. 


Since 

_ 2;? +1 , j ^ 2» +1 

Bn, = - a + c„ and An, = —-— a 

2 2 

(17) 


2» + 1 . ,. 

Cn = -r- a{Wn- 1). 

a 

(18) 


The fraction of incident energy flux density scattered by the antenna 
through a distant sphere is 
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Thus 


<7 


1 


SS * sin 6 do dtp 


^ 2 

a- »-o 2w + 1 


O' “ S 7 ^> (2w + 1) 1 ^e/n — 11- metres- 


(19) 

( 20 ) 


is the area which is called the effective cross-section of the antenna. 
If presented to a uniform directed beam ot pai tides containing 1/a- 
particles per unit area this target would remove one particle from the 
beam. The idea is well known in atomic physics. 

(i) Suppose that Wn == corresponding to the purely reactive 


wavc-impcdancc 


1 + 
1 — 


= — icot5„. 


Then \wn — \ — sin^dn 

and <r = 2 — (2m + 1) s.in*5„; (21) 

»-o A® 


(T is then a measure of the effective cross-section presented to the 
incident wave when no energy is absorbed by the scattering antenna, 
for the wave-impedance has no real part. 

(ii) More generally let \v)n\ < \ and let 


Then 


1 +«>» , . 

;- —Zn= Tn+JXn. 

1 - 




2 ® 
Zn + 1 


( 22 ) 


The value of a given by equations (20) and (22) now represents the 
effective cross-section for rcradiation. The cross-section for the total 
enei^y absorbed from the incident beam is obtained by substituting 
1 •“ IwsI* for |1 — w„l® in equation (20). Thus the total cross-section 
in this case is 


(T 



(2m -f 1) 


(fn + 1)® + 


(28) 


§ 3. Electromagnetic Waves 

In the case of electromagnetic waves we consider a plane linearly 
polarized wave propagated in the z-direction, and incident on an 
antenna. All the cartesian components of the field of the incident 
wave vanish except 
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(the time-factor being omitted as usual). 

In spherical polar coordinates (r, 6 , (f>) referred to s as the polar axis, 
centred on some suitable point in the antenna and with <p = 0 on the 
xs!~p\a,i\Cf wc obtain for the radial components 

Er = sin 6 cos 0 

71, = ® e^^"<»«»sinesin <> 


The expressions (25) can be developed in the form 

XPi«(cos«)"*$ (26) 


analogous to (11) above, tesseral harmonics replacing zonal harmonics. 
Each of the terms of this series has the form of a characteristic distri¬ 
bution of the radial electric or magnetic force in transverse magnetic 
and transverse electric spherical waves in free space. The other field 
components are given by the following formulae (Frenkel, 1926; 
Stratton, 1941): 


Transverse Magnetic Waves (?/th order) 
1 1 




n(fi + 1) r dOdr 
1 1 


n(n -I- 1) r sin0 d4>dr 


(r'E,) 
(r^Er) 


IL = 


77, = 0 

jo)K0 1 
n(n -1- 1) r sin5 3^ 


(r^r) 


77,= 


n(n + 1) r dB 


Transverse Electric Wave<t (rtth order) 
1 1 


H, 


n{rt -\-l) r dddr 
1 1 3 * 


H = 

* n{n + 1) r sin 3 3^3r 


(r^r) 
(r^IIr) 


E, 


E,= 0 

^ —jom _ 

n(n -|- 1) r sin 6 3^ 


(27a) 


1 


(H//r) 




it{fi 4 “ 1 ) ^ 


(275) 


Now outside a sphere of sufficiently great radius—this is deter¬ 
mined by the size of the antenna—the scattered wave radiated by the 
antenna can be represented by 
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*5= £, = 2 II \^. {hr)r-”'TU6, «/>) (T.M. type) (28a) 

>,m [kr) 

■S' = //, = 2 : (kr)r-”‘T:.„, (0, <!>) (T.E. tyix) (281)) 

«, m {kr) ' " 

where T and T'nm are tesseral harmonics. 

For the purpose of exposition, the es.plicit notation which we have 
so far eniplo 3 Td is much too cunibersonie; it is convenient to use a 
single letter s to distinguish the characteristic waves, fniagine the 
wave-functions arranged in the following order: the tesscial harmonics 
of each group with the same ^’aluc of n are placed together in the order 

cos 71^, cos (w — 1)<^, .cos j, sin 0, sin 2c^, .. .. sin n(j>* VVe 

shall conceive of the groups as arranged according to increasing w. 
Further we shall think of the series of electric wavi‘-functions pre¬ 
ceding the magnetic ones. Thus a wave-function of electric t>pe 
(T.M.-wave) is denoted by for an outgoing wave and 72“ for the 
incoming wave with the same angular distribution; for a magnetic 
wave-function w^e shall use and IIJ respectively. When we wish to 
denote a wave-function belonging to the complete^ set of electric and 
magnetic type wave-functions, we shall use the symbol F^, When we 
wish to exclude from the range of 5 those wave-functions for which 
m = 1 we shall use <t in place of 5, and to denote waves in which m ~ I 
wc shall use the Greek letter v which is to take the appropriate value 
of n. We shall further understand that all the and IIs wave- 
functions are normalized in the following way. 

For the outgoing T.M .-spherical wave in which the radial electric 
force Er has the asymptotic form 

7^, ((?, <!>), (29) 

(fer)* 

the power radiated is on the average 

1 _M!l_ (»+>» )! ^ 1 \A\j: 

2 jfe^Zon(» +1) 2w + 1 (» - m)\ 2 ZoA* 

For the outgoing T.E.-spherical wave in which Z^llr has the asymp¬ 
totic form (29), the average power radiated is also given by (30). Wc 
note that 

^ _ 4?r («+w)! ^ _ 47r 

j-- --- , pni — 1—- • 

n(n + 1) (2» + 1) (» — w)! 2 m + 1 

We nonnalize by dividing the functions previously used in equations 
(26) and (28) hys/p^m for electric type and by Zo-s/p^ for magnetic 
type waves. Thus equations (26) being substituted in (26) 
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p = s «,(£++pr) 

1 1 

OJ 

(32a) 


P' = 2 O. (//,-"+//,-) 

1 1 

(32b) 

\\ here 

a{2,i + l) , 

(33) 


and it is understood that the depend on <j> through cos <^, the H, 
through sin <jf>. P denotes the incident radial electric force, P' the 
incident radial magnetic force. We shall combine (32a) and f32b) in 
the form cn 

P = S'a. (34) 

V-1 

where the prime denotes summation over both electric and magnetic 
tyixis. It is to be clearly understood that the contracted form (34) 
should be read as a vector equation in which the electric and magnetic 
type expressions do not add numerically to gi\e P; the ordinary 
numerical sum of electric and magnetic terms is meaningless for our 
purpose. 

The scattered wave we now write as 

5 = s'c.p++i:'c,pr]. (36) 

<r i»= 1 

The •wave resulting from the superposition of (34) and (35) is 
5 + P = S 'c, P+ + 2 ' [{a, + rj Pr + a. Prl- (36) 

<r vBsl 

In order to express the c^. in terms of the a, we must know the 
coupling coefficients which represent the action of the antenna in 
converting incoming waves into outgoing waves of differing mode. 
When the antenna is excited by the incoming system S Fr let the 
outgoing systcTO bo * 

S'S'%,OsP,+. (37) 

t A 

The complex numbers are the coupling coefficients: the form of 

(37) is justified by the linearity of electromagnetic laws. From (34) 

and (37) we deduce » 

c,r=S'T«o, (38) 

1—1 

while, using w, to denote the complex reflexion coefficients, 

c, = a, {Wy- 1). 


(39) 
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The total power scattered in both types of waves is 

—L_2' |cJ 2 
2Zoife-‘. 


2^ 


SV(2. + i){2'l7„l= + k-,-il1- 


Hence the effective cross-section of the antenna is 


(40) 

(41) 


^ ^ S'(2v -f 1) {S' I 1 = -t- 1 te,,- 1 p}. (42) 

V «r 

If no energy is lost in the antenna itself, the energy taken from the 
j'th electric mode, for example, in the incident wave being all rc- 
radiated, we have 


So 


SU, 1^+k- 


i+S' 


\w, - ip 


ip = 1 - |io,p. 

- 1 - 


(43) 


where r, is the resistance or real part of the wave-impedance presented 
to the vth incident spherical wave of one type. Hence 


a 


Aiir 

¥ 


S' {2v + 1) 


(r, + 1)“ + 


which is entirely analogous to (23). 


(44) 


§ 4, Coupling Coefficients and Matrix Representation 
From equation (39) we have 

7., = 1), (15) 

which immediately suggests that we should redefine the coupling co¬ 
efficients entering the problem we are considering as follows. 

Let = m 

in 

We then have the relations 

(47) 

V 

We shall use C{s) to denote the column matrix of the c's arranged in 
the order of the wave-functions. Then 

Ciy)^DC{s\ (48) 

where D is the diagonal matrix with zero elements except for those 
values of 5 corresponding to m = 1, It is a matrix which represents 
the incident wave. 
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Since there is no singularity in this wave at the antenna, for it is 
conceived in the absence ot the latter, both outgoing and incoming 
waves of each mode must be represented in it and be of equal am¬ 
plitude. 

We now writ(‘ (47) in matrix form 

C(5)= GC{v)^GDC{s). (49) 

G is the matrix whose elements are It is easy to be tempted to 
imagine that the matrix G summarizes the properties of the antenna, 
but this is not so. Nor is it true of the matrix T whose elements are 
G is dependent on the mode of oscillation of the antenna. Hence 
the system of coupling coefficients is characteristic of a particular mode 
of oscillation of the antenna. If we are dealing with a resonant struc¬ 
ture, the mode of oscillation at or near resonance is the dominant one 
and in this cast* the coupling matrix G could be obtained, except for a 
constant factor, by analysis of the radiation pattern from the antenna 
when it is excited at its driving point. 

In terms of the g's, equation (42) becomes 

^ = 5. S'(2^+ 1) K-l|s {1 + S' |gj=>} (50) 

kr <r 

and (43), for the case of the antenna in which all energy absorbed is 
reradiated, becomes 

(61) 

<r 

These consiclcralions bring us to the question as to how we represent 
an antenna coupled by its feed to some other system. 

§ 5. Receiving or Transmitting Antenna 

In the feed, only a single wave is present and can be propagated: 
the higher onler modes of propagation in the feed-line do not enter in 
the transfer of energy along lengths of line of practical importance. 
Consequently the effects of the possibility of attenuated propagation 
in these higher modes can be represented as reactive lumped loading 
of the line regarded as carrying a single wave. When a generator is 
delivering energy to the antenna which in turn radiates it, the antenna 
presents a a*rtain load to the line and in general reflects part of the 
wave; we shall use Wo to denote the complex reflexion coefficient on 
the feed-line, viewed from the driving point. 

Now so long as we are concerned with representations like (32) in 
which addition of waves stands for their superposition in space, we 
evidently cannot incorporate waves on the feed-line in our system. 
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But when we employ representations in the form (34) with the corres¬ 
ponding matrices, we see that , F~ can be regarded as basic vectors 
in the type of space used in quantum-mechanical lepreotjiitation, one 
dimension tor (^acli characteristic outgoing and incoming spherical 
wave. Any \\a\e in the physical space ol three dimensions is repre¬ 
sented by a column matrix or vector in the <»-dimeiisional space. 
Clearly we may adjoin to the system of basic vectors the pair of 
normalized uave-functions for the feed-line and their complex ampli¬ 
tudes. Then we extend the matrices T and G to include the coupling 
of the waves on the feed-line to the characteristic spherical waves. 

The results we have obtained can now be modified to treat the 
cases when the antenna is connected to a receiver of given input 
impedance—akhough one usually expects the receiver to be matched 
to the feed-line—and also when the antenna is connected to a gener¬ 
ator specified in the usual circuit manner by means of its e.ni.f. and 
impedance. This latter case includes the former vhen the e.m.f. 
vanishes. 

In order to illustrate the application of these principles let us con¬ 
sider a centre-fed half-wave wire antenna, whose axis points in the 
direction 0 — a, — /3, the frequency of the incident plane wave being 
near to resonance in the antenna’s lowest order mode. In this mode 
the antenna, when driven in the absence of the plane wave, radiates 
approximately an electric type wave with angular dependence Pi (cos O') 
where 0' is measured from the polar axis of the antenna. Since 

cos 0' = cos a cos 0 + sin a sin 6 cos (0 — p) 

Pi(cos O') = cos a Pi(cos 0) + sin a sin /3Pi^^(cos 6) cos 0 (52) 

— sin a vsin pP[^\cos 6) sin 0 . 

There are four waves involved, then^fore, in the oscillation of the 
antenna and we shall refer to them by the scheme 

1 2 3 0 ‘ 

Pi^’(cos 6) cos 0 P^/^(cos 6) sin 0 Pi(cos ^) food. 

The coupling coefficients which we require are 

Ton Till 721, 781, 7io, 720, 730, 7oo- 
Since the waves 1, 2, 3 are always radiated in the proportion 
sin a cos jS : — sin a sin jS : cos a. 

We write 

7 io = sin a cos p 7 ii = g sin a cos 0 

720 = —r sin a sin /? 721 = —g sin a sin /S [ (53) 

780 “ T cos a 731 g cos a 



WATSON: WAVE-IMPEDANCES 


45 


and wc have Ci = sin a cos ^(qai+ mo) 

C 2 = — sin a sin fi(qai+ mo) (54) 

Cz— cos a{qai+rao) 

Co- 701 ^^ 1 + 700^0 

where 700 = —- , -1 bcinif the impedance pre&enlcd to the fccd- 

+ -L 

line, and s/ the characU‘ristic impedance of the line. 

When the antenna is connected to a matched receiver 


kol' == l7oil-kil' (55) 

so that I 701 ! can be measured by determining the energy picked up 
from a plane wave of known intensity. The modulus of the coeffi¬ 
cient r is readily obtained by feeding the antenna, for the energy 
radiated is proportional to 

2 hi—(56) 

5 « 1 , 2 , 3 

If the antenna is excited by a generator of e.m.f. P 0 a-i^d impedance Sj 
(referred to the characteristic impedance of the feed-line as unity) we 
have, using primes to denote the transformation of ao and Cq due to 
displacement from the antenna feed-point to the other end of the 


feed-line, 


+ ^0 ^o)* 


This equation yields ao in terms of Vo and the amplitude of the incident 
plane wave. Thus provided we know 701 ^iid 5^, the radiation, 
etc., is determined. 

The coupling coefficients being complex numbers each require two 
measurements to determine them. Nevertheless it is not beyond the 
bounds of possibility that such measurements could actually be made 
with models operated at microwave frequencies, provided that means 
are developed for launching and measuring the various types of 
spherical waves. In the absence of the measured values, the coeffi¬ 
cients could be calculated numerically by solving the wave problem 
with the given antenna boundary condition; only the asymptotic 
approximation to the solution for the radiation field is required, the 
calculation of coupling into the feed-line is more complicated. 

The method described here makes it possible to think about 
antenna problems of the type considered without explicit represen¬ 
tation of the waves in space. It is equivalent to the circuit method 
applied to waves on a system of coupled transmission lines. 


§ 6. High Gain Antennas 

If we had to deal with a highly directive antenna such as an array, 
it would not be convenient to use spherical waves to represent the 
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radiation because of the large number of them which must be super¬ 
posed. Wc therefore employ plane waves as the basis of representa¬ 
tion, and normalize the wave-functions to give unit power ixt unit area. 
The wave-functions arc distinguished no longer by pairs of integral 
indices but by means of the direction of their propagation \(‘ctor k 
which is continuously variable in direction, although constant in length. 
The incident wave is represented as 

lir. e, vr) = 1 (58) 


where 8( ) is Dirac's 8-Function and integration is over the whole 
space spanned by the vector k. Within a constant factor, P{k\ nr) is 
the Fourier transform of I(r, d, nr); the coordinate nr serves to dis¬ 
tinguish polarization of the waves and will be defined more precisely 
in the sequel. As before, 0 = 0 is the direction of the incident beam, 

and if it is linearly polarized, 0 == ^ , 0 ~ 0 is the direction of the 
electric vector in it. ^ 

Let (o), rf/) be the angular coordinates of the unit vector ki referred 
to (6, (f)) as pole. Then 


and 


cos CO = cos d cos u + sin 6 sin u cos (<t> — v) 
sin ^ sin CO ~ sin u sin — v) 
sin u du dv = sin co dco d^ 


1 


(59) 


where (w, v) are the angular coordinates of ki referred to the pole of 
the (5, <^) system. 

Suppose that P(k) is a surface harmonic of »th order. We may 
write (Whittaker and Watson, 1915, § 18.61) 

^«(«, i;) = i4„(0, 4i)Pn(cos <o) 4-21 

«•» 1 

<j>) cos <i>) sin m^] (cos «), (60) 

and for the corresponding space-wave 

In(r,d, 4>) =“ An(9, 4>)^ J P*’'''"‘’"P„(cos w) sin codw 

= -h 4 >)- (61) 

Now since 

P»(cos <tf) = P«(cos e)P„(cos m) 4 - 2 s 17 . ?!) • 

(n + w)! 

P^!"^ (cos (cos u) cos m(4> —v) (62) 
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and An{9, = 


2n +1 
4x 


f2Jr 


0 J 


pn{ti, :>)Pn(cos w) sin CO dco dp (63) 


we see that the expansion of An{6, <f>) in terms of the surface harmonics 


P„(cos e), Pj/"^(cos B) mp has the same coefficients as that of p{u, v) 
sm 

in terms of the harmonics where w, v replace B and 0 respectively. 
Consequently to each of the surface harmonics entering the repre¬ 
sentation p{u, v) there corresponds an incoming and outgoing spheri¬ 
cal wave. 


From the form of In in equation (61), it is evident that it represents 
either rEr or rllr in an nth. order spherical wave of T.W. or T.E. type. 
The transverse field components which interest us in considering radia¬ 
tion, are conveniently treated by means of Fourier transforms. The 
following relations follow from Maxwell's equations for a T.M. system. 
Let V denote rE and let U denote rH. Then (Frenkel, 1926; Stratton, 
1941) 


a*F, 

+ jfe*F,= -( 


dj^ 

ar* 

ar' 

<.r SB/ 

dr 

a*F* 

-f 

i 1 dVr\ 

dU^ 

ar* 

(^rsina dp/ 

dr 

dr' 



(64) 


The Fourier transforms of the differential operators in these equations 
are 


F - = 7 iC cos CO 

dr 

F — — = 7K sm CO cos yp ^, 

r ee 

F —;-= jfc sin CO sm yp 

r sin 6 d<l> 


(65) 


Hence 


FVe = 




— sin ci> cos 0 ) cos p 
k* — K* cos* « 

— K* sin w cos w sin p yy 
ife* — K® cos* <0 


PC/’, = 
Pi7* = 


-k 

Zq K cos Cd 

k 

Zo K COS ti> 




( 66 ) 


Corresponding equations can be developed for T.E. waves. The only 
changes required are to substitute U for V, to change the sign of j in 
the second group of (64) and to transfer Zo to the numerator in these 
equations; obvious changes follow in (66). 
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We have chosen <l> = 0 to coincide with the electric vector in the 
incident plane wave: consequently in that wave 

Vr = sin 6 cos 0 I 

ZoUr = sm6sm<l>I. (67) 

It follows therefore that the Fourier transforms of the meridianal and 
transverse components of electric force are given by 


FEe = QFI 

and ( 68 ) 

FE^ = ^FI 

where tlie operators 0 and 4> are 
. — K sin wBind 

0 =- {^ sin ^ sin <l> + K cos a? cos ^ cos ^} 

— K cos-^ OJ 

, — K sinwsind < . , , l • ^ ) /-an 

cos a> sin cos <l> — k sin <!> cos ^ j. (69) 

A- — cos-w 


We have now to consider the representation of the scattered wave. 
We define w as the angle betw^een the electric vector of the linearly 
polarized plane wave (propagation vector k) and the intersection of 
<j5> — 0 with the plane normal to k. 

Since, whereas the incident radiation is a standing spherical wave 
system, the scattered wave is an outgoing spherical wave, the 5 -Func- 
tion contained as a factor in its Fourier transform must represent this 
fact. The desired result may be achieved by means of a generalized 
Fourier integral (Titchmarsh, 1937, p. 43). Split 

2x J-CO 


into two parts d+(k) + 5_(i) defined by 


1 >■“ 






S-ik) = 




27r J 


>,'^‘(11. 

-CO 


The former is represented by 


5+W = 


-1 

2Trjk 


(70) 


(71) 


on the complex ^-plane, provided that Im{k) > 0 . Heisenberg (1943) 
has shown that the factor d+{k — k) in the Fourier transform corre¬ 
sponds to outgoing waves. 

Thus we represent the scattered wave by 

1 rr r 

S(r, df <l>;xtr) — — i (/c;-or) 5+(i — (72) 

fS J J m 
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The system of coupling coefficients now becomes a function of the two 
vectors kq and of the two polarization coordinates w , nro viz. 

Am* , erj 


and “jJJ ? Kii-uro, (73) 

or we may regard s, p, and K as matrices with contmuoush variable 
parameters describing the rows and columns, thus 

6 = Kp. (74) 

The incoming incident wave is represented by 

P{b:t) 5-(A - /^,) (75) 

and the outgoing by 

{^(^^o) +K(K(i, Tiro)/)(0} 5a.(* — ^o) 

or { 8(ho — Kj) +K (kq, Ky ; wq) } />(\J 5a. (k — k^). (76) 


Thus in place of the series of complex reflexion coefficients Wn w e now" 

have the matrix ., \ > v //-^n 

W == 5(ko ~ kJ + a (ko, aro), {t /) 


and we define the generalized wave-impcdance as the matrix 

-{d(K0-K,) + 2K-^) 


analogous to 


I + w 

1 ’-W 


(78) 


In considering the large antenna structure nccessar} to give a w ell- 
directed beam, w^-e expect that the spectrum of its resonant frequencies 
is much more closely packed than that of a small antenna. Accord¬ 
ingly it is unreasonable to assume that the function K can be obtained 
from the radiation pattern of the antenna corresponding to the mean 
frequency of the band over w4iich the antenna is expected to operate. 
The radiation pattern will, in fact, be fairly strongly dependent on 
frequency. We may regard K as built up as follow s: 


-rr f \ _ V’ Art (AQi j ‘®'0* ’Or,) 


(79) 


where is inversely proportional to the Q of the antenna at the nth 


C K. 

resonant frequency —- • Kn is the function of the form given by the 
27r 

radiation pattern of the antenna for the 7zth resonant frequency. 


In order to determine the effective cross-section of a high gain 
antenna in terms of the foregoing symbolism, it remains for us to find 
an expression for the scattered energy. 
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Consider a plane wave S polarized in the direction (co, referred 
to (^, 0) as pole, (oj^ ^') heinp^ the direction of the electric force in this 
lincarl}’ polarized wave. I'hen in terins of I'ourier transforms 

Vr = cos to' S 

Vr = sin w' fain co sin (SO) 

Hence, makings use of 

cos CO cos co' = — sin co sin co' cos (^' — ^), 
we find for the operators 0 and # 

- sin-CO sin COC , .. , • / tf 

^ ~ -;;-^ (^ — — A sm v' sm (— \^)J 

— AC® cos® CO 

— ft** sin- CO sin cor « . /#/ t * f 11 

$ = —7;-;;-7— L^' sm ^ COS — ^) + & cos sm — ^)] 

or when K^k 0 > sin co' cos 

^ > sin co' sin 

In the scattered wave, therefore, 

0 s (k; vt) 5 +.(fe — sin CO c/co c/^ k®c//c. ( 82 ) 

Since k has a negative imaginary part, and we arc concerned with r 
very large, we may apply in essence the method of steepest descent to 
integrate with respect to co. The important part of the integral occurs 
for <0 = 0 and we obtain 

o r°° 

jE^ = “ 0 6’(K;Tir) K^d^{k K)dK ( 83 ) 

yfe® J 0 j 

where the conversion of k into *: indicates that k is in the direction 
( 5 , <!>). Integrating with respect to k on the complex plane, wc have 

^hr 

sin co' cos if' s{k\ w) ( 84 ) 

J 

and I-2 ;j 1= + = A l5(*;^)|s. (85) 

Since for transverse waves sin co' = I, the energy flux is 

■=;— \s(k;vr)\^^eddd<l>. ( 86 ; 

Hence if s(fe; vr) is based on p (k; vr) = 3 (cos « -• 1) 8 (v) where 
dte = iddx sin « du dv, 
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corrospolulittg to a linearly polarized plane wave of unit amplitude, 
the efTective cross-section is 

1 rr 

— 'Z\sik’,Ta)\hin dd6d4>. (87) 

J J u 

To the foregoing representation may be adjoined that of the system 
of waves localized at the antenna itself either within or outside the feed. 

Saskatoon, 

April 17,1045. 
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SOME INVESTIGATIONS IN THE PROJECTIVE 
DIFFERENTIAL THEORY OF SCROLLS 

By C T. Sullivan, F.R.S.C. 

1. Introduction 

TN the manuscript of a paper entitled ''Scrolls Whose Asymptotic 
Curves arc Cubics,” I have shown that there are precisely six types 
of scrolls with cubic asymptotic cu rves If s denotes the degree of a 
SCI oil, and the symbols 5(1, 1, ^), 5(1, 1, s) indicate that it belongs to 
a non-special or a special linear congruence, then the possible types are: 

5(1, 1; 5 ), 5 = 4, 5, 6; and 5(1, 1; s)y ^ = 3, 4, 6. 

Type 5(I7l ; 3) is the Cayley cubic scroll, which has long been known 
to possess cubic asymptotic curves. 

This manuscript has been submitted to several referees, and the 
willing scrutiny of well-versed private readers. Excepting the Cayley 
cubic scroll, no question has been raised as to the novelty of the results 
obtained or the originality of the methods employed. However, the 
impression prevailed and was expressed that the results might be 
obtainable by less formidable methods. These methods emerged as 
essential after the writer found that several claims in different theories 
concerning ruled surfaces and curves belonging to linear complexes are 
not quite exhaustive, being subject to exception. While no avenue of 
simplification has been suggested, some of the observations recorded 
appear to indicate that an unusual combination of methods peculiar 
to diverse theories rendered the exposition unnecessanly difficult. 

It therefore becomes necessary to recast the work in two distinct 
parts. The first part deals with Projective Differential Theorjf and 
its immediate geometrical contacts. The second part will be concerned 
with the process of generating the scrolls required, the algebraic-geo¬ 
metrical methods of segregating and exhibiting the types, and finally 
the allocation of these types within existing algebraic classificalions^ 
when available^ Here we shall confine attention to the first of these 
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parts, which provides among other results a constructive and critical 
basis for methods evolved in the second part. 

Apart from a theorem of fundamental importance in both parts of 
the work, this paper deals with new material not touched upon in the 
original manuscript. The introduction here of this new material neces¬ 
sitates a slight increase in known details pertaining to the analytic 
basis of the theory employed. Hovrever, only the minimum essentials 
are included. The beautiful geometrical properties of an adjoined 
system of equations are omitted entirely, as not being imperative for 
the exposition in hand. 

2. Analytic-Geometric Preliminary 

The theory required now is based on the consideration of the system 
of differential equations: 

(A) y'++ ^12^'+2iiy + gi22 = 0, 

^2iy + :^>222'+ g2iy + g22S = 0, 

where the coefficients are analytic functions of x in the vicinity of the 
value of X considered. According to a fundamental existence theorem 
m differential equation theory, the system (A) defines two functions 
y and z analytic near enough to the point x — Xo; and these functions 
can be made to satisfy the further condition that y, z, y', z' shall assume 
prescribed values at x = xo. Such a system of solutions is called the 
general boundary syi>tem of solutions of the system (A). 

Now let (y*, z»), i = 1, . • • , 4 be any four systems of solutions of 
(A) such that the determinant D — |yjZ 2 y 824 | is not identically zero. 
Then by solving a set of linear algebraic equations it is possible to find 
c's such that 

4 4 

y « Sc.y„ z « 

1 1 

fonn a system of general boundary solutions. The pairs of solutions 
(y*) 2») just considered are called & fundamental syitem of simidtaneoui 
solutions. 

Conversely, if four pairs of functions (y„ 2 ,) are such that D = 
Iyi2sya8il 5^ 0, then by solving a set of linear algebraic equations a 
system of equations (A) can be determined for which these functions 
constitute a simultaneous fundamental system of solutions. 

Let us now regard ( yi ,... , yi ) and (si,..., 24 ) as the homogeneous 
coordinates of points and Ft in space. If (A) is integrated these 
quantities are expressed as functions of x, and as x varies Fg and Ft 
describe two curves C„ and called guide curves. The line 
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joining Py and P« generates the integrating ruled surface or scroll of 
the system (A) as x varies. It is clear that transformations of the 
form, »? = ay + jSs, f = 731 + 6z enable us to convert the curves Cy 
and C, into two other guide curves C, and Q on the scroll; but the 
generator corresponding to a given value of x remains undisturbed. 
A transformation of the form | = f{x) changes the parametric repre¬ 
sentation of the curves without changing the curves or their point-to- 
point correspondence. 

On the other hand, if D vanishes identically, it is possible to find 
four functions X, n, v, p, such that 

Xyfc+ py^ + pzk + pz'k = 0, jb = 1, 2, 3, 4. 

This may be written 

(,d/dx)(jiyk+pzi) = (p'—X)y*+(p'— 

But pyi+ pzi are the coordinates «i of a point P„ on Ly,. The right- 
hand member gives a second point P, on L,, whose coordinates are 
The point Pu describes a curve C« whose tangents, as the above equa¬ 
tion shows, are the linos Ly,. The ruled surface is therefore a develop¬ 
able whose generators are the tangents to C„. In particular, P« may 
coincide with P*. This will be so if p'— X == up, p'— v = up, i.e., if 
p'p — pp' = Xp — pv. In this case P„ remains fixed, and the develop¬ 
able becomes a cone. 

In the consideration of a fundamental system of solutions of (A), it 
may happen that the determinant D vanishes for some value, say «=a. 
The current geometrical interpretation of this phenomenon is; that in 
the vicinity of such a generator, the ruled surface resembles a develop¬ 
able ; that two consecutive generators intersect at the pinch point] that 
the tangent plane is stationary along such a generator. In Cayley’s 
terminology, the generator is said to be torsal. 

However, it will be shown below that a singular generator of a type 
entirely different from this may occur at the point x = a, where D 
vanishes. It may therefore be affirmed that the actual organic char¬ 
acter of this analytic phenomenon is not as yet capable of predse geo¬ 
metrical prediction. 

3, Transformations of the System (A) 

The detennination of the asymptotic ^curves on an integral scroll 
corresponds to transfonning (A) into asymptotic form; 

(1) y"+ pny'-\- 3iiy + gw® = 0 

z"-\- paiZ^ + gsiy + gssz = 0.^ 

*E. J. Wtlczynski, Projective Differential Geometry of Curves and Ruled Sur¬ 
faces. Chapter v. We shall refer to this work as W. 
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The form of this system shows that Cg and C» are asymptotic curves 
on the integrating ruled surface. Briefly, if in the equation of the 
osculating plane to Cy at Py we substitute for second derivatives from 
the above system and reduce the resulting determinant, we obtain the 
equation of the tangent plane to the scroll at Py. Similarly C, is asymp¬ 
totic on the scroll. 

If we transform ( 1 ) by the substitutions 

y = 2 = 

we obtain a now system of equations in ij and f of the form; 

(2) +2i2Z = 0, 

z"+ qtiy + qnz = 0. 

The parametric curves have not been disturbed by these substi¬ 
tutions. The system ( 2 ) is said to be in the semi-canonical form-, its 
guide curves are asymptotic on the scroll. 

The substitutions which lead almost directly from (A) to the 
semi-canonical form arc ? 

y = ai7 -f- /Sf, 2 = rtj + St, aS ^ 0 , 

where (o, y) and (| 3 , 8) are two pairs of solutions of the system of 
equations, 

p'-h i(PiiP + fiia<r) = 0 
^" 1 “ i(PaiP -h paao) => 0 . 

It is not necessary to include here the intermediate system of equations 
arising in the transition from (A) to ( 2 ), since this system of equations 
will not be required in the subsequent work. 

The most general transformations which leave the semi-canonical 
form invariant, i.c., which replace a pair of asymptotic guide curves 
by another pair of asymptotic guide curves, arc: 

I = l(»)i »? *= (oy + r “(cy + dg)V(', 

where {(*) is an arbitrary function, and where a, b, c, d arc constants 
such that (od -• be) ^ 0. 

In particular, if o = d =■ 1, J =» c = 0 , the system ( 2 ) liccomcs 
dhi 

+ Pii»? + Put — 0 

d*f ’ 

+ P2iV + Pitt “ 0. 

where Pu=(a" + aii«) / (€'*«) 

Ps*«=(a''^+ « = 1/Vt^ 

. ... .. . . . . . . . . .— I . . 

ebapter iv, { 6. 
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Since f(«) is at our disposal, we can make pn— p22= 1 by taking 
% = SCSii” This assumes that gn— 322 5^ 0 . We now show 

that there is no loss of generality in this assumption. In short, a scroll 
whose asymptotic curves belong to linear complexes has at most two 
linear directrices. If Cy and C, be selected distinct from these, then 
Si222i 5^ 0. If then (2) is transformed by the substitution y — r) + H, 
z = f, where b is an arbitrary constant, we obtain a new semi-canonical 
system for which ffu— 322= (Sii— S22)— 2bqn9^ 0 . The canonical 
iyitem of equations which we shall use here is the system (2) with the 
additional condition 311— 322= 1. 

Later in the work the equations of scrolls sometimes occur in the 
asymptotic form and not in the semi-canonical form. It is therefore 
necessary to know when a linear transformation 

y = ari -{• bt, z == C11 + d^, A = ad — be 7^ 0 , 
with constant coefficients, leads from an asymptotic system to an 
asymptotic system. Applied to an asymptotic system, this trans¬ 
formation converts it into a new system in which 

pn — iddpii— bcpti)/A, pi3= bd{pii— pt^/A, 
pai= ociPii— pa^/A, pat — ibepn — adpa:)/A. 

Hence in order that the new system may be in the asymptotic form, it 
is both necessary and sufficient that pn = paa. This result justifies 
certain operations employed later in the work. 

4. Space Curves 

The projective differential geometry of a space curve can be based 
on the consideration of the differential equation ' 

( 3 ) y^*> -f -b 6^2y'+ 4 :pay'+ pty = 0 .’ 

This is done in a manner analogous to that already employed in basing 
the study of ruled surfaces on the consideration of the system (A). 
For our present purpose, the most fundamental invariant of ( 3 ) is: 

Pt~ ZPal2, where Pa— pa™" pi ~ p\t Pa^ pi~ Pi'~ Zpipa"^ 2 ^i- 
The vanishing of is the necessary and sufficient condition that the cor¬ 
responding curve should belong to a linear complex. 

Theorem 1. If the asymptotic curves of a scroll belong to linear com¬ 
plexes, then they are projecHvdy eguiveUent. 

This theorem was proved in part in a former paper.* In order to 

*W., pp. 238-66. 

*C. T. Sullivan, Properties of Surfaees, etc. Trans. Anaer. Math Soc., 15:137"^ 
1914. 
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avoid separate treatment of cases in which a certain invariant 64 of 
weight four does and docs not vanish, we make use of the canonical 
system of equations defined above, which differs from that employed 
in the reference cited. 

The differential equations of and Cg are formed by methods sc‘t 
forth on pages 168-70 of the paper already quoted. If wo proceed 
from the canonical system defined here, and carry out the calculations 
indicated, then there will be found as follows: 

Cf/i ^3"" -Ps"" “ i{(Sn ““ 322)“"(s'!2/212)(ff 11“ 322)} == ■~J2 i2/3j2. 

* 

Since the curve belongs to a linear complex, gu = Cia- In a similar 
manner we find that gsi = cji. The c’s are constants such that Ci 2 C 215 ^ 0. 
The canonical system of equations for scrolls whose asymptotic curves 
belong to linear complexes is therefore: 

(4) y"+ guy + Cisz = 0 

z"+C2iy + g22Z = 0 

where gu— g 22 = 1 and the c’s arc as stated above. 

For this system the invariant of weight four mentioned above has 
the value: 

r— 4/ = 16(1 + 4ci2C2i) = 16(1 + 4p). 

If the scroll belongs to a special linear congruence (1 + 4v) vanishes; 
but otherwise v may have any value other than zero. 

The differential equations of and C, as computed from (4) are: 

C„; y^^^+(gn+ 222 ) y"-h 2giiy'+(gii+ gu.gn~v)y = 0 
C,; z^‘^+(2ii+ 222 ) z"+2g22z'+(g22+gu222—vjz = 0. 

Now gii—g 22 = Sm— validity of the theorem is 
established. 

5. A Scroll Possessing a Double Generator 

Among the scrolls mentioned in the introduction there occur some 
that possess one or two singular generators of a character that escapes 
detection by the methods of Projective Differential Theory hitherto 
available. Adequate geometrical interpretation of singularities among 
the coefficients of (A) is not yet available. 

Singular generators of the type we have in mind may be illustrated 
in a fairly general way as follows: 

Let us consider the guide curves Cy and C* defined by the polynomials: 
yd) = 1 4 . .. = gi(*f), 

y(*) as 4 - Jjtt* 4 -. . . =a g 2 (tt), 

=s Ci« + C2«*+... = gs(«), 

y(«) as iitt 4 - dja* 4 -... = and 


(5) 



SULLIVAN DIFFERENT! ^L THEORY OF SCROLLS 


7 


= aiU 4 “ a2«^^+- . • — 

-j- j32ti^+- . • — h2{u)f 

2(3) S5S ^ ^ ^ — hz{u), 

gC4) -S5 ^ ^ ^ ^ -3 hi{u)t 

where ^a(«) is of degree m, and h^iu) is of degree n^. The edge AD of 
the tetrahedron of reference is then a generator of the scroll. The 
coordinates {gjfij) of an arbitrary generator Lyz are then found to be: 

(6) (12) = fiiU +(^ 2 +* biai)u^-\-{pz~\“ ^Jij 52+ ^2iSi— Jiai— 

620-1) w* 4 ” • • • j 

(13) = yiu 4“(72+ <3^171*— 61a 1)24^4“(784* <3^1724’ fit27i~“ <^102— 

^201)2^^4-... , 

(14) — 1 4'(^i+ 61)22 4"(^24“ ^161+ 62*“ ^iai)w®4" 

(^ 34 " ^225i4“ 22i52+ 63 — dia2 — d 2 ai) 22 ® 4 ‘- • • T 

(23) = (6 i 7 i— Ci^i)24®4'(6i724' 6271“- C2fii)u^+. . • , 

(24) = biu 4"(62+ 6i5i— difii)u^ 4“ (684“ 62614“ 6162— 

dijS2— d 2 i 5 i)tt* 4 '* • • 

(34) =* Ciu 4‘(c24“ ^ 161— diyi)u^ 4“ (^s"f“ ^2614* <3162-“ 
di 72 ““ d 27 i)w® 4 “- 

Consider an arbitrary line L through the point P (6, 0, 0,1) on AD; its 
coordinates are: 

(7) (12) ^ te2, (13)« tea, (14) = te4- 3:1, (23) -0, (24) = -3^2, 

(34) « -:x:8. 

The values of u giving the intersections of L with the generators Lyz 
of the scroll are found from the equation, 

(8) (12)(34)'+(12)'(34)+(13)(42)'+(13)'(42)+(14)(23)'+(14)'(23) 

= 0 . 

By (6) and ( 7 ), (8) becomes, 

( 9 ) {(SciH- ^i)*a}« + {•. .}«*+ {• • -}«’+... = 0. 

If 6i= ci= j8i= 7i= 0 , « = 0 is a double root of this equation, and 
AD is a double generator on the scroll. The coefficient of «® now 
becomes, 

{(flcs+ 72) *2“ (962+ |8s)Xj} . 

If the line L lies in the plane, 

(10) ( 5 c 2 +7s)afj—(962+^*)a:j •= 0 , 

then it meets the scroll in three points coincident with P. Thus the 
plane tangent to the scroll at P is given by equation (10). It follows 
that AD is a cuspidal generator of the torsal t3T)e, torsal being used 
here in the sense employed by Basset, Geometry of Surfaces. 
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It is to be observed nevertheless that if m = 0, the determinant 


y(l) 

y(2) 


y(^) 

2(1) 

S(i) 

2(3) 

S(4) 

y(l)' 

y(i)f 

y(3)' 


z(«' 

2(2)' 

2(8)' 

2(4)' 


vanishes, and the points Py, P, coincide with the vertices A and D 
respectively of the tetrahedron of reference. The double generator 
AD has not, however, the organic character predicted by Projective 
Differential Theory. 

These results may now be confirmed by using point instead of line 
elements. Put Ji = Ci = ;8i = = 0 in (5), and consider the values of 

a where the line, 

(11) ici+ 0*4+ 6*)— 0*4= 0, *1+ Axi+ 5*j—0*4= 0, 

intersects the scroll. The equation giving these values is readily found 
to be of the form, 

a“Po(a)= 0. 

If however the line lies in the plane (10), that is, if the first equation 
(11) is (10), then the values of a where it meets the scroll arc readily 
found to be given by an equation of the form, 

u'Qoiu)— 0. 

Here Po(u) and Qo{u) denote polynomials having a term independent 
of a. 

6. A Correspondence 

If we represent a surface parametrically by the equations »=*(a, v) 
etc., then in general when distinct values arc assigned to one or other 
of the parameters, the corresponding curves on the surface are distinct. 
This may or may not be the case for scrolls belonging to a non-special 
linear congruence. The phenomenon to which attention is directed is 
comprised most conveniently in the following theorem. 

Theorem 2. If a scroll belongs to a non-special Unear congruence, then 
the correspondence between its asymptotic curves and the Unear complexes 
that contain them may be either (1,3) or (2,1). 

This theorem is at variance witii one of long standing in the liter¬ 
ature pertaining to the geometry of non-special linear congruences.® 
In general it is improbable that the nature of the correspondence can be 
predicted a priori by theory emanating from the system of differential 
equations. However, the instances exhibited below show that it is pos- 
^le to construtt systems from which the nature of the correspondence 
is readily determined. 


*W., p. 220 (Cremona, Halphen, Snyder). 
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The theorem will be proved when we show explicitly that both 
types are possible. We begin by taking the equations of the scroll in 
the canonical form (4). Taking cognizance of the known geometrical 
significance convolved in a certain quadratic covariant,ve refer the 
scroll to its linear directrices as guide curves by means of the trans¬ 
formation, 

V - y ’^0- + k)zl(2c2i), f = y “(1 — k)z/{2c2i), 

where 1 + 4.p. The equations of the scroll now become 

(12) a(ffn+ k)^ = 0 

4 ( 211 + 222 + ~ 

The point I = >? + Xf, where X is an arbitrary constant, describes an 
asymptotic curve on the surface as u varies, if we regard u as the inde¬ 
pendent variable in (12). The generators are u = cJinstant. 

Take the linear guide curves as opposite edges of the tetrahedron 
of reference, namely AB^xz^ = 0, and CD, aci = aca = 0. The special 
complexes of the linear congruence to which the surface belongs then 
have the equations 

(13) Ci: c«> 34 a= 0 and Ca: a>i 2 — 0, 

The two-term system containing the asymptotic curves is therefore 
Cf,— Ci+ iuC 2 = 0 . The polar plane of the point in the complex 
C^ is, 

5liXJ2)+(f4^8— $ 8 ^ 4 )= 0. 

This plane is tangent to the scroll at P if P^» is on it, that is if, 

/i {(172+ Xf 2) (^i + Xfi) — (171+ X?i) (772 + Xf2)} 

+ {(^4+ Xf 4 )(v 3 + Xfj) —(173+ Hz){vi + Xf 4 )} = 0. 

On using line coordinates this equation readily reduces to X-Cfsf^) + 

- 0. In virtue of ( 12 ), — {{riim) 1 = — 0. Hence 

(^ 1 ^ 2 ) — constant, and similarly (f^fi)» constant. Clearly there is no 
loss of generalit;y in assuming these constants to bo unity; and we find, 

X2+ 0. 

It follows that the curves +X and —X belong to the same complex 
Cl— X®C 2 « 0. The correspondence is therefore (1, 1) or (2, 1) ac¬ 
cording as X » c and X = — c give rise to the same or distinct curves 
on the surface. 

«W., pp. 122,149. 

r 
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7. A Non-Algebraic Scroll with (2,1) Correspondence 


If in ( 12 ) we put gii+ 922 = 0 and k — 2, then, in the language ot 
kinematics, the system reduces to one consisting of an harmonic equa¬ 
tion and an antiharmonic equation. The solutions of this system 
are immediately available in terms of elementary functions. The 
parametric equations of the scroll m cartesian form are then. 


(14) 




cosh u 


y = X 


sinh « 


cos M ' ' cos M 

From these we deduce immediately that 


s = tan u. 


(15) xdy — ydx — X*sec*«.da = 

The curves \ = c and X = — c belong to the same complex. The 
curves however are distinct and are not related in any way comparable 
to the branch concept of an algebraic function or its geometrical 
analogue in curve tracing. 

The generators are given by the equations, 
y — X tanh u, z = tan «. 


Hence the scroll lies within the space bounded by the planes y = ±*, 
and consists of infinitely many vanes situated in separate compart¬ 
ments. The equation o = 2 tan”^ (tanh t/2) measures the angle of 
the compartment of greatest dihedral angle. 

Consider the points P(»i, yi, Zi) and Q(* 2 i ys, * 2 ). In order that 
PQ may be a diameter of (15) the relations Xi/xt^ yi/y 2 = 1 must 
hold. To be the principal diameter or axis, the points P and Q must 
lie on the z-axis. Thus the two-term system to which the asymptotic 
curves belong is co-axal. This result may also be inferred from the 
following more elementary considerations. 

The equations of the tangent io at any point 


*0 


coshwo 


cos «a 

on the asymptotic curve X are, 


yo 


sinh«o 

COSWq ' 


Zo tan «o 



y-yo 

m' 


Z — Zo 

= — 7 “, where 
w 


V — X(cos «o sinh «o+ sin «o cosh «o)-^ (1 + X®17o)^ 
«»'= X(cos «o cosh lio-l- sin m sinh «o) -r- (1 H- X®Z7o)*, 


»'= 1 -^(l +X*C7o)*i 1^0= cosh 2uo+ sin 2«o sinh 2«o. If is the 
angle between and the z-axis, and 5 is the shortest distance between 
to and the z-axis, then tan — \VUo, 8 = \/y/Uo. Hence 8 tan ^ = X*. 
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The coordinates of the point N where 5 meets to are found to be 

ao= (X/Z7o)(cos Uq cosh Uo+ sin Uo sinh Uo), 

^o==(—X/27o)(cos Uo sinh Uo+ sin uq cosh Uo)j 

sin Uo cosh 2wo+ cos uo sinh 2 uo 
7 o~ tan Uo —-—— -- 

Uq cos Uo 


This is the point where to touches the circular cylinder of radius 5 and 
a\is Oz. 

Consider next the asymptotic curves +X and —X and the points 
±Mo on these curves, such that mo< ir/2. This means that for sim¬ 
plicity of geometrical descriptions, we confine our attention to the 
chief vane of the scroll lying in the compartment bounded by the planes 
y = ±35 tanh (-j). 

On the cylinder C(0, 5)plot the points P(ao, /So,7D)andC(oo,— /So,—7o). 
From these points draw perpendiculars to the axis and produce to 
meet the surface of the cylinder at P' and Q'. The tangents to the 
cylinder at P and Q that make an angle ^ with the axis are tangents 
to -{-X at the points indicated. Likewise similar tangents at P' and Q' 
arc tangents to —X. 


8 The [p, g] System of Equations 
To exhibit both types of correspondence by means of algebraic 
scrolls, we employ systems of differential equations in the asymptotic 
form with pu = Pm^ 0. The construction of suitable systems is most 
readily effected by means of the following consideration. If we modify 
Bessel’s Equations slightly to the homogeneous form, 

1 ^ ^ 

dx^ X dx x® ^ 

then the primary solutions obey the relation 


y„y_„= 1. 

Wc therefore direct our attention to the [p, g] system, 

du^ ^ udu ^ u du ^ 


= 0 . 


The corresponding scroll is represented in asymptotic parameters by 
the equations 

(17) »i=> Xu’*, Xi— xs~ «®, Xi— «“«. 

The algebraic equation of the scroll is then, 

Xt^Xs’’ = 0. 


For irredudbility the integers p and g are subject to appropriate 
restrictions. 
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Suitable [p, g] systems will next be selected to illustrate the corres¬ 
pondences ( 1 , 1 ) and (2, 1 ), respectively. It is known that for a cubic 
scroll with quartic asymptotic curves the (1,1) relation holds. This 
can be confirmed immediately by considering a [1 , 2 ] system. Here 
for the purpose of illustration we shall confine our attention to two 
systems only, namely [1, 4] and [3, 5]. The first of these emerges as 
providing a quintic of type VI(A) in Edge’s classification of quintic 
ruled surfaces. 

8a. a Quintic Scroll with Asymptotic Curves of degree 8 
AND (1, 1) Correspondence 

If we proceed from a [ 1 , 4] system, then the cartesian equations 
of the scroll are found immediately to be: 

X = Xw^ y = z = w®; y^z — 0. 

The plane z — c meets the surface in the line at infinity in the xy plane 
and the four lines 

2 = c, cy^ = 0 . 

An arbitrary plane through the 2 -axis meets the surface in the gener¬ 
ator; jc = cy, 2 — c*. It follows that the 2 -axis is a multiple directrix 
of order four, and the line at infinity in the xy plane is a simple direc¬ 
trix. The generators emerging from the points on the multiple direc¬ 
trix coincide at the origin and at the point infinity. These points 
may therefore be regarded as compound pinch points; and the gener¬ 
ators through them possess similar peculiarities which we now con¬ 
sider. Apart from the pinch points it is clear that these generators 
possess no singularities in the nature of point multiplicity; otherwise, 
the line joining such a point to an arbitrary point on the multiple 
directrix would intersect the surface in more than five points. This 
fact also appears independently from the following consideration. 

Let ( 0 , j5,0) be an arbitrary point on Oy, and let x/l « (y — jS) /w » 
z/n « r be an arbitrary line through this point. The intersections of 
this line with the surface are given by the equation 

F{a, ^>y) + r (l^+m + F +...+ 

1*/ d d aV 

’Whetire a =» 7 *= 0 and F(jx, y, *) = 0 is the equation of the quintic. 
tWs equation reduces to 

m*nr^— =*= 0. 
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For tangency » = 0; the equation then has one root r = oo and a 
quadruple root r = 0. The generator under consideration has there¬ 
fore only a tangent plane singularity. 

Returning to the parametric representation we see that the 
asymptotic curves TsCX) are of the eighth order; and that the point 
(X, —a) is identical with the point (—X, «). They lie on the cylinders 
y’ = X®»L It also follows directly that the complex containing FsCX) is 

Uli — 4X*<Ii)84~ 0. 

The correspondence between the curves F* and the complexes to which 
they belong is therefore (1, 1). 

The null-planes of the points (0, 0, 0, 1) and (0, 0, 1, 0) in any 
complex of the pencil are z = 0 and w = 0 (plane at infinity), respec¬ 
tively. All curves Fs pass through the compound pinch points. At 
each such point they have a common osculating plane, viz., the cor¬ 
responding null-plane. 

At the origin the common osculating plane has eight-point inter¬ 
section with each curve. The common tangent ut = 0, z = 0 has five- 
point intersection with each curve, while an arbitrary plane through 
the origin meets each curve in three points coincident with the origin. 
The numerical equality 3 -h 5 = 8 illustrates a property possessed by 
all asymptotic curves derived from [p, q] systems. 

8b, a Scroll (of the eighth degree) with Qdintic Asymptotic 
Curves and (2,1) Correspondence 

If we consider a [3, 61 system, then the cartesian equations of the 
surface take the form 

X = \e\ y * Xfl, z = jc® -y®z» = 0, 0 ^ 0. 

The plane z = c intersects the surface in five generators emerging from 
the z-axis and the line at infinity in the xy plane. The plane x=cy inter¬ 
sects the surface in three generators emerging from the line at infinity 
in the xy plane and the z-axis. It follows that the z-axis is a multiple 
directrix of the fifth order and the line at infinity in the xy plane is a 
multiple directrix of the third order. The generators emerging from 
each of the points zero and infinity on the z-axis coincide. Likewise 
those emerging from the triple directrix coindde for the points at 
infinity on the x-axis and y-axis respectively. The faces of the co¬ 
ordinate tetrahedron (cartesian) intersect the surface according to the 
following scheme: 
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Face 

Threefold 

Fivefold 

1. 

» == 0 

z = 0 

y = 0 

2. 

y = 0 

w — Q 

a; — 0 

3. 

s = 0 

It) = 0 

x = 0 

4. 

w — Q 

z = 0 

y = 0 


Here «; = 0 is of course the plane at infinity. 

The generator joining the points (0, 0, 0) and (0, <», 0) is a multiple 
generator of order three. This may be seen independently in the fol¬ 
lowing manner. An arbitrary line through (0, jS, 0) meets the surface 
where, 

-44«V*+ 0, 

where the A*s do not contain n. Hence the generator is multiple of 
order three. The tangent plane along this generator meets the surface 
m five consecutive generators. A similar statement applies to the 
generator joining (0, 0, <») and («, 0, 0). 

The asymptotic curves TsCX) are of order five, and lie on the 
cylinders, The curves FsC+X) and TbC—X) are distinct; but 

they belong to the same complex 5£0i2— 3X^W8i“ 0. The correspon¬ 
dence in this case is therefore (2, 1). 

All the curves FeCX) pass through the two singular points on the 
j3-axis; and they have at each of these points a common osculating 
plane. These planes are the null-planes 2 ~ 0, w = 0 determined by 
the complexes. The osculating plane 2 = 0 meets each T-curve in 
five points coincident with the origin. The tangent at the origin meets 
each curve in four points at the point of tangency. An arbitrary plane 
through the origin meets each curve in one point there. This further 
illustrates a property of T-curves derived from a [p, g] system. 

A Ipt gl system possesses considerable practical value. By means 
of such a system it becomes possible to write down the equations of a 
rational curve r» of degree n that belongs to a linear complex, and the 
equation of the complex to which it belongs. The numerical relation 
to which attention was directed in the previous examples is a special 
case of the following more general result. 

If at a point P on a T-curve determined by a [py q] system, the curve 
has or, r, p consecutive points in common with the osculating plane, 
the tangent, and an arbitrary plane through P, respectively, then the 
relation = t + p holds. Consider a [py g] system, q> p, and let 
(T ^ 2qy q + p q -- p ^ p. The cartesian equation of the surface 
in parametric form may be taken as, 

X y =5 Xu^, z = 
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If now wc identify P with the origin, the intersections of the entities 
specified with any r(X) are found directly to be the numbers indicated. 
We also see that, 

<r = 2g = (g + p) +(g — ^) = T + p. 

This is the relation wc were required to prove. It appears probable that 
this property persists at a singularity on any curve belonging to a linear 
complex. 



Fiouri 1. Singularities on the scroll defined by a [3, 5] sjstem. The null- 
plane s B 0 intersects the surface in five consecutive generators along Oy. The 
null-plane w»0 intersects the surface m five consecutive generators along La>{x, s). 
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THE SYSTEM: IODINE—BROMINE—CHLORINE, AT 29.8° 
By A N. Campbell, F.R.S.C., and L. W. Shemilt 
1. Introduction 

^ OHE object of the present investigation was to establish whether or 
^ not ternary compounds of the halogens, such as ICIBr 2 and ICLBr, 
exist The literature of the binary halogen compounds is important 
and extensive and it is given in the bibliography. No such complete 
bibliography is to be found elsewhere and it may therefore be of some 
importance. The following binary compounds are known to exist, 
iodine monochloride, ICl, and iodine trichloride, ICU, which are well- 
known crystalline compounds. The monochloride exists in two forms, 
the metastable jS melting at 13.9° and the stable a melting at 27.2°. 
The trichloride has a melting point of 101°. These compounds do not 
form solid solutions with one another, nor with iodine, nor, so far as 
is known, with chlorine. 

There seems no reasonable doubt of the existence of a monochloride 
of bromine, melting, however, around —66° and therefore not a pos¬ 
sible solid phase. The existence of a trichloride of bromine has not 
been claimed. 

The existence of iodine monobromide, IBr, melting at 41°, is gen¬ 
erally admitted. This compound forms a continuous series of mix- 
crystals with both iodine and bromine. In the temperature compo¬ 
sition diagram, the solidus touches the liquidus at a point correspond¬ 
ing to the composition IBr. It is very doubtful whether a tribromide 
of iodine exists,^ although its existence as an ion in solution is still 
occasionally claimed. 

As the temperature of this investiggition (29.8°) was above the 
melting point of cither of the forms of the monochloride of iodine, the 
binary solid phases to be expected were iodine (M.P.= 113.6°), iodine 
trichloride, and solid solutions of iodine in iodine monobromide. 

Although all the component binary systems have been investigated 
by the method of thermal analysis, no work has been done on the 
ternary system. The nearest approach to it is a study by Plotnikow 
and Rokotjan (2) on the electrical conductivity of bromine solutions 
of iodine and iodine trichloride. In this work the authors made deter¬ 
minations of the solubility of iodine and of iodine trichloride in 
bromine. 

The isothermal method was adopted by us, despite the obvious 
experipaentaJ difficulties, in order that we might use Schreinemakers’ 

C2 
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method of the wet “rest” and thus evaluate, without ambiguity, the 
composition of any ternary compounds which might exist under the 
conditions of the work 


2. Experimental 

Pur%ty of materials. The iodine and bromine -were of the highest 
purity commercially obtainable. The chlorine was obtained from 
cylinders and was purified by washing through distilled water and 
saturated copper sulphate solution (to remove any trace of hydrogen 
chloride), and finally dried by passage through concentrated sulphuric 
acid. 

Apparatus. The thermostat was electrically controlled at a tem¬ 
perature of 29.8 it 0.05®. Equilibrium was attained by stirring in a 
glass vessel fitted with a condenser. The liquid and solid phases were 
separated by filtration through a sintered glass filter, into a weighed 
container. The filtration was rapid so that alteration in composition 
due to loss of vapour was slight. 

Procedure. On the basis of Terv^ogt’s results (5), iodine and 
bromine were weighed out in such proportions as would give a solid 
phase and dried chlorine then bubbled in to a desired increase in 
weight. The total weight of the system varied between 100 and 250 
grams. In order to attain equilibrium rapidly, the system was melted 
to a homogeneous liquid by raising the temperature to 40-60®. The 
container was then placed in the thermostat and the contents stirred 
for at least twelve hours. 

Solutions in equilibrium with the trichloride (there is no solution 
simultaneously in equilibrium with trichloride and iodine or solid solu¬ 
tions of bromine and iodine) could not be prepared in* the above way 
because it is difficult to get tlie solution to absorb sufficient chlorine 
We therefore prepared iodine trichloride by the method of Booth and 
Morris (1). Solutions were prepared from this by adding bromine and 
iodine or chlorine. It was not possible to prepare any solution con¬ 
taining more than 30 per cent chlorine, because the vapour pressure 
of chlonne then exceeds one atmosphere. 

Method of analysis. Weighed samples for analysis were plunged 
in sodium hydroxide solution. Some care must be taken in this oper¬ 
ation to ensure rapid immersion or there may be a loss of weighed 
sample by evaporation. An aliquot portion was then boiled with zinc 
dust for twenty minutes, then acidified with acetic acid and boiled for 
another twenty minutes. This procedure is sufficient to reduce the 
hypohalites: mineral acids tend to liberate free bromine or iodine. 
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The three halide radicles in solution were simultaneously determined 
potentiomelrically. The method is described by Stock and Stabler (3) 
for the determination of chloride and iodide. Since the solubility 
products of silver iodide, silver bromide, and silver chloride are res¬ 
pectively of the orders 10"“^®, 10“^’, and 10"“^®, the method is capable of 
extension to the estimation of the three halogen ions. The presence 
of barium nitrate is necessary to prevent the adsorption, and conse¬ 
quent removal from solution, of bromide and chloride ion by the 
precipitated silver iodide. The attainable accuracy of the method 
was tested on solutions of known concentration and typical results 
are given in Table I. 


TABLE I 

PoiENnoMErRic Determinations of Halide in Solution 
(R esults are given m c.cs of silver nitrate solution) 



No. 

Calculated 

Found 

Per cent error 

V 

1 

19.98 

19.99 

+ 0.05 


2 

39.96 

40.05 

+ 0.2 


3 

24.97 

24.96 

-0.04 

Br' 

1 

20.02 

19.93 

+ 0.5 


2 1 

40.04 

40.30 

+ 0.6 


3 1 

25.03 

24.00 

-0.2 

Cl' 

1 1 

19.98 

20.18 

+ 1.0 


2 

2.00 

220 

+ 10.0 


3 

2.00 

2.28 

+ 14.0 


The results show that when the three ions are present in approx¬ 
imately equivalent amounts an accuracy well within 1 per cent is 
attainable, but, with small amounts of chloride, the error in the chlonde 
determination is considerably increased. The estimation is undoubt¬ 
edly most accurate for the iodide determination (the change of poten¬ 
tial is sharpest and greatest here) and, since the quantity of iodine 
was never less than 30 per cent in any analysis, the estimations of 
iodine are almost free from error. An over-all picture of attainable 
accuracy resulted from adding the total weights of each halogen and 
comparing this with the weight of sample. This was done in every case. 
The results vary between 100 and 103 per cent of the original weight. 
It seems that the analytical procedure tends to give high results. The 
method, therefore, cannot be said to be of the highest accuracy and 
this lack of accuracy is shown by the slope of the tie-lines in the 
equilibrium diagram; the difficulty of estimating the three halogens 
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in presence ot one another, ho\\evcr, is notorious. Any purely chemical 
method would have given a worse result. Moreover, the method was 
suiBcientl> accurate for our purpose, since the results show without 
ambiguity the non-existence of ternary compounds. 

Attainment of equilibrium All systems were left in the thermostat 
for at least twenty-four hours, i.e., twelve hours after cessation ol 
stirring. That equilibrium was attained in this relatively short time 
was proved by approaching equilibrium from both sides, as follow & 
A test system was dividted into two parts. One part was heated until 
it was entirely liquid, then placed in the thermostat. The other part 
was cooled until it was almost solid, then stirred in the thermostat 
The analyses of the two tests agreed witliin the limits of experimental 
error 

EquUibrtum data. The analyses of saturated solutions and cquili- 
bnum wet “rests’* are given in Table 11. 


TABLE n 

Composition of Liquid PHAsii Composition of Wet “Rest"’ 

_ (Weight per cent) _ (Weight per cent) _ 



I 

Br 

Cl 

I 

Br 

Cl 

Nature oj 
sohd phase 

1 

51.45 

48.55 

— 

56.59 

43.41 

— 

I S Br Mix-crystal 

2 

50.24 

46,85 

2.91 

56.34 

42.66 

2.00 

it 

a 

50.79 

46.01 

3.20 

55 40 

42.12 

2.4$ 


4 

51.52 

44.56 

3.92 

56.20 

41.71 

2.09 


6 

59.24 

34.73 

6.03 

61,20 

35.37 

3.43 


0 

63.80 

29.27 

6.93 

64.70 

31.07 

4.23 


7 

66.11 


7 30 

66.85 

28.66 

6.00 

14 

8 

71.80 

19.77 

8.43 

72.48 

21 06 

6.51 

<« 

9 

74.42 

15.44 

10,14 

76,00 

16.66 

7.36 

*< 

10 

77.76 

n .29 

10.95 

81,00 

12.04 

6 95 

it 

11 

81.23 

7.67 

11.10 

87.45 

6.99 

6.61 

it 

12 


4.4<) 

12.44 

89.59 

3.81 

660 

it 

13 

84.72 

— 

15,28 

93.23 

— 

1 6.79 

Iodine 

14 

72.60 

— 

27.40 

65.30 

— 

1 34.68 

ICI, 

15 

69.91 

4.04 

26.05 

62.92 

2 58 

34.60 

44 

16 

64.63 

11.89 

23.48 

60.32 

6.27 

33.41 

(4 

17 

61.94 

14.06 

23.10 

65.58 

7.29 

37.16 


18 

60.11 

16.84 

23.55 

56.03 

8.11 

35,86 

44 

19 

56.36 

20.72 

22.93 

54.45 

12 22 

83.33 

it 


86.98 

40,80 

22.22 

48,43 

18,87 

32.70 

41 

21 

35,18 

42.71 

22.11 

48.98 : 

13.60 

87.57 

(4 

22 

22.52 

61.52 

15.96 

36,13 

32.82 

31.05 

<4 


The above results are expressed graphically in Fig, 1, 
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Figure 1 —Tho system Iodine—Bromine—Chlorine* 29.8'’ isothermal 


3. Discussion of Results 

The systems investigated fall into two groups. The first thirteen, 
as can be seen from Fig. 1, represent solutions in equilibrium with solid 
solutions of iodine monobromide and iodine. There is no break in this 
curve, indicating, in agreement with Terwogt (5), that the series of 
solid solutions is continuous. Some comparison of the analytical results 
is possible with the thermal analytical results of Terwogt and the 
direct determinations of Plotnikow and Rokotjan (2): the comparison 
yields general agreement. The last point on the curve, referring to a 
system containing no bromine, is in good agreement with the results of 
Stortenbeker (4) for the system: iodine-chlorine. The analyses of solid 
phases when plotted are some distance from the I-Br tide of the 
diagram. This, while it may be due to some extent to imperfect separa¬ 
tion of solid phase from adhering mother liquor, does seem to indicate 
a certain solid solubility of chlorine in solid solutions of iodine and 
iodine bromide. Bromine bting isomorphous with chtorine and with 
iodine bromide may indicate that chlorine is also isomorphous with 
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iodine bromide. The maximum solid solubility, on this assumption, is 
about 4.5 per cent chlorine. 

The second group of solutions is that of those in equilibrium with 
ICI3 as solid phase. The diagram shows that at 29.8® there is no in¬ 
variant solution saturated with both iodine and ICI3. Neither is such 
a solution possible at lower temperatures since then ICl comes into 
being. On joining by a straight line the point on the base of the 
triangle representing ICI3 to the apex of the triangle this scries of solu¬ 
tions is separated into two, viz. those containing more iodine than ICI3 
and those containing more chlorine. Owing to the high vapour pres¬ 
sure of chlorine, it was impossible in an open apparatus to prepare any 
solutions of this latter scries. The right-hand branch of the curve is 
therefore drawn in dotted in a purely hypothetical manner, except that 
the extreme right-hand point, representing a system containing no 
bromine, is obtained from the results of Stortenbeker (4). The results 
for the left-hand branch of the curve are in good agreement, as far as a 
comparison is possible, with those of Stortenbeker (4) and Plotnikova 
and Rokotjan ( 2 ). The tie-lines all run, approximately, in the direction 
of IQs, indicating that this alone is the solid phase, although here, 
too, the possibility of some solid solution is not excluded. 

The results of this work show that, at 29.8®, the only solid phases 
existing arc IBr, solid solutions of iodine and IBr (possibly containing 
chlorine), and ICI 3 . There is no indication of the existence of ternary 
compounds of iodine, chlorine, and bromine, A careful search of the 
literature also failed to reveal any claim for the existence of such com¬ 
pounds as IClBr 2 or IQ 2 Br. 

One can speculate at length, in the light of modern theories of 
valence and electronic structure, electron affinity, etc., as to why these 
intermediate compounds do not exist, but to us the important matter 
seems to be that they do not. 

4. Summary 

The ternary system: iodinc-chlorine-brominc, has been investi¬ 
gated isothermally at 29.8®C. and the diagram for solid-liquid equili¬ 
brium obtained. No ternary compounds were found to exist in the 
solid state at 29.8®. It was verified that iodine forms a continuous 
series of solid solutions, possibly also containing chlorine, with iodine 
monobromide. The method of analysis used in this work was a 
potentiometric one, which has been extended to the estimation of the 
three halides. 
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A GENERALIZED INTEGRAL 


By R. D. James, F.R.S.C., and W\lter H. G\ge 
1 Introduction 

paper defines what may be called a Perron second integral, or 
simply a P^-integral, and establishes some of its properties. Al¬ 
though the definition and many of the proofs are similar to those of the 
ordinary Perron integral (Saks, MeShane), the PMntegral, as the ex¬ 
ample of §8 shows, is more general. It is probable that the P--integral 
will prove useful in the theory of trigonometric series 


Let 


2. Notation and Preliminary Definitions 
^hg{x) s g(x + h)- 2g(x:)-f- g(x - h). 


Then 

mg 

ssz lim 



/i-H) 


and 

mg 

s lim 

A*g{x-) 


h-^O 



are the upper and lower generaUzed second derivatives, respectively, of 
g(a:). If D^g = D^g, the common value is denoted by and called 
the generalized second derivative of g(,x). 

If Aa«(*o) “ o{h) as A 0, the function gix) is said to be smooth at 

X = Xi\. 

If g(x) has a right-hand derivative g+(*), let 

^h^{x) * 2 {g(* + h)- gix) - Ag+(»)} 

'rhen 

Zg 

and 

are the upper, upper right, and upper modified second derivatives, 
respectively, of gix). 


lim 

^ftg(ac) 


A® ’ 

lim 

^hgix) 


A* ’ 

iSn 

’^hgix) 


¥ ’ 
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A function ^{x) is convex in an interval {a, c) if 

(2 n cC-c,) g g{x^) + g(.V3) 

rvTs—xi Xz-“ Xi 

for all Vi, a' 2 , vj such that xi< Xi^ c, 

3, Properties op Convex Functions 

Some of the results of this section are well known, but others 
appear to be new. Theorems 1 and 2 are fundamental. 

Theorem 1. If g{x) is continuous and smooth in (a, c) and if D^g S 0 
for all X m (dr, c) with the possible exception of a denumerable set^ then 
^(x) is convex, (Hardy and Rogosinski, Theorem 95) 

Theorem 2 If g{x) is convex in an interval (a, c) and bounded above 
in some interval interior to {a, c), then g{x) has the following properties: 

(a) g{x) is contmuous in (a, c ); 

(b) the left and right-hand derivatives ?l(x) and g^{x) exist for all x in 

c), ^ 

(c) gLix )^ g^{x) for all x in (a, c ); 

(d) both gL(x) and gV(^) with x] 

(e) the derivative g'(x) exists for all x in (cr, c) with the possible exception 
of a denumerable set] 

(f) g+{x,) ^ ^ g.{x,), 

Xs’^ X2 

for a ^ % 2 < c. 

(Hardy, Littlewood, and Polya, §3.18) 


Theorem 3. Let g(x) be continuous and convex in an interval {a, c), 
and let (a, 7 ) be any interval interior to (a, c). If Eh is the set of points 
in (a, 7 ) for which Zg ^ h, then 

a 1 

c — 7 a — a 4 

Proof: Let be the set of points in (o, 7 ) for which Z'^g S k and 
suppose that fe > 0 , m,{E^) >0. If « is any positive number and x 
any point in Eh, there exists an A > 0 such that 


(3.1) 




Z-^g-e^k-e. 


Thus every point in E^ is the left-hand end-point of one or more 
intervals (#, * -f A) for vfhich the inequality (3.1) holds. Hence, by 
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a lemma of Sierpinski (Titchmarsh, §11 41), there is a finite non- 
overlapping set 5 of intervals (^„ A,), i- = 1 ,.. ., p, such that 




Then 




^ A — e and S A,> nttiEt)— « 






—gix,) 

K 


g+ix,) 


] 


(3.2) 


g I (A - e) i e){m,{Et)- e) 

Use, since |:(x) is convex, it follo'ws from Theorem 2 and (2 1 ) that 

8l<.,) - iWniW a 0, 

a — 

= 0. 


(3 3) 


{ gK,.*,) - £ 0 ) 

A„ > »> = 1 , - 1 , 

f+U+i)-gl(x„+i) SO; 


f+(jc«-l-i) “ g_(ai:„+i) 
g(c) - g( 7 ) _ g(a;p+Ap) -g{xp) 
A* 


0 . 


\ C— 7 »3) 

The addition of all the inequalities (3.2), (3.3) gives 
gic) ~ g(r) 


r — 7 a a 

But € is arbitrary and hence 


?(a) - g(o) > 1 
2 


){?n,{Et) - e). 


(3.4) 


g(c) 


«i0 _ £ 1 

2 


6 — 7 a d 

Since g(») is convex, this inequality is trivial if A ^ 0 or if w .(E*") = 0 
Thus (3 4) remains true without restriction on A or We(£*). 

Similarly, if El is the set of points in (a, 7 ) for which Z~g ^ A then 

(3 5 ) ^ 1 A?w.(£*) 

r — 7 a — a 2 

Finally, Eh-^t + -Er and me{Ej^^me{Et) +• mJ^Ek), so that the 
required result follows from (3 4) and (3.6) 

Theorem 4. Let g{x) be continuous and convex in an interval (a, c) and 
let (a, 7 ) he any interval interior to (a, c). If Ek is the set of points in 
(a, 7 ) for which D^g ^ A, then 

gjc) - g( 7 ) _ g{^) 

— 7 a — a 


^ 1 AOT,(£i). 
4 
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Proof. The identity 

^kg{x) = 1 { '9hi{x) + -^-kgix )} 
and the fact that "^hgix) ^ 0, 'J'-Agfx) ^ 0 show that 
D^g^ i U+g + Z-g} ^ Zg 
Hence Ei is contained in the set Ei of Theorem 3. 

Since ntt(Ek) S me(Ei), the result follows at once. 

Corollary. Let g(x) be contmuous and convex in an interval {a, c) and 
let (a, y) be any interval interior to {a, c). Then D^g < “ almost every¬ 
where in (o, y). 

Proof : Let E be the set of points in (a, y) where D^g — <». Then 
E is contained in the set Ei of Theorem 4 for every k> 0. Thus 
m,{Ei)'^ me(E) and 

(3.6) gW-.-eLi:), _ SM -eW » j 

c — y a — a 

for every jfe > 0. 

For fixed a, y the inequality (3.6) cannot hold for every ife > 0 
unless m,(E) = 0. Hence the set of points at which D^g = « has 
measure zero. 


4. Definition of the Integral 

Let fix) be defined in an interval (a, c). The functions M(») and m{x) 
are called major and raiaov functions, respectively, affix) in (o, c) if 

(4.1) Mix) and mix) are continuous and smooth ; 

(4.2) Jlif(a) => Mic) = «t(o) == w(c) = 0; 

Dm ^fix), Dm> - », 

(4.3) ^ fix), D*m < + 00 , 

for all X in (a, c) with the possible exception of a denumerable 
set. 


Theorem 6. If Mix) is any major function and mix) any minor 
function of fix) in (a, c), then Mix) — mix) is convex in ia, c) and 
Mix) ^ »t(iic) for every x in ia, c). 

Proof: With the possible exception of a denumerable set of values 
of X in ia, c), the ^fference ^M—D^m is defined and, by (4.3), is non¬ 
negative. Hence D\M — m) S D^M — D*m S 0 for all values of x in 
ia, c) with the possible exception of a denumerable set. By Theorem 1, 
Mix) — mix) is convex. 
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From (2.1), with g(x) = M(,x)- m(x), xi= a, Xi= x, Xi= c, it fol¬ 
low s that 

Mix) — mix)^ - - - \M{a) — mia)] -t -—- {J/(f) — ?»(c)}. 

c — a c — a 

But,by (4.2), il!f(a) = Mic) = mia) =ot(c)= 0, and hence Jl/('v;)— jm('c) S 0. 

Definition 1 A function fix) defined in an interval (a, c) is said to 
be integrdble over (a, b, c), where a < b < c, if for every « > 0 there is a 
major funcHon Mix) and a minor function mix) such that 

0 ^ miib) — Miib) < £ 

Theorem 6. If fix) is integrable over (a, b, c) there exists a function 
Fix ), defined for all x in (a, c), which is the least upper bound of all major 
functions Mix), and the greatest lower bound of all minor functions mix), 
of fix) in (a, c). 

Proof: Let Maix) be any major function of fix) in (o, c). 
By Theorem 5, Mo(»)^ mix) for every minor function mix). Hence, 
if Fix) is defined to be the greatest lower bound of all minor functions, 
then Jlfo(»)^ Fix). But this inequality holds for any major function 
Mdix) and therefore Fix) is an upper bound of all major functions. 

By Definition 1, there exist major and minor functions Jlsfi(a:), miix) 
respectively, for which 0 S miib) — Miib) < e. Since Miix) — mXx) is 
convex, it follows from (2.1), with gix) = Miix) — miix) and ai, * 2 , Xi 
replaced by x, b, c respectively, that 

Miib) — miib)^ - -^{Jlifi(x)— miix) } 4-^— -[Miic)—miic)\. 

c — X c — X 

But Jl!fi(c) «= f«i(c)= 0, Miib)^ miib), and Miix)^ mi(x). Hence if 
a ^ X < b, then 

0 ^ miix) — Mi(a:) ^ ^-7{»ni(&) —Afi(&) } < ~—= «ii 

c — b c — o 

and 

0 S Fix)- Miix)^ miix)- Miix)<^i. 

Similarly, if b < x ^ c, then 

0 ^ »Mi(*)— Miix) ^ ^— -{mi(f>)— Miib) } < --« = «i, 

6 — a u Or 

and 

0 ^ Fix) — Miix) ^miix)— Miix)< 
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Clearly, 0 S F{b)—Mi{b)^ jwi(6)— Mi{b) < e. Hence P{x) is the 
least upper bound of all major functions as well as the greatest lower 
bound of all minor functions. 

Definition 2. The symbol Ja. h, ef{'o)dx denotes the integral affix) over 
(a, b, c). Its value is — Fib), where Fix) is the function of Theorem G 
Thus, 

Sai 6, cf { x)dx = - F { b ). 

5. Elementary Properties of the Integral 

The following results are staled without proof. Most of them may 
be proved by obvious extensions of the methods used in the develop¬ 
ment of the properties of the ordinary Perron integral. 

Theorem 7. If f(x) is integrable over {Oy b, c)y it is integrable over 
ioy Xy c) for every x in (a, c). If F{x) is the function of Theorem (), then 
Ja, », cf{x)dx = -F(x)y 

for every x in (a, c). FurihermorCy F(x) is continuous in the interval 
(a, c) and Mix)-- F[x) is convex for every major function Mix) of fix) 
in (a, c). 

Theorem 8. If fix) is integrable over (a, by c), it is* integrable over 
(a, I3j y) where 

Theorem 9. If fiix) and f 2 ix) are both integrable over (a, 6, c) and 
fi(x)^f 2 ix) in ia, c), then 

Ja, 6, oflix^dx ^ Ja, bt c f2ix)dx. 

Theorem 10. If fix) is integrable over (a, by c)y then kfix)y where k is 
any constant, is integrable over (a, &, c) and 

Ja, hi c kfix)dx ^Ja, hi efi^dx. 

Theorem 11. If f\ix) andf 2 ix) are both integrable over (a, by r), then 
fiix)+f 2 ix) andfi(x) — f 2 ix) are integrable over ia, by c) and 

Ja. 6, c{fi(.x)± Mx)]dx = Ja, b, cfl{x)dx d= Ja, b, e Mx)dx. 
Theorem 12. If fix) and |/(*)1 are both integrable over (o, b, c), then 
1 Jo. 6, cfix)dx 1 S Ja. 5) 0 l/C*)! dx> 

Theorem 13. Suppose that the function G(*) is continuous and smooth 
in ia, c) and has a finite generalized second derivaiive IFG for all x in 
(o, c) with the possible exception of a denumerable set. Let Gix) = D^C 
where P*G is finite arid Gix) = 0 elsewhere. Then Gix) is integrable over 
ia, b, c) and 
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Ja. b, cGi.x)dx * G(o) + G(c)- G(J). 

c — a c a 

6. Further Properties of the Integral 

Theori-m 14. If f{x) is integrable over (a, 6, c) and 
a ^ xi< Xi < xz^ Cf then 

Ja Xzf c fi.X^dx = J*afi» Xxfip^dx 

+ — - — * Jo. * 1 , ef(x)dx + — Jo, x„ cf(x)dx. 

— Xi «3 ■— Xi 

ProoJ: Each of the integrals exists by Theorems 7 or 8. It remains 
to establish the formula. If and mi{x) are major and minor 

functions, respectively, of/(«) in (o, c), it follows that 

Tx(x)^ Mi(x)- M^(.x^) - Afi(x,), 

Xz — Xj Xs — Xi 

triiixi) - * ~ wiiCta) 

X3 — Xi X» — Xi 

are major and minor functions, respectively, of/(sc) in (xi, Xi). Hence 

“ il(jC2) ^ J»ii *jt X$f{x)dx ^ “7'i(3Cs), 

_ rntixi) ^ cMdx ^ -£LILiL*Mi(xx), 

Xi — Xi xs — Xi Xz — Xi 

and 

_ miixz) £ cf{x)dx^ 

Xz — Xi Xz — Xi Xz Xi 

The addition of the three sets of inequalities gives 
- m(.xa) 

^ Sx., ^f(x)dx + cf(x)dx + Jo. cfiv)dx 

Xz— Xi X.1— XI 

g -ilflCXi). 

But 

“ Wi(Xz)^ Jo, xjf e fix^dx ^ —MiijXt) 

and 0 ^ mi{Xi) — Mi{xi) < e. It follows that the left- and right-hand 
members of the formula of the theorem lie in the same interval of 
length less than e. Since « is arbitrary, this establishes the formula. 

Theorem 15. ///(*) is integrable over {a, b, c) andf(x)^ 0 in (o, c) 
then 

F(*)= - Jo, *, ,.f(.x)dx 


ts convex. 
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Proof: By Theorem 14, ^ 

■liZLl* F(xt)- F(Xi) 

Va — XI Xi — Xi 

= - fa, tf(x)dx-^ - Ja, x„ eAx)d\+ ^a, a,. cf{x)dx 

Xa — Xi Xa — .X i 

X*n *-> 

But, if /(a-) ^ 0, then Theorem 9 with fi{x) s 0 shows that 

SXi, r., X,fix)dx ^ 0. ' 

Hence FCx) is convex. 

Theorem 16 If f{x) and |/(x)| are both integrable over (a, b, c), then 
Ja, X, cf(x)dx = Fi{x)— Fiix), 
where F^ix) and Faix) are convex in (a, c). 

Proof-. Let f\{x) = /(x), for all values of .v such that fix) S 0, and 
let /i(x-) = 0 elsewhere; let /^(x) — fi{x) — fix). Then /i(x) ^ 0, 
fiix) S 0 for all .v in {a, c). Also 

fr(x) - J {|/(x)l +/(x) } , Mx) = i {1/(31 )1 - fix)} 
so that/i(x) and fiix) are both integrable by Theorems 10 and 11. 
Therefore 

Ja, », efix)dx = Ja, *, ofxix)dx — Sa, x, eft(x)dx= - Fiix) +Fiix), 
where Fiix) and Fa{x) are convex by Theorem 15. 


7. Differentiability of the Integral 

The proof of the diflerentiability of the integral parallels that givc'n 
by McShane for the ordinary Perron integral. 


Theorem 17. Let fix) be integrable over (a, b, c) and 
Fix )« - Jo, „ ffix)dx. 

Let (o, y) be an interval interior to (a, c). Then, for almoit all x in (a, 7 ), 
the function Fix) has a finite generalized second derivative equal to fix). 

Proof: Let € and ft be arbitrary positive numbers. Let Jlfi(x) and 
ntiix) be major and minor functions, respectively, affix) in (o, c) such 
thait 0 ^ -• Miib) < 61 , where a ^ b S y and 


(7.1) 


ei 


ftc 


4i-ire +-IZLf-i 

lie- y)ib -a) (a - a)(c - b) } 


By Theorem 7, ilfi(x) — Fix) is convex in (a, c) and hena*, by the 
corollary to Theorem 4, "SKMi— F)< except on a set of measure 
zero. Then the inequality 
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D^F = F)} ^ P Wi- DKMi- F) 

and ( 4 . 3 ) imply that D^F > — » almost everywhere. 

Let jEi be the set of points in (y. 7 ) for which D\M\—F)'^k. From 
Theorem 4 it follows that 

{Afi(c) — Fifi )} — {Afi( 7 ) — F{y )} _ {JI4’i(a) — F(a)} — {JI<fi(o) — F(a )} 
c — 7 a — a 

^ i km,iEi). 

Since Mi(c) = Miia) = F(c) = F{a) - 0, this may be written 

F{y)- M,M Fia)-M^M ^ ^ kme(E^). 

c — 7 a — o 

But OTi( 7 )s F(y), JMi(a)S F(o) and therefore 

(7.2) 4 . ^i(a) - Mi(a) ^ ^ km,iEu). 

c — 7 a a 

As in the proof of Theorem 6 , 

^ 1 ( 7 ) — M\{y) ^ 7 ^- - € 1 , Wi(a) — Jkfi(a) S —^ 6 i* 

Hence the left-hand member of (7.2) is less than 

i _- \ei 

1 (c — y)(b — a) (a — a){c — &) j 
which equals i fee by (7.1). Thus < «• 

Let £0 be the set of points in (a, 7 ) for which one or more of the 
inequalities ( 4 . 3 ) fails to hold. If x is not in JBo+ £*> then 
D^F ^ DKMx- F) ^ fix) - fe. 

SilfcS ma(£o+£jb)^ ma(£o)+.w,(£ife) < 6 , and e is arbitrary, 
^^(£04“ £*) ~ 0’ Hence 

D^F^fix)-k 

except on a set of measure zero* 

In particular, if fe = l/w» where w is a positive integer, then 

(7.3) 

except on a set £n of measure zero. Except on the set £ »£i+£a+. • 
which also has measure zero, the inequality (7.3) is valid for every 
positive integer. Hence 

(7.4) D^F ^ fix), D^F> —CO 
almost ever 5 rwhere. 


C8 
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By Theorem 10 the function —fix) is integrablc and Fix) is its 
integral. Therefore 

DK-F) ^ - fix), DK-F) > - CO 
almost everywhere. But D^i—F) — — D^F and hence 
(7.5) D^F ^ fix), D^F< + o. 

almost everywhere 

Since D^F^D^F for every x in (a, 0 it follo'ws fiom (7 4) and (7.5) 
that 

- 00 < ^277 ^ D^F^fix)^ D^FSD^F < + co 
almost everywhere. This in turn implies that 
D^F ^ D^F ^ D^F fix), 

- 00 < D^F < + CO 
for almost all x in (a, c). 


8. The Generality of the P^^integral 


Let G(x) = cos 0./x^) and let 


Gix) 




DKi = G"ix) if X 0, 
0 if X = 0. 


The function {?(*) is not Perron integrablc over any interval wluch 
includes x = 0 (Burkill). Since G(x) satisfies the conditions of 
Theorem 13, however, the function G(x) is P^-intcgiablc over any 
finite interval. 


9. Conclusion 

In this paper it has only been possible to consider the simpler 
properties of the P*-integral. Other properties and applications of the 
integral will be discussed in another paper. It is not difficult to show, 
for example, that the conditions D^M ^ /(x), Dhn ^ /(x) in the defi¬ 
nition of major and minor functions need only be satisfied for almost 
all X in the interval. 

Again, the function G(x) of |8, while not Perron integrablc, is 
Ces4ro-Perron integrablc (Burkill). Whether the P*-integral includes 
the Cesitro-Perron integral or not is still an open question. 

Finally, the problems of integration by substitution and by parts 
for the P*-integral have still to be investigated. 

UNivKRsm OF B&itish Columbia. 
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A GROUP THEORETIC CHARACTERIZATION OF THE 
GENERAL PROJECTIVE COLLINEATION GROUP 

By N. S Mendelsohn 
Presented by G. de B. Robinson, F R.S.C. 
Introduction 

TT is our purpose to give a set of axioms sufficient to characterize the 
projective collineation group From the properties of the gjoup 
so obtained a projective geometry is constructed, thus proving that 
projective geometry is completely charactenzed by its projective 
collineation group. The automorphisms of the group are studied, the 
study yielding an elementary geometric proof of the theorem that all 
automorphisms of the projective collineation group form the group of 
all collineations and correlations (projective or not) of the related 
geometry. 

The paper is divided into three parts In the first part, certain 
properties of the projective group will be developed. These properties 
will be the ones upon which our axiomatic development in part II will 
be based. Part III will consist of a discussion of the group auto¬ 
morphisms Co-ordinate free methods are used throughout in part III. 
For the most part we consider the two dimensional case but all the 
results may be generalized. 

Part T Properties of Projective Collineations 
In terms of co-ordinates the projective collineation group consists 

n 

of all transformations px, — S (t = 1,2,...«) where det (ffl»j)=}= 0, a,, 

and p being elements from a fixed field F, and the dimensionality of the 
geometry being « — 1. The transformation p«,'= 2 is charac- 

j-i 

terized by the matrix A =» (a„) provided we identify the matrices A 
and kA . A change of co-ordinates with matrix P replaces A by P“^ilP. 
In classifying collineations the transformations A and P~^AP must, 
therefore, be considered in the same class. From classical matrix 
theory, a necessary and sufficient condition that B = P~^AP is that 
the matrices \I — A and \I — B have the same invariant factors, or 
equivalently, the same elementary divisors. In the case of a co-ordinate 
field which is algebraically closed the Segre characteristic suffices to 
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classify all collineations. In the two-dimensional case (with alge¬ 
braically dosed field) the classification is as follows. 

Type 1 . Characteristic [ 1 , 1 , 1 ]. This is the general case. There 
arc three fixed points and three fixed lines. If the fixed points be 
taken as the triangle of reference, 

/ an 0 0 \ 

the matrix takes the form I 0 Oa2 0 J , where On, Oja, ojs 

\ 0 0 Oaa f 

are ,ill different and different from 0. 


Type 2. 


Characteristic [2, IJ. In this case there are two fixed 
points and two fixed lines arranged as 
in the diagram. If the triangle of refer¬ 
ence has its vertices at A and B and 
its third vertex any other point on h, 
the matrix takes the form 

On 0 0 

Oaa 0 

^32 ^22 

where ^11^^22^^32=1= 0 and aii+ a22. 



Qatnx 

( ax 

i 


Type 3 - Characteristic [ 3 ]. Here there is one fixed point and one 
fixed line passing through it. If the fixed point be (0, 0 , 1) and 

1 . 0 , 0 

an, 1 , 0 I, where Oai, Oaa 

an, an, 1 


the fixed line be = 0 the 
transformation takes the form 


arc both different from 0. 


Type 4 . Characteristic ((1, I), 1 ]. The homology. In this imixir- 
tant case there is a line of fixed points colled the axis and a i>oint of 
fixed lines called the centre, the centre not lying on the axis. If the 
centre is at (0,0,1) and the axis is x*® 0, the homology takes the form 
/I 0 0 \ 

I 0 1 0 1 where 033:4= 0. 

\ 0 0 O33 / 

If 033= —1 the transformation is called a harmonic homology. A 
homology is completely determined geometrically by its centre, axis, 
and a pmr of corresponffing points (not a double point.) 

Type 6 . Characteristic [( 2 ,1)]. The planar daHon. This typ® 
differs from the homology in that the centre lies on the axis. It is 
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completely characterized by its centre axis and a pair of corresponding 
points. With centre (0, 0,1) and axis «!= 0, the elation is 
/I 0 0 \ 

I 0 1 0 I where 0. 

\ 0 Ojj 1 j 

/ ^ ° ® \ 

Type 6. Characteristic [(1, 1, 1)]. The identity I 0 10 j. 

\0 0 1 / 

In the case where the co-ordinate field is not algebraically closed 
there are further classes, but in all cases (except the trivial field con¬ 
sisting of 0 and 1 alone) these six exist. The whole group G may be 
generated by transformations of type 4 (homologies). The group 
generated by transformations of type 5 is a sub-group of G (in general), 
called the unimodular projective group. 

IMPORTANT SUB-GROUPS OF G 

In this section, a study of those sub-groups which are to be the basis 
of our axiomatic system will be made. We confine ourselves to the 
planar case. 

Let P be a point of a projective plane. 

Associated with P is the sub-group ijS of C? which consists of all 
transformations in G which keep every line through P fixed. $ is 
generated by all homologies with centres at P and consists of all homo¬ 
logies and elations with centre at P. Dually, let i be a line of the 
projective plane. S is defined to be the group of all collineations of G 
which keep every point on L fixed. 

We state a number of properties of the groups {ip} and {8}. 

Let N(^) represent the normalizer of ^ in G. consists of all 
projective collineations which keep the point P fixed. Similarly, iV(8) 
consists of all projective collineations which keep the line L fixed. 

(1.1) If Pi and Pa are two points, the intersection of their groups 
A =1. This follows from the fact that a projective transformation 

which keeps four points fixed, no three of which are collinear, is the 
identity. 

(1.2) If Li and Lt are two lines then 8i A Sa= 1 (dual of 1.1). 

(1.3) If P is a point =* iV'(^). 

(1.4) If L is a line NN(fi) = iV(8). 

(1.6) If Pi and Pa are two distinct points it is impossible foriV(^i)^ 
iv(^i). For if a is in Nd^i) such that a: Par>-Pa, Pa+ P». then a is not 
in 
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(1.6) If Li and Lt arc two distinct lines it is impossible for 

(1.7) If, and only if, Pi, Pi, Piare three collincar points ($*, ip^). 
(The notation (® 2 , ^ 3 ) represents the union of, i.e. the group generated 
by, ^2 and ^ 3 .) 

(1.8) The lines Li, Ls, Lz arc concurrent, if and only if I’l^ (82, S2). 

(1.9) A point P lies on a line L if and only if i|5 ^ iV(V) and this is 
equivalent to ? ^ JV’(iP). 

(1.10) If Pi, P 2 , Pa, arc three distinct points, collinear on L, then 
i7(iPi)AiV(iP2)Ai7(i|J3)=8. 

(1.11) If ii, Li, Li are three distinct lines, concurrent on P, then 
iV(8i)Ai\r(82)AiV'(83)= 

(1.12) If L is the join of the points Pi and P 2 then (i|5i, ^ 2 ) = iY( 8 ). 

(1.13) If the lines Li, Li meet in the point P then ( 81 , 82 ) = iV(^)- 

(1.14) If Pi and Pt arc two points 'iP 2 = where g is of finite order. 

(1.15) If Li and Li arc two lines 82 = where g is of finite order. 

(1.16) If Pi, Pi, Pi are three non-collinear points (iPi, ^ 3 ) = G. 

(1.17) If Li, Li, Lz are three non-concurrent lines (81, 82, 83) = G. 

(1.18) Let P be any point and L be any line. Let G be separated into 
right cosets relative to jV( 8 ); G — iY( 8 )-h SiV'( 8 )g. Then, either 
ip ^ ^7(8) or each coset iV'( 8 )g which is such that iP^s g“W( 8 )g has 
the property that N(,^)g A ip is a non-null set. 

Proofs of (1.7) to (1.18) are outlined below. 

Proof of (1.9): Let the point P lie on the line L. Let a be in the 
group ip. Since a keeps every line through P fixed, a is in 27(8). 
Dually, if L passes through P, L ^ 27(iP). If P is not on L, let a be a 
homology with centre P but with axis different from L. Then o is in iP 
but a is not in 27(8). Thus ^ =|5 27(8). 

Proof of (1.10): Since Pi, Pt, Pt all lie on L, Theorem 1.9 implies 
S^27(iPi), 8^27(iP2), 8:S27($,). Hence, 8:£i7(iPi) A 27($a) A 27(^3). 
Let a be an element of 27(iPi) A 27(^2) A 27 (^ 3 ). Then a keeiJs Pi, P 2 , Pi 
fixed. By the fundamental theorem of projective geometry o keeps all 
points on the join L of Pi, Pt, Pz fixed, i.e. a is in 8 . Thus 8=27(^1) 
A 27(iP2) A 27(ip3). This theorem does not hold in projective geometries 
which do not satisfy Pappus’ Theorem. Theorem 1.11 is the dual of 
Theorem 1.10 and is, therefore, also true. 

Proof of (1.13): Since Li and Lt both pass through P, 81 ^ 27(iP) 
and 82 ^ 27($) by (1.9). 
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Thus (Si, We now show that (Si, S 2 )^iV(^). Take Lito 

be the line »i = 0 and is to be the line 3C2=0. Then P has co-ordinates 

( 0 , 0 , 1 ). 


The groups Si and S 2 contain the follow¬ 
ing elements 



1. Homology with xi—Q as axis 

where \ is any 



element of the co-ordinate field F different from 0, 1 and 021 . are 
arbitrary elements in F. We denote this type of element L\. Use will 
only be made of the rases <121 = Osi = 0. 

2. Elation with »i= 0 as axis, (0, 1, 0) as centre 
1 0 0 \ 

X 1 0 I. Denote this type by 

0 0 1 / 


3. Elation with »i = 0 as axis, (0, 0,1) as centre 



Similarly for Lt the types 

1 0 0 
0 X 0 ) = 

0 0 1 
obtained. 

The most general element of iV’(^) is of the form 

ttii O12 0 \ 

n21 ^22 ^ I ** 

csi a82 1 / 

The elements On, ai2 are not both 0. Suppose that aii 4 = 0. 

0 0 


= 


=L 2 ^^^s are 


Oil 


Then KW ‘’"^'=1 021 022 0 

\ Cbi drZ2 1 

Li"“, we obtain = 


Multiplying on the right by 


/I 0 0\ 
I d2i 0 1 
\ 1 / 


Hence Li^" 



42 


THE ROYAL SOCIETY OF CANADA 


( ^ / 1 0 0 
/STL/”'’"'', ir = I 0 522 0 

\ 011 5)2 1 

/_ 01 \ 1 / 1 0 0 
KLi^ = 0 522 0 

\ 0 5 j 2 1 


Continuing Li^ 1,/“ 


Finally, 


iti: 


/«»\ J- 

\ aiui r an ^ 
i Jbi — 


1 0 0 
0 10 
0 0 1 


Thereforp, K = 


[l 2^ Li“" i2^"^‘‘^* i2®“ \ If flu = 0 , then 

a 124= 0 and hence 

( 5 i 2 an 0 \ 

521 an 0 j and wc may proceed 

5 »i 5 j 2 1 / 

as in the first case. Thus (Si, 82)^ ■^(^)* Combining this with 
(?i, 82) ^ we obtain (81, 82)= W). 

Theorem 1.12 follows in a dual manner. 

Proof of (1.8): Let Li, Lt, L3 be concurrent at P, From ( 1 . 13 ) 
(81. 82) = i\r(^). From ( 1 . 9 ) 8j :S iV(ip). Thus 81 (g,, g,). Dually, 

( 1 . 7 ) follows. 

Proof of ( 1 . 17 ): Since Li, £2, L», are not concurrent, we may choose 
as co-ordinate axes ii:*i= 0 , L%‘.Xi= 0, is:**® 0 . The group 81 
contains each of the transformations (with X 4= 0); 

/ X 0 0 \ 

I 0 1 0 ) — homology with Li as axis, centre ( 1 , 0, 0); 


0 1 0 

0 0 1 

1 0 0 

X 1 0 

0 0 1 


elation with Li as axis, centre (0,1,0); 


/I 0 0\ 

10 1 0 I — elation with Li as 

\ X 0 1 / 

Similarly Ss contains each of the matrices 
/ 100 \ /IX 0 \ 


elation with Li as axis, centre (0, 0,1). 


0 X 0 

001 


010 
0 0 1 


100 
0 1 0 

0 X 1 / ; and 


8t contains each of the nxatiioes 
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/100\ /10X\ /100\ 

( 0 1 0 ) ( 0 1 0 I and 0 1 X ) 

\oox/, \ooi/ \00l/ 

Multiplying any matrix by a suitable matrix of the above nine 
types affects one of the following transformations 

1. The elements of a row (column) arc multiplied by the same 
non-zero factor 


2. To the elements of one row (column) are added the same mul¬ 
tiple of the corresponding elements of another row (column). It is 
clear that these transformations are sufficient to reduce any non¬ 
singular matrix to the identity Hence (117) and dually (1.16) follow 


Proof of (1.18): If P is on £. then $ ^ i\f(8). If P is not on L and 
lot = 8i Then g~W(8)g ■* iV(8i). (A proof of 
this property will be given in part II where much use will be made 
of It) Thus $ -|= iV(8i), i.e., P is not on Li. Let is be any line 

through the intersection of L and Li 
which does not pass through P. Take 
a homology t with centre at P and axis 
. at Ls such that f L-^Li. Then f is in $ 
* and = 8i. Thus t~^it = g“^Sg or 
y/^gt~^Stg~^= 8. Therefore, tg~^ is in 

N(Ji) or t is in i\f(8)g. Hence t is in 

_ Lt ip A iV(8)g The proof breaks down for 

the seven-point geometry PG (2,2), 
p but a direct veriheation may be made 

* in this case. 


Proof of (1.15): The theorem is obvious in the case G is of finite 
order. If G is of infinite order and the co-ordinate field is not of 
characteristic 2, take a harmonic homology t, such that t: Lx-^Lt, 
is >1.1. Then f®= 1 and = 8s. If the co-ordinate field is of 
infinite order and of characteristic 2, choose the co-ordinate axes so 
that ii is xs = 0 and is is *i = 0. Consider the transformation 



Making use of the fact that 1 +1 = 0 we obtsun i* = 1 and t = 8s* 
Dually (1.14) is true. 
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Part II Characterization of G 

In this part we give an abstract characterization of the plane pro¬ 
tective collineation group G. Extension to »-dimensions can be carried 
out in a direct manner. We now do not start out with a geometry 
Thus it is no longer necessary nor indeed possible to distinguish between 
a point P and its group Only the latter exists at first. From here 
on we will use only the symbol P. Similar remarks apply to lines which 
will usually be denoted by L. We introduce the notion of strongly 
conjugate groups. Two groups R and 5 are strongly conjugate in 
G if there exists an element ? in G, such that R = g~^Sg and g is of 
finite order. 


AXIOMS 

1. Let G be a group generated by two complete sets of strongly 
conjugate sub-groups {P} and [L], called points and lines for con¬ 
venience, such that the only element common to every sub-group of 
both sets is the identity. 

2. If r is a point or lino NN(T) = N{T). 

3. If .4 ^ N{D) there exists two other sub-groups B and C, each 
strongly conjugate to A such that B ^ N{D), C ^ NiD). (Here A is 
a point or line according as I? is a line or point). 

4. (a) If P and Q are distinct points (P, Q) =iV'(L) for some line I,. 

(5) If L and M are distinct lines (L, M) = iV'(P) for some point P. 

Definitions. A point P is said to bo on a line Lii P ^ N(L). A line 
L is said to be on a point P if L ^ ^(.P) ■ At a later stage we will show 
that if P is on L then L is on P. 

5. U A, B, C arc three distinct points (lines) on the line (point) L, 
then NiA) A NiB) A iY(G) - L. 

6. Let P and i be any point and line respectively. Suppose G be 
separated into right cosets with respect to N(L ); G—N(,L)+'SN(L)g. 
Either P ^ N{L) or for each cosot N{L)g such that P =|= g“‘jiV(I.)g, 
the set P A N{L)g is non-null. 

At a later point in the discussion axiom 6 will be replaced by a 
slightly stronger one. Apart from this the above six axioms constitute 
a complete list of restrictions we place on G. The axioms are consistent 
since they hold in any finite projective geometry for which every pos¬ 
able case can be verified. 
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THEOREMS 

(2.1) P N{L) if and only if I, ^ N(P). 

Proof: Let P ^ N(L). By axiom 3 there exist two points Q and 
R distinct from P such that Q ^ iV(Z), R ^ N(L). Therefore 
JV'(P) A JV(Q) A N{R) ~ L (axiom 5). Hence L^N(P). The theorem 
would also follow from the condition N(P) A N{Q) A N{R) which 
is weaker than axiom 5. This is of some consequence since the weaker 
axiom is satisfied in certain geometries for which Pappus’ Theorem 
does not hold, whereas axiom 5 is not. 

(2.2) If N{A) = N{B) than A ^ B where A and B are both points 
or lines. 

Proof: Let B = g~'^Ag (axiom 1). We first show that N^B) = 
N(A)g. Let a be in N(B); oT^Ba. — B, or a~^g~^Aga = B = g~^Ag. 
Thus (g«g~0 = -4; hence gag~^ is in N(A) or a is in g~^N{A)g. 

Thus NiB) ^ g-^NiA)g. Similarly, N(A) ^ gN(,B)g-^ or g-W(.4)g :S 
N{B). ThereforeJV(B) = g-W(.4)g. If J\r(S) = iV(.4) theng-W(.4)g = 
N(A) or g is in NN(A). By axiom 2, g is in N(A) or g~^Ag = A = B 

(2.3) If Pi and Pa are two points, there is one and only one line L 
such that Pi is on L and Pa is on L. We call L the join of Pi and Pa. 

Proof: By axiom 4(a), (Pi, Pa) == N(L) for some L. Therefore, 
Pj^ N(L), Pa ^ N{L). Therefore, at least one L exists. If another 
line Li existed such that Pi ^ N(Li), Pa ^ NiLi) then {Pij Pa) ^ N{Li) 
or N{L) ^ N(Li). Let Li — g~^Lg where g is of finite order (axiota 1). 
Then N{Li) = g“W(i)g (as proved in the previous theorem). There¬ 
fore N(L)^g~^N(L)g. From this we obtain N(L)^ g~W(L)g^g~* 

N(L)f ^... g-”iV(Z)g» - If g** = 1, g-’^NiL)g'‘ = NiL ); hence 

N(L) = g-W(i)g = N{Lt). By (2.2) L = ii. 

Corollary 1. If P ^ iV(i), Q ^ N{L ); (P, Q) = N(L). 
Corollary 2. The points A,B,C are collinear (i.e., are on the same 
line if and only if C ^iA,B). 

(2.4) Two lines have one and only one point in common. This is the 
dual of (2.3) and is proved in the same way. 

Theorems 2.2,2.3, 2.4 and axiom 3, show that the axioms of incidence 
of projective geometry are satisfied by the sub-groups of G called points 
and lines. 


TRANSFORMATIONS 

In this section we build up a theory of projective correspondences. 
For this work use is made of the following two lemmas. 

(2.5) p~KA , B)p = ip~^Ap, p~^Bp) for any two sub-groups A and B. 
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Proof: Let o be in p~^(A, B)p. Then a = p~^{ail)iai!bi. .. a„i„) 
p = (.p~^aip) ip~^biP)... {p~^bnp) where a, is in ^, 6, in B. Thus a is in 
(p~^Ap, p~^Bp). Similarly a in (p~^Ap, p~^Bp) implies a is in {A, 
B)p. Hence P'M, B)p = (p-^Ap, p-^Bp). 

(2.6) p~^{A/\B)p == p~^ApAp~^Bp. The proof is similar to that 
of (2.5). 

Definition. Let A and B bo two points of G. The element i of G is 
said to carry A into B (written t: A B) if At ^ B. Let t~^At = C. 
Then C ^ B. But B = g~^Cg where g is of finite order (axiom 1). 
Hence C ^ g~^Cg. The proof used in (2.3) shows that C — g~^Cg=B. 
Hence if i: A B, t~^At = B. 

(2.7) If t: A B and g: B->- C, then tq: A ->• C. For (tg)~^A(tg) — 
g-i{r^At)q = g~^Bq = C. 

(2.8) li t: A B then B A. For t~^At = B is equivalent to 
(i-»)-‘Br‘= A. 

(2.9) If is a point or line iV(^) consists of all elements toi G which 
keep A fixed. 

For if <: A -^A, t~^At = .4 or < is in iV(j4) and conversely. 

(2.10) If P is a point and L is a fine through P. Then each pin P is 
such that p: L-^L. 

Proof: L ^ N{P), therefore P :£ N{L) (by 2.1). If p is in P, p is 
in NQL) or p~^Lp = L, i.e., p:L->-L. The theorem states that ever>' 
element of P keeps fixed every line through P. 

(2.11) If Li, Li and La are three lines through P and if the element t 
of G keeps Li, Ls, La fixed, t is in P. For t is in iV(L,) (t == 1, 2, 3). 
Thus t is in JV(Lx) A JV(Ls) A JV(L,)« P (axiom 6). 

Corollary 1. From (2.10) and (2.ll) a point consists of all elements 
of C each of which keeps every line through that point fixed. 
Corollary 2. If an clement f of G keeps three lines through the 
point P fixed it keeps all lines through P fixed. 

Dually, we have: 

(2.12) A line L consists of all elements i in G each of which keeps 
every point on L fixed. If t keeps three points of L fixed, it keeps 
every point of L fixed. 

(2.13) If t keeps two points Pi and Ps fixed, it keeps their join fixed. 
Proof: Let Pi, P* meet in L. Then (Pi, Pj) * N(JL). Also 

r^Pit = Pi, r^Pit ■= P*. Therefore, 

r^NiL)t - r‘(Pi,Pj)f = (r»Pif,r‘P2f)* (Pi, p,) = iV(L). 

Thus t is in J\W(L). By axiom 2, t is in N{L) or L L. The dual 
is proved in the same way; hence 
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(2.14) If t keeps two lines Li and Li fixed, it keeps their meet fixed. 

(2.15) If A, B, C are collinear points and t: A -^A', O C, 

then A', B', C sire collinear. 

Proop. By (2.3, corollary2), C ^ (A, B). A\sot~^At = A', t~^Bt=B', 
r^Ct =■ a. Thus a = r^Ct^ r^A, B)t = {r^At, r^Bt) = {A', B'). 
herefore, A', B', C are collinear. Dually, we have 

(2.16) If Li, Laiis are three concurrent lines and«: Li L[, Li ->• JL,, 
Li > ij then Li, Li and Li are concurrent. 

(2.17) If is on I, and f: .4 4', L -»■ V, then A' is on U. For 

nAt = A',r^Lt = L'and A ^ N(L). Thus r^At ^ r^N(L)t. From 
r^Lt = L', nN{L)t = NiL') (c.f. proof of (2.2)). Therefore, A'^ 
r^At ^ rW(L)t = N(,L'). 

The theorems proved up to now show that the elements of G pre¬ 
serve the relations of incidence. We next define perspectivities and 
establish their usual properties. 


DEFINITION OF RESTRICTED PERSPECTIVITy 


Let 0 be a point and let Li and Li be two lines neither of which 
passes through 0. By axiom 1, Li= p~^Lip and hence N(Li)^ 
p~^N(Li)p. Since 0 2|= ^~W(Li)p, we have by axiom 6, that 0 A N(L)p 
is not null. Let a be in 0 A N(Li)p. Put o. — kp where ft is in iV(Li). 
Then a“*Lio = (kpY'^Likp = p~^{k~^Lik)p = p~^L\p — Li. Put 
0 A Li = hi and 0 A Lj = hi. Now 

aT^iiO. = a~^(0 A Ly)a = (a~*Oa A o~*Z<ia) == 0 A Li— hi. 
Therefore, the cosets Aia and oij are equal. We define either of these 
cosels to be a restricted perspectivity from Li to Li with centre at 0 
and denote it by the symbol (i.e., Li “x ia = hiu = aht). 

(2.18) Lot < be in Li -La. Then: 


(1) . f: 0>0 

(2) . t: Li-^ Li 

(3) . If A is on Li and t: A-^B then 
B is on Li and A, B, 0 are collinear. 

Proof: By definition t = qa where g is 
in hi and o: Li -► La, and a is in 0. Since 
g is in hi and Ai=(0 A Li) g is in 0. 
Thus ga is in 0. Therefore go: 0 ->■ O. Again t~^Lit (ga)”* 
Xn(go) — B~*(g~*Lig)o = o~*Lio = La- Hence a: Li-yL%. If yi is on 
Lx and t:A-^B then B is on La by (2.17). Also f: 0 ,0, A B, i.e., 
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r^Ot = 0, r^At = B. Put (0, A) = N{U) and (0, B) = N{Li) (axiom 
4). Thcn«-W(L*)f = r^{0,A)t =‘(r^0t,r^At)={0,B)= N{Li).B\xt 
/ is in O and 0 ^ N{Lz), hence / is in N(Lz) and by axiom 2, t is in 
NN(Li). Therefore, nN{U)t = N{Lt) = N{Li) or by (2.2) 

Thus 0, .<4, J3 are collinear on La. 

(2.19) Let Li and La be two lines 
and 0 a point not on either. Let 
A,B, C be three points on Li; A', 

B', C be three points on La such 
thatAA', BB', CC pass through 0. 

Suppose t is an element of G such 
that t\ 0 ->■ 0, A -y A', L > B', 

C^C. 

Then t is in Li La. 

Proof: t~^Ot = 0, t~^At = A', t~^Bt = B', t~^Ct = C. By axiom 
4 and (2.2) {0, A) = (0, A') = N{Li) (say). Also 

nNiL»)t = r\0, A)t =ir^Ot, r^A t={0, A') = N(Zi). 

Thus i is in NN{L») or t is in N{L») (axiom 2). Hence t keeps the line 
AA^ fixed. Similarly t keeps BB' and CC' fixed. Thus i is in 0 (2 11). 
Also f:Li> La (2.16—2.17). Let o be in 0 such that a: Li-► La. (The 
definition of restricted perspectivity includes a proof of the existence 
of a.) Consider We have (io"*)"* A (ia~‘) = a{t~^At)a=‘aA'a~^ = 
A. Thus ta~^ keeps A fixed. Similarly, keeps B and C fixed. By 
(2.12) ta~^ is in Li. But ta~^ is in O. Therefore ia~^ is in 0 A Li = ki. 
Hence t is in hia = Li La. 

CoRotLARY. Li ° -►La consists of all transformations t of G, such that 
t:0->-0 and for each A of Li, t:A -y A' where A' is on La and 0,A,A' 
are collinear. We have used the adjective restricted in connection with 
the above type of perspectivity since such a perspectivity keeps the 
centre fixed. We now define a more general type of perspectivity. 

DEFINITION OF GENERAL PERSPECTIVITY 
By definition Li^-^Ls = Aia =» aAa. We define a general perspec¬ 
tivity from Li to La with centre at 0 as Li~-^Lt= hioLt^aJisZt. 
Since Aa= Oh Li, Aa^ La. Thus aAaLa= oLa. When there is no pos¬ 
sibility of confusion the term general perspectivity will be contracted 
to perspectivity. 

(2.20) If t is in then for any A on Li, t:A-^A' where A' is 

on La and A, A', 0 are collinear. 
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Proof: t - kh where ^ is in Lxir^Li and h is in Li. Now k: AA' 
where A' is on Zj and A, A\ O are collinear. Also h: A' -^A'. Thus 
f.A^A'. 

(2.21) Suppose A, B,C are three points on Zi and A', B', C' are three 
points of Li such that AA', BB', CC pass through 0. If t: A -^-A', 
B ^B', C ->- C' then t is in 

Proof : Let k be in Zi Zj. Then k: AA', B ^ B', CC. 

Thus ITH: A' ^ A', B'^B', C'^ C'. Hence k-^ t is in Z* (2.12). 
Therefore, t is in JfeZj, i.e., t is in Zi-^->Z 2 . 

Corollary. Li— -^Zs consists of all elements of G which carry the 
points of Li into the points of Li in such a way that any point and its 
transformed point are collinear with 0. This is the justification for 
the use of the term general perspectivity. 

(2.22) Let t b(' an element of G such that for every point P of Zi, 
t: P -^P' where P' is on Li. Let Zi and Zj meet at .4. If /: 4L > A 
then there is a point 0 such that t is in Zi "->-Z 2 . 

Proof: Let B and C be two points of Zi and let t:B-^B’, C ->■ C, 
where B' and C are on Zs. Let BB', CC meet in 0 (by 2.4). Let k 
be any element of Zi Zj. Then k: A A,B -^B', C-^ C'. From 
(2.7, and (2.8), k~H keeps fixed A, B\ C. Hence k~H is in Zj or /isin 
kLij i.e., t Is in L\ ^ Li. 

Definition. Let t be any element of G and Li be any line. Lot 
f^Lit = Li. To each A of Li, t: AA' where A' is on Lt. Thus the 
clement t induces a correspondence between the points of Zi and the 
points of Li. We define such a correspondence to be a projectivity. 
Using this definition (2.22) may be reworded to read: a necessary and 
sufficient condition for a projectivity t between Zi and Zj to be a per- 
spectiAuty, is that / keeps the point common to Zj and Li fixed. 

(2.23) Let A, J5, C, I? be four points no three of which are collinear. 

If an element t of G keeps A, B, C, D 

Lt fixed, / is the identity. 

, Proof: Let AB meet CD at E. 
Denote by Zi and Li the lines AJ5 and 
CD respectively. Since t: AA and 
B-^B, t: Zi->-Zi (2.13). Similarly f: 
Lt-r-Li. Thust:E-^E. Hence/keeps 
fixed each point of Zi and each point of 
Lt, Let P be a point not on Zj or Zs. 
Draw two lines PST and PQE to meet 

C4 
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L] and Li at R, Q, S, and T as in the diagram. We have 
/: 5 > 5, r > r, so that i keeps fixed the line FST. Similarly, 
t keeps fixed the line PQR. Thus t keeps the point P fixed 
by (2.14). Therefore, t is in N(P) for all points P. Let L be 
any line through three points U, V, W. Then L=N{V) A N(V) A N(W) 
by axiom 5. Therefore, f is in i for all L. Similarly / is in P for all 
points P. Therefore, by axiom 1, f = 1. 

Corollary. If an element tofG keeps all poin ts fixed t is the iden tity. 

(2.24) Let A, B, C, D; A', C, D' be two sets of four points no 
three of either set being collinear. There exists at most one trans¬ 
formation t of G such that t: A ^ A', B -^B', C-^ C',D D'. 

Proof: If ti and ti were two such transformations A A, 
B -^B, C C, D D. Hence by (2.23), hit~^ = 1 or ii = ii. 

On strengthening axiom 6, we will show that the element / of (2.24) 
always exists. 

(2 26) If A and B are two distinct points A AB = 1. 

Proof: Let P be any point not on AB and let PA = Li, PB = Li. 
Let * be in .4 A P. Then by (2.10) k keeps Li and La fixed and so 
k: P-^P. If Q be smy fourth point such that no three of A, B, P, Q 
are collinear the above proof shows that k: Q-^Q. Hence, by (2.23), 
k = 1. Therefore 41A P = 1. The dual may be proved in the same 
way yielding; 

(2.26) If Li and Xj are two lines LiALa^ 1. 

It is now quite easy to obtain proofs of Pappus’ and Desargues’ 
Theorems, but as these are not essential to our general argument they 
will be omitted here. A proof of the fundamental theorem of pro¬ 
jective geometry will be given instead. 

(2.27) The points and lines of G form a projective plane. 

This theorem follows from the fact that all the axioms of projective 
geometry (41, jE, P in the notation of Veblen and Young) are theorems 
of our system. 

(2.28) Let L be any line and P be any point. Let A and P be two 
points collinear with P but not on L. There is at most one element k 
in LAP such that k:A-^B. 

Proof, Case J: P is not on L. Let PAB meet L at C and denote 
the line PAB by Li, Let k and t be two elements of P A X such that 
i: A 4-P, £: A-^B. Then is in PAL and A-^A. Also 
P ■> P, CV C since is in P A X. Thus is in Xi, and 
therefore is in X A Xj.« 1. Hence k ^ t. 
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Case 2 : Suppose P is on L. Let U be any point not on L 
or Li. Let UA meet L at V. Choosing k and t as in case 1, we have 
kt~^: A^A, V V, P P. By (2.13) kr"'- keeps VA fixed and 
since kt~^ is in P, it keeps the line UP fixed. By (2.14) kt~^: UU 
and using (2.23, corollary) kt~^= 1 or k = t. The dual is proved in 
the same way to yield the following theorem: 


(2.29) Let L be any line and P be any point. Let M and N be two 
lines concurrent with L neither of which pass through P. Then PAL 
contains at most one element t such that t: M N. 

We now replace axiom 6 by the following axiom which is at least 
as strong (i.e., we will show that the new axiom together with axioms 
1, 2, 3, 4, 5 implies axiom 6). 

Axiom 6'. The element k of (2.28) exists. 

(2.30) (Dual of axiom 60- Let P and L bo a point and line respec¬ 
tively. Let M and R be two lines concurrent with L neither of which 
passes through P. Then there exists exactly one element kol{LA P) 
such that A: 'Jkf P. 

Proof: It is immaterial whether P is on L or not. Draw any line 
through P not passing through the point of concurrence K of L, M, R 
and let it meet M and P at ^4 and B respectively. By axiom 6' there 
is an element * in (P A L) such that k:A-^B. By (2.3, corollary 1), 
(A, K)=>N(M) and (P, P)= JV'(P). k-^NiM)k = k-^{A, K)k = 
{k-^Ak, k-^Kk) = iB,K) = N(R). Let k-^Mk = S; then k-^N{_M)k = 
N{S) == iV(P). By (2.2) P = 5. Hence, k-^Mk = P or ife: ilf > P. 
That k is unique follows from (2.29). , 

Proof of axiom 6: Let 0 be any point and Li, £2 be two lines not 
through 0. Let is be any line, different from Lx and Lt which passes 
through their intersection. By (2.30) there exists an element t in 
OALz such that ti Lx-^L%. Therefore, t~^Lit => Li. Let g be any 
clement such that g~^Lig =* Li. Then t~^Lxt =■ g“‘Z«ig or = 

Lx, i.e., tg~^ is in iV(£i) or t is in N{Lf}g. But t is in 0. Therefore t is 



in OAN{Lx)g. 

(2.31) Let A,B,C,Dho four points no 
three of which are collinear. Let P* be 
any point not on AB, BC or CA. There 
exists an element t oi G such that t: 
P and t keeps A, B and C fixed. 

Proof: Let PP' meet AB at E. De¬ 
note by Lx and La the lines .<4 C and CD' 
respectively. By axiom 6', there exists 
a unique element g in Z-i A P such that 
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q:D^D'. Then g: ^ ^, C C, D ^ D', B where B' is on the 

line EB and is distinct from A and E. Take r in (Z,* A 4) such that 
ri B'-^B (r exists by axiom 6'). Then r: A-^A, CC, B' B, 
D' ->■ D'. Then t — gr keeps A, B and C fixed, and makes D ->■ D'. 

Corollary. The element / is unique, for if « be any other such 
element tiT^ keeps A, B, C, D fixed and hence by (2.23) tu~^= 1 or 
t = u. 

(2.32) Let A, B, C, D and A', B', C, D' be two sets of four points no 
three of which in either set are collinear. (The points A', B', C, D' 
are not necessarily distinct from the points of the set A, B, C, D.) 
There exists a unique element f of G such that i: A ■^A', B 
C->.C'and X> •>!)'. 

Proof: Using (2.24) it is only necessary to prove that at least one 
such t exists. In order to avoid the many cases which arise owing 
to the possibility that some or all of A', B', C, D' may lie on the sides 
of the complete quadrangle A, B, C, D, we take another set of four 
points A", B", C", D" no three of which are collinear and none of 
which lie on the sides of either of the complete quadrangles formed b> 
A, B, C, D and A', B\ C, D' respectively. By (2.32) there exist 
elements a, b, c, d, of G such that 


A-^A 

b: A^A 

C: A^A 

d: A-^A" 

B^B 

B^B 

B^B" 


C^C 

C^C" 

C'V C 

C" 

D^D" 


D"^D" 

D"^D" 


The element « = aied sends A ->• A", B B”, C > G", D > 
Similarly there exists an element v such that 

v: A"^ A', B', C"-y C, D'. 

The required clement t is then taken as uv. 

In (2.27) we have shown that the points and linos of G form a 
projective plane. Denote this plane by II. Let the projective col- 
lineation group of n be G'. 

% 

We now prove the main theorem: 

(2.33) The groups G and G' are isomorphic. 

Proof: Every element of G induces a projective collineation of the 
points of n. Thus G ^ G', However, every element of G' is com¬ 
pletely characterized by four arbitrary points no three of which are 
collinear and their images, which must form a set of four points no 
three of which are collinear. By (2.32) G'^ G. Therefore G = G'. 
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Part III: The Automorphisms or G 

As an application of the results of part II, we will give a proof of 
the following result—the group of all automorphisms of the projective 
collineation group is isomorphic to the group of all collineations and 
correlations of the underlying geometry. We will give an explicit proof 
in the two-dimensional case only. Extension to »-dimensions can be 
carried out by use of the following properties of n-dimensional pro¬ 
jective geometry. To each point of our ^-dimensional space associate 
the group of all projective collineations each of which keeps fixed every 
hyperplane through that point. The following three properties of 
points hold: 

1. For any two points P, Q; F A Q = 1. 

2. The point Pr is on the hyperplane determined by Pi, Pa,.. .Pr_i 
if and only if P,^ (Pi, Pa,. •. Pr-i). 

3. The group of a point P consists of homologies and elations 
exclusively. If furthermore it is shown that every automorphism of 
the projective collineation group carries a harmonic homology into a 
harmonic homology, the proofs of the two dimensional case will all 
carry over to the »-dimensional case in a direct manner. A proof of 
the above property of harmonic homologies will be given in a sub¬ 
sequent paper. 

Our proofs in the two-dimensional case are S3mthetic, i.e., they do 
not depend upon the introduction of a co-ordinate field. They fail for 
those geometries in which a complete quadrangle has three collinear 
diagonal points, for in such geometries harmonic homologies do not 
exist. For such cases the proofs can be altered slightly by making use 
of projective collineations of period three. The existence of such 
has been established in (1.15). Analytically the exceptional cases occur 
when the co-ordinate field is of characteristic 2. The relevant theorems 
follow. 

Theorem 3.1. Let f be a harmonic homology with A as centre and 
L as axis. Let u be an clement of G such that uk = ku for each kofG 
such that tk = kt. Then u is a homology with A as centre and L as 
axis, and conversely every homology with A as centre and L as axis 
commutes with each such k. 

Proof: We first show that tk = kt if and only if k keeps A and L 
fixed. Indeed ii k:AA,L-^L, k~Hk is a projective transformation 
of period 2 which keep)S every point on L fixed and every line 
through A fixed. Hence k^^tk ^ tor tk — kt. Qn the other hand if 
k: A Jr I. and Z, T where the pair A, Lis distinct from the pair 
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A, Z, k~Hk = V where » is a harmonic homology with centre and axis 
X and X respectively. Thus v therefore = Ao 4= If « be 
an element of G such that uk — ku for all k, then in particular ut = tu, 
so that u'. AA, L-If-L. If« does not keep all points on L fixed 
suppose «: P > Q where P and Q are on X, P 4^ Q. Let k be an element 
of G such that k: AA, Q-^ Q, FR where P is on £ and R^P, 
R^Q. Then so that 4= « or Hence 

if uk = ku for all k, then « keeps all points on L fixed. Similarly u 
keeps all lines through A fixed. Therefore, « is a homology with 
centre A and axis L. SuppKjse now that is an arbitrary homology 
with A as centre and L as axis and k is an arbitrary transformation 
which keeps A and L fixed. 

Letife A^A',B^B',C-^C'wherc 
u: B-^C. Since A, B, D, C are col- 
linear so are A, B', E, C. Again 
ABDC 7\ AB'EC so that BB', 

DE, and CC are concurrent at F 
By definition «:P VC'. Now4«^”*: 

P ->• C for all B or kuk~^ = u, i.e., 
ku — uk. 

Theorem 3.2. In any automorphic^ mapping of G, the image of a 
homology is a homology and conversely, every homology is the image 
of some homology. 

Proo/: Denote the mapping by c c' for each c of G. Let be a 
homology and k' be its image. If the centre and axis of ife be A and L 
respectively denote by t the harmonic homology with centre and axis 
A and L, If f ■> t' then t' is a harmonic homology since = 1 implies 
1. Let the centre and axis oi t' ha A' and U respectively. If 
then Vi = tu implies /V. Conversely, each element 
which commutes with t' is the image of some element which commutes 
with /. By Theorem 3.1 k' is a homology with centre A' and axis X'. 
By applying the inverse automorphism we see that every homology is 
the image of some homology. 

Theorem 3.3. Let A, P be two points and X, JIf be two lines such 
that A P and X 4^ Jlf . There exist homologies ki and ki sudi that 
ki has centre and axis A and X, kt has centre and axis P and M and 
such that kjii, is not a homology or elation. 

I 

Proof, Ckise t ; A and P both not on X or M. In this case ki and kt 
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may be taken arbitrarily. Let 
L and M meet in P. It is quite 
obvious that kxki has only P, 
and at most two points on the 
line AB as fixed points. Hence 
kik^ is not a homology or ela¬ 
tion. 

Case S: One of -4 or P 
on L or M. The same proof 
holds as in case 1. 


Case 3: A is on M, B on L. Let C be on AB and suppose 
jfei- C Choose k 2 such that 
kii £ =1= C. Then kihi 

keeps fixed At B and P. An> 
other fixed point must be on the 
line AB. But not all points on 
AB are fixed since kik 2 : CE. 

Therefore ^ 1^2 is not a homology 
or elation. 

Corollary. If kih are two ho¬ 
mologies with distinct centres and 
distinct axes and is not harmonic then if kik 2 is a homology or elation, 
* 1^2 is not a homology or elation. The proof follows by an obvious 
extension of case 3. 



Theorem 3.4. If h and t 2 are two harmonic homologies with the same 
centre At their images in any automorphism of G are harmonic homo¬ 
logies with a common centre or a common axis. 

Proof: We first show that if ki and are two distinct homologies 
with the same axis (centre) and distinct centres (axes) of which ki is 
harmonic but is not harmonic, then kikz is a homology with the same 
axis (centre) as that of ki and ki. That the product is a homology or 



elation with the same axis is obvious 
by definition. We show that it can¬ 
not be an elation. Let L be the com¬ 
mon axis of ki and ki and let A 1 and 
.4.2 be their respective centres. Let 
AiA 2 meet L in Z7. If kxki is not a 
homology it is an elation with L as 
axis and U as centre. Let P be any 
pointnotoniorontheline.4iii2- From 
the diagram ifei: P•> Q where 
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PQ) (i.e., -4i, 5 and P, Q are harmonic conjugates). Since is an 
elation Q^R where R is on QA% and on UP (since kik% keeps UP 
fixed). Also QPSA\^QRVA% so that H{QR\ VA^, This implies 
that ^2 is harmonic in contradiction with our assumption. Now let 
h •> tiy h-^t% in the given automorphism. Let the axes ti and h be Li 
and L2 respectively. If ti and have neither a common centre nor 
a common axis, let their centres and axes be Ait Li and Ai\ Lz res¬ 
pectively, Let fe be a homology 4= ^2 with centre A 2 and axis Lz. By 
Theorem 3.2, fe -> jfe' where fe' is a homology with A 2 as centre and L2' 
as axis. Now hk •> tik\ By a proper choice of fe, h'k' is not a homo¬ 
logy (Theorem 3.3). On the other hand from the remark made at the 
beginning of this proof hk is a homology. This is in contradiction with 
Theorem 3.2. Hence either Ai— Az or Li = Lz- 
Corollary 1. If fei and kz are two homologies with the same centres, 
their images ki, kz are two homologies with a common centre or a 
common axis. 

Proof: Let fei and kz have centres and axes il, Li and .4, Lz respec¬ 
tively, and suppose that h and tz are the harmonic homologies which 
have the same centres and axes as fei and fe2 respectively. By Theorem 
3.4, h > /i', tz > /2'where ti and tz have a common centre on a com¬ 
mon axis. Since fe / and kz have the same centres and axes as // and tz 
respectively (Theorem 3.2), it follows that fe/ and kz have either a 
common centre or a common axis. From the principal of duality we 
have immediately: 

Corollary 2. Any automorphism of G carries two homologies with 
a common axis into two homologies which have cither a common centre 
or a common axis. 

Theorem 3.5, The image of an elation in an automorphic mapping 
of G is an elation and conversely every elation is the image of an 
elation. 

Proof: Let r bo an elation with centre at 2I. Then r = kikz where 
fei and fe2 arc homologies with a common centre A. If fei>fe/ and 
fe2 •> kz then r « feife2 > fex'fea'^ r' under the automorphism. By (3.4, 
corollary 1), fei' and kz are homologies with a common centre or a 
common axis, so that r' is a homology or an elation. If r' is a homology 
then the inverse mapping maps the homology r' on to the elation r, a 
contradiction in view of (3.2), Therefore, r' is an elation. The inverse 
mapping also shows that every elation is the image of an elation. 
Corollary. The only sub-groups of G which consist of homologies 
and elations alone are points, lines, and their sub-groups (except the 
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trivial case of a group which contains harmonic homologies only). It 
will be sufficient to prove that all the homologies of such a group have 
either a common centre or a common axis. If not, the group will 
contain two homologies ki and kz of which kt is not harmonic and such 
that ki and ^2 have distinct centres and distinct axes. By (3.3) and 
(3.3, corollary), either kiki or is not a homology or elation. This 
contradicts our hypothesis. 

In the subsequent work we will use our dual interpretation of points 
and lines. A point P is either considered as a point in a projective 
plane or a sub-group of the projective group G. A similar dual inter¬ 
pretation will be placed on lines. 

Theorem 3.6. Let P be any point. If an automorphism T makes 
a-yc^ for each element a of G, then P^, the group of all images of 
elements of P is a point or a line. 

Proof: Since P consists of homologies and elations only so does P^. 
By (3.5, corollary), P^ ^ L where I, is a point or line. If Q be any 
other point N for some point on line JV. If L is a point (line), N 
can always be chosen to be a point (line) since P^ and are conjugate 
sub-groups of G,'bcing the images of conjugate sub-groups. We first 
show that JV =1= L for if iV = X then P'^^L,(f^L or (P^, Q^) * 
(P, of is contained in L. The relation (P, Q)^^L is impossible since 
L consists of homologies and elations only whereas (P, Q) and hence 
(P, Q)^ contain other types of collineations. Hence N Again, 

if P^:+: L let c be an element of L not in P^. Since c is a homology or 
elation it is the image of a homology or elation c, where c is not in P. 
Since every homology or elation lies in some point c is in Q P. If 

^ N then c = is in JV. Thus c is in N AL. But JV A L = 1. 
From this contradiction we deduce that P^ = L where i is a point or 
line. 

COROIXARY 1. In the same way it can be shown that if X is a line, 
X^ is a point or line. 

COROIXARY 2. If an automorphism T maps one point into a point it 
maps every point into a point and every line into a line, if T maps one 
point into a line it maps every point into a line and every line into a 
point. The proofs of both cases are the same. We prove the second. 
If P^ is a line for some point P, is a line for every point Q since 
P^ and are conjugate sub-groups of G. If X®^ is a line for some line 
X then the mapping P>P^, X->■ X*" implies PAL-yP^ A X^. But 
PA X is not the identity whereas P^ A is the identity, a contra¬ 
diction. Hence iJ is not a line and so must be a point (corollary 1). 
Theorem 3.7 (Jlfam PAeorew). Let G be the projective collineation 
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group of a projective plane n. With each automorphism of G we may 
associate a unique collineation or correlation of n and, conversely, with 
each collineation or correlation of n we may associate a unique auto¬ 
morphism of G, the mapping being an isomorphism. 

Proof: Let T be an automorphic mapping of G. Consider the 
mapping P > P^, I, > as a mapping of the points and lines of H. 
If is a line for some point P then the mapping is a point-line, line- 
point mapping of H. If P, Q, R are collinear points and P^, Q^, P’ 
are their images, the relation P ^ (Q, R) implies P^^(Q, R)^ = {Q ‘, 
P^). Hence P^, RF are concurrent lines. Similarly concurrent 
lines map into collinear points. Thus the mapping is a correlation of n 
(not necessarily projective). Similarly, if P^ is a point for a point P 
the mapping is a collineation of n. To prove the converse we note the 
following properties of G. 

1. Any element of G is the product of a finite number of homologies 
or elations. 

2. Homologies and elations, by their very construction, arc pro¬ 
jective collineations. 

3. The transform of a homology or elation by any collineation or 
correlation of the plane n is a transformation which has a line of fixed 
points and hence is a homology or elation. 

Now let c be any collineation or correlation of II and let u be any 
projective collineation. Then u — hihi ... hr where each of the hi is a 
homology or elation. Put ti = c~^uc. Then « = <r^(Jiiha.. .hr) c 
(c~%ic).. .{c~%rc). Since c~%iC is a homology or elation iZ is a pro¬ 
jective collineation of G. Hence the mapping u-^it => c~Hic is an 
automorphism of G. Finally, it is easily seen that distinct collineations 
or correlations of n induce distinct automorphisms of G. 

The work carried out in the above paper is part of a tliesis, written 
by the author in April, 1942, as part of the requirements for a Ph.l). 
degree at the University of Toronto. The delay in publication is 
partly due to the war. The author wishes to express his thanks here 
to Professor G. de B. Robinson for very valuable aid during the 
carrying-out of this work. 
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ON A BOUNDARY VALUE PROBLEM FOR A CLAMPED 

PLATE 

By A. Weinstein and J. A. Jenkins 
Presented by S. Beatty, F.R.S.C. 

1. Introduction 

^ I 'HE present paper provides the theoretical basis for the variational 
method employed in a previous note by A. Weinstein and D. H. 
Rock (1944). Up to the present this method has been applied only to 
the computation of eigenvalues (Weinstein, 1937). Here we deal with 
functions approximating to the solution of a boundary value problem 
for the clamped plate. We will follow the general outline of the paper 
“On the Unified Theory of Eigenvalues of Plates and Membranes” 
by N. Aronszajn and A. Weinstein (1942), which we will refer to 
as AW. 


2. The Variational Problems 

Let 5 be the domain of our plate in the {x, y)-plane. We assume 
that it is bounded, of finite connectivity and with a boundary consisting 
of a finite number of arcs of bounded mean curvature, two arcs having 
at most their end points in common, the angles at the common vertices 
being > 0 and ^ 2ir. 

The following notations will be employed throughout the paper: 

(1) J{w) s SS [(Aw)® — 22 w] dx dy, 

where g denotes a fixed function; 

(2) (v, w) e SS » w dx dy. 

S 

We formulate now the variational boundary value problem of the 
• bending of a clamped plate as follows: 

Problem VP: To find a function minimizing the expression J{w) 
among all functions w continuous in 5 + C possessing continuous first 
and second derivatives in 5, the Lapladan Aw being of integrable 
square in 5. Moreover, w must satisfy the boundary conditions 

(3) w ^ 0 on C; 

(4) — = 0 on C (at points of the boundary admitting a normal). 
dn 
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As in the previous paper, we consider a new variational problem 
VPo obtained from VP by subjecting the minimizing function to onh 
the first boundary condition 
(3) w = 0 on C. 

It is well known that the corresponding differential problem can be 
solved in terms of the problem of the equilibrium of a membrane. The 
solution of VPo will provide the first step in the approximation to the 
solution of VP. For this reason, VPo will be called the base problem. 

The base problem will be linked to VP, or, more exactly, to an 
equivalent problem, by a sequence of intermediate variational prob¬ 
lems introduced in the following manner: 

Let 

(5) piix.y), y),... denote a sequence of linearly independent 
harmonic functions of integrable square and regular in S and complete 
in the set p of harmonic functions of integrable square in 5. 

We then define the intermediate variational problems VP^ = 
1 , 2 ,.. .) as follows: 

Problem VP^: To find a function minimizing the expression J(w) 
among all functions w continuous in S + C possessing continuous first 
and second derivatives in 5, the Laplacian Aw being of integrable 
square in S, 

Moreover, w must satisfy the boundary conditions: 

(3) w ^ 0 on C; 

( 6 ) {pk,Aw)^0k = 1,2 -- m. 

Finally, we consider a variational problem VPoo defined in the 
same manner as VP^, except that the condition 

(6) (pk, Aw) - 0, ^ = 1, 2.... m, 
is to bo replaced by the condition 

(7) (/?„ Aw) = 0, for all p,{x, y). 

We will show that the solutions of VPm can be expressed in terms 
of the solution of VPo and that they converge to the solution of VPoo. 
Further, it can be shown, as in AW, that the solutions of VP and VPo© 
are identical. 

3. Existence and Uniqueness for the Problems VP^ and VPoo 

The Green’s potential Gf of a function f of integrable square is 
defined by 

(8) Gf = G(jc, y;/) = -SS g(», y, S, ^)d^dn, 
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here g{x, y, v) is the Green’s function for the domain 5. The 
properties of this operator are outlined in AW, section 2. 

For functions satisfying 
(3) w = 0 on C 

the equation Aw - f is equivalent to the equation w = Gf. Hence 
for these functions we can write 
(9) = (/,/)~2(G/,g), 

where we have set Aw = /. 

Further, the problem VPm amounts to minimizing 
W (J,f)-2{Gf,q) 
under the conditions 

(.10) (/. ^>„) = 0, w = 1. m* 

Since 

(H) (f-GgJ--Gq)^ 0 

^^c have 

(12) (/,/)-2(/,6g)^ -{Gq^Gq). 

Since G is a symmetric operator the left side is equal to the expression 
(9), which is thus bounded below. Let denote its greatest lower 
bound and let } denote a sequence of functions satisfying the 
boundary conditions of VPm and such that the corresponding values 
of the functional J converge to Mm* 

This implies 

(13) Gq) - 
w here •> 0 as a > <». 

Hence 

(1 i) (/(") - GqJ<^^ - Gq) - Gq) + 

and so the left-hand side is bounded above for all cr. 

Moreover, l)y the triangle inequality, 

( 15 ) - Gg)*+(Gg, Gq)’, 

so that is uniformly bounded for all <r. Thus the sequence 

contains a weakly convergent subsequence which we denote by 
again, which has a weak limit which we will call provisionally/. 

*This new problem, which we denote by VP^ again, might at first sight appear 
more general than the original one. However, the function w ^ Gf corresponding 
to the solution/of the new problem will be found to have two continuous derivatives, 
and thus the problems actually are equivalent. 
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Again wc have 

(16) = 2(/W, Gg)+ ;u„+ 

and taking the limit as <r •> oo 

(17) (/./)< lim (/('),/('))= lim {2(/W,G2 J+m«+««} 

<r^OO ff-^OO 

“ 2(/, G$)+ Mm. 

Wc next observe that / is an admissible function in VPm since 

(18) (/. Pk) - lim (/(^), - 0, ife - 1,..., 

tr-> CO 

Thus also 

(19) (f,'f)-2(f,Gq)^ 
so that finally 

(20) (f,f)-2(f,Gg)=> Mm. 

This proves the existence of a solution of VPm, which will be de¬ 
noted by/„. 

The existence of a solution of VPoo is proved in precisely the same 
manner. 

Wc denote the solution by and the corresponding minimum 
by M<x>- 

A necessary condition for a function to be a solution of VPn, is 
obtained by considering an arbitrary function ^ orthogonal to the 
space spanned by . p„. For any such <l> 

(21) (A - 2Gg, A):S(A + ep - 2Gg, h + ep) 

S(A — 2G2, A)+ «(2A — 2Gg, <f>) -f- «®(<^, (j>). 

For h to provide an actual minimum the coefficient of « must 
vanish, i.c. 

(22) (A-Gg,«)=0. 

for all functions 4> orthogonal to the space p„. These functions p 
constitute a linear manifold $ completely orthogonal to the linear 
manifold })«. Thus by the general projection theorem 
k — Gq must lie in 

Therefore almost everywhere in S 

(23) A = Gg+ S p,. 

1 

By modifying the solution in a set of measure zero wc can have 
this equation holding everywhere in S. 

Further, for A to be a solution of VPm, it must satisfy the boundary 
conditions 
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(24) {h, pi)=0, k == 
so that 

m 

(25) S {pj, ph) ~ — (CJg, = 1,... , w. 

j-i 

These equations determine the uniquely since the determinant 
of their coefficients is non-zero, being Gram's determinant for the 
independent functions ^>i,..., pm- 

Since fm is a solution it is by (23) and (25) the unique solution and 
is expressible in the form 

m 

(26) /„=G2+2 a^p,. 

i-1 

Similarly any solution of VPoo must have the form 

(27) h = Gq + p, 

where ^ is a harmonic function in 
As above we must have also 

(28) (A, pi^ = 0 for all 
so that 

(29) {p, ph) == - {Gq, ph) for all k. 

By the completeness of the sequence in the set)), p is deter¬ 
mined uniquely. 

Hence, as before, since/a, is a solution, it is by (27) and (29) unique 
and is expressible in the form 

(30) /oo= Gq + p. 


4. Convergence 

Next we shall prove that the functions fm converge strongly to 
/cO fri 5. 

We observe that we have for tlie problems VPm(w — 0, 1, 2,... ,<») 
minima 

MO— Ml— M2— .... — Moo, 

and we know that Moo is finite. 

Since 

(31) {fm- Gq, fm- Gq) - {U /m) - 2{fm, Gq)+{Gq, Gq) 

= JJ>fn+{Gq, Gq):^ ^oa+{Gq, Gq), 

the first term is bounded above for all m. 

Moreover, 

(32) (/„, fm-Gq)*+iGq, Gq)*, so that (/„,/„) is uni¬ 

formly bounded for all m. 

Thus the sequence {/«} contains a weakly convergent sub-sequence 
{/»i} with weak limit/say. 
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Since 

(33) (Jm, pk) -0 iork^m, 
we have 

(34) (/, = 0 for all fe. 

Moreover, 

(35) ■“ 2(/to;|.j Gq) = Moo> 
so tliat 

(36) (JJ) - 2Cf, Gq) <^ (/^,,/^,) - 2(/, Gg)^ Mco- 

ife^oo 

Since / is an admissible function in VPoo this implies 

(37) (/,/)-2(/,Ga)=/Zoo, 

and since the solution of VPoo is unique / = /oo- 

Indeed, the entire sequence {f^} must converge weakly iofeo for, 
if it did not, there would exist a sub-sequence which would converge 
weakly tof*9^ /. However, by the same argument as above, we would 
have/^ = /oo and so a contradiction. 

The above proof further establishes that 

(38) lim fimj^ “ Moo • 

h^oo 

Since the sequence of the n's is monotone increasing this implies 

(39) lim Mm~ Moo- 

m*>>oo 

In the relation 

(jfw’jfm) ~ Gg) H” Mm 

the right-hand side possesses a limit as w > co. Hence so docs the 
left-hand side, and we have 

(40) lim (/^, fm) == 2(/oo, Gq) + moo = (/oo,/co). 

w->-oo 

Finally, 

(41) (/w»*^/ooi/m /oo) ~ C/mr/m) *4'(/oo»/oo) ^{fmifco)» 

As w CO the right-hand side has limit zero, thus 

(42) lim (/m*^/ooj/m /oo) “ 0, 

m-^-oo 

converges strongly to/oo, as stated. 

We note further 

m 

(26) fm= Gg + S a^mp 3 = Gq + A* say; 

(30) /oo = Gg + />. 

so that hm converges strongly to p. 
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It is well known that this implies hm{x, y) converges to p{x, y) in 
5 and uniformly so in every closed sub-domain of S. 

To/m and/oo correspond solutions and Wa> of the problems VPm 
and VPoo in their original form. They are expressible as 

(43) Wm= Gfm= GGq -j- Ghm', 

(44) Wa, — Gf CO = GGq - 1 - Gp. 

For these functions to be solutions of VPm and VPoo, it is necessary 
that Wm and Wco and hence GGq possess continuous first and second 
derivatives. For this it is sufficient that q be bounded and of integ- 
rable square. 

The first set are the equations employed in numerical computation 
of the approximations. 

We now show that Wm converges uniformly to Wa, in 5 4- C. 
Indeed, 

(45) Wco- Wm= G(p — Am) = — SSg(*, V, l) [/(f, v) —Am(|, v)]d^Tl, 

8 

so that 

(46) Iwoo - (SS g*(*, y, I, fi)d^dri) (SS [i>(|, n) -Am(f, 7])Yd^dfi). 

8 8 

Here on the right-hand side the first factor is uniformly bounded 
for {x, y) in 5 4- C, and the second tends to zero as wi w. This 
proves the assertion that ja/eo — Wml 0 uniformly. 

The functions Ghm and Gp possess all derivatives in the interior 
of S. We shall show that the derivatives of Ghm converge uniformly 
to those of Gp in every closed sub-domain S of S. Wm and Wa, possess 
as many derivatives as GGq, and all existing derivatives of Wm con¬ 
verge to the corresponding ones of Woo , 

since 

Woo— Wm = Gp — Ghm- 

To prove this result for the first derivative we consider a point 
P(*, y) of S and write 

(47) Woo- Wm= -[SS + SSg(*.y»?i’7){p(€.’j)-*m(f, ’?)}dSd’?]- 

8 8-8 

We can differentiate with respect to x under the integral sign each 
term on the right-hand side, the first because p — hmi^ regular in S, 
the second because P is exterior to S — S. 
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Thus 

(18) . - rssisfeyiM j Jfrf, 

dx* L ^ dx 

+ 55 jg(«> .. y. t. v) I , 

a.v J 

so that 

-^1 d^dv 
dx I 

Here €m denotes the maximum of | p{Xy y) — hm(x, y)l in 5 and so 
tends to zero as m tends to infinity. Thus the right-hand side tends 
to zero uniformly for (x, y) in S as m tends to infinity. 

Evidently the analogous result is true for differentiation with 
respect to y. 

In the case of the higher derivatives we can use Green's theorem 

relative to 5 to express , for example, as the sum of an 

dx 

indefinitely differentiable function and a term like the first integral In 
Ww above. The only difference is that 

{ v)-fim(i,v) } is replaced by L { p(i,ri)- k„(^,v) } . 

This does not aff<‘Ct the proof since the derivatives of ^ — hm converge 
in the same manner as the function itself. 

This completes the proof of all the desired results for the problem 

VPco. 


(49) 


aC^C/oo-^m) 


dx 


s 


5. Equivalence of the Problems VP and VPoo 

The equivalence of the problems VP and VPoo is proved precisely 
as in AW, section 5- (Indeed, all results proved here are equally true 
for the wider class of domains employed there.) Thus the existence 
and convergence properties proved for the solution of VPoo hold for 
the solution of VP. It should be observed that in order to obtain an 
independent existence proof for VP we must make use of the second 
proof in AW, section 6, no. 2. 
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6. Equivalence of the Variational Problem with the 
Differential Problem 

As in the first part of AW, section 6, we obtain at once: 

The solution V) of the variational problem VP is the unique solution 
of the differential equation 

(50) Lbxo = ? 

satisfying the boundary conditions 

(3) w = 0 on f; 

(4) — = 0 on C (at points of the boundary admitting a normal). 
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SECTION THREE 

PRESIDENTIAL ADDRESS 

The Expanding Role of Physics in Biology and 
in Medicine 

By E. L. HARRINGTON, F.R.S.C. 

T O present \'ivirHy the revolutionary effect on biology and medicine 
of the application of the principles and instruments of physics in 
these fields one would need to recall to your minds the state of medicine 
during the centuries when the scientific method, tj-pical of ph\sics, had 
little place. In those da\s medicine was considered a secret art and 
so-called physicians or medicine men employed strange incantations 
and magic brews of most ridiculous and even revolting substances. 
The\ guarded well their m\steries and magical formulae. 

A start towards scientific medicine was made when physics gave to 
the i)h>sicians the microscope and thereby made possible direct obser¬ 
vation. of many life processes in body cells. The science of physiology 
is said to have begun with Harvey, who was among the first to apply 
systematic measurements to biological phenomena and to point the 
way to advances in our knowledge of circulation through the use of 
manometers, the stethoscope, and the microscope. But the advance 
was slow, partly’ because of the opposition of the church, the state, and 
the medical men themselves who did not want to have their magic 
subjected to the acid tOvSts of science. Indeed the study’ of anatomy' 
and the apj^lications of physical apparatus to the human body’, or even 
to (*xperinu*nlal animals, were considered a crime against God and 
man. During the centuries through which such attitudes were domi¬ 
nant mediciiK* advanced but slowly’ and at times lost ground. 

But science gradually' acquired freedom during the last century' and 
in the lifetime of the senior men of scicmcc and of medicine now living 
the world has witnessed a tremendous growth in all sciences, par¬ 
ticularly' in phy'sics, and perhaps as much progress in what may' be 
termed scientific medicine as in all previous time. Medicine has be¬ 
come a science rather than a mere art, and there is a grow’ing appre¬ 
ciation of the flood of new’ principles, new’ methods, and new’ instru¬ 
ments which have been made available as a direct contribution of the 
sciences. 

Physics is generally’ recognized as the basic science, and its prin- 

1 
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ciplcs form the fouiidalions not only for chemistry, geolo.i>\', meteor¬ 
ology, and all branches of engineering, but just as truly for biology and 
medicine. Yet until recently ph\ sics has been discounted b\ practicing 
ph^ sicians and thoroughly disliked h\ medical students. I'his <uioma- 
lous situation has been due neither to the poor quality of instruction 
nor to an\ incapacity on the part of physics to render valuable S 5 er\ice 
to medicine. It has been due mainly to the failure of the medical men 
to receive in their premedical training a sufficient grasp of physics to 
enable them to use it as a tool or even to reali7X‘ its potentialities in 
their field. But the responsibility for this failure must be placed on 
the ph^’sicists who gave instruction in ph 3 ’sics to premcdical students, 
for most of them knew so little of medicine and the medical sci<‘nces 
that the\' were incapable of drawing on these fields for illustrative 
material. PracticalK^ all texts in physics turn to the fields of engin¬ 
eering for their applications of principles, and there is little or no ('arr\ - 
over into anatom^^ ph\'siolog\% or even into medical practit'(‘. The 
premedical student generally’ finishes his couise in ph\sics with *1 sigh 
of relief rather than wdth the sense of having acquired something w hich 
should function increasingh’’ in his life-w'ork. One of the t(‘\ts most 
widcl}" used at the present time was found to contain eleven times as 
man 3 " illustrations drawn from the field of engineering as from the 
medical sciences or from medical practice, and fifteen times as main 
problems. Whether this reflects ignorance or merely indifference one 
might hesitate to say, but it is most certainh’ not due to an\' lack of 
material in the latter fields. 

Main’ of 30 U ma}' know that Glasscr, a plnsicist of the ClevtTind 
Clinic, with the help of about 250 contrilnilors, has isvsued a treatise of 
Medical Pin sics containing about 1,760 large, clovsely printed p<ig<‘s. 
Its index of authors to w'hom references are made in the tixMtivse t'on- 
tains over fiv(' thousand names. The fact that such a book ('ould be 
WTitten, that such a mass of literature on the applications of pin sics 
to biology and to medicine does exist, in itself is strong support for the 
theme of this address— that there has been a rapid extension of ph\ sics 
into these fields. The fact that such material is now at luind places 
the responsibility of giving more suitable courses in physics to the 
prcmedical students squarcl}' on the shoulders of the professors of 
ph\sics. It is now possible to give to such students phyvsics courses 
quite as w’ell suited to their needs as the courses traditionalh’ given 
have been to the needs of the engineering student. 

In support of this basic contention a few illustrations w’ill be given 
in each of several main branches of physics b}’ wa}' of evidence of the 
fundamental importance of this science to medicine, and of the new 
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advances in medicine made possible by the phenomenal activity in 
ph 3 ’sics diirini’ the last half-centur\\ 

One ma^' find interest even in the old field of mechanics, which has 
been the handmaiden of medicine and the basis of physical therapy 
throu 5 »hoiit histor\ . Yci only too recently has the analytical stud\^ of 
forces been carried over to the &tud\' of bone stresses, tendon and 
muscle tensions, and of the elastic constants of these materials. These 
matters are of basic importance in the rebuilding of the thousands of 
bodies broken in the world war. A plnsician who understands the 
elementary principles of mechanics can see stresses in the various 
joints, and in other parts of the skeleton, and in the muscles, which 
arc of far greater magnitude than could be conceived intuitiveh . One 
nho realizes that the normal stresses in an ankle joint may rise to 
several times the emtire weight of the body of which it forms a part 
deals more intelHg(‘ntly with that member than one whose knowledge 
is qualitative rather than quantitative. His treatment of fractures is 
made far -limpler, and the rOvSiilts are better and more quickly obtained 
than those which would be secured bv one following the older prac¬ 
tices. Many' of the methods employ'cd in the now' w'ell-establishcd 
physical therapy have grow'n out of the revival of interest in such 
commonplace matters as stresses, torques, and energy considerations, 
as applied to the human body'. Not only' in Canada and the Ignited 
States but in Europe as avcII the mechanical aspects of phy'sical therapy' 
are proving so effective that medical men have come to use such tech¬ 
niques Lo a degree unknowm a few' y^ears ago. Yet mechanics has been 
one of the most unpopular branches of phy’sics among premcdical 
students, who are seldom led to associate mechanics with their ow'n 
bodies. 

Aside from the eanccM* problem the matter of blood circulation is 
the lof)-ranking issue bc'fore the medical fraternity today and, it might 
be added, a matter of gn‘atest concern to insurance companies. Indeed 
the lattcT have* joine<l in supporting many research projects designed 
to discover if possible the principal causes of failure in circulation and 
therefore of deaths from this cause. The work of the heart and its 
likelihood of failure depend primarily on the ordinary principles of 
hy'drodynamics, on factors which pertain to the flow of liquids in 
general. The physiologist and the physicist find the circulatory 
sy'stcm lo be essentially' a dual system of tubes wdth tw'O pumps, and 
that the same relations among such factors as pressures, fluid velo¬ 
cities, tube diameters, viscosity, etc., hold as would require consider¬ 
ation in dealing with the problems of flow in, say, an oil refinery. In its 
complete circuit the blood must pass through tw'o pumps for exactly 
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the bcimo reason that pumps arc clistributed along the course of an oil 
line; this makes for lower pressures along tht* vessels than would be 
possible otherwise, besides offering better controls. 

The old-school pliNsician w'as, or is, prone to speak qualitativcl\ of 
the “strain on the heart,” but the present physicians and physiologists 
calculate the energy requirements in terms of the pressure against 
which the heart must pump, the resistance offered by the orifices, and 
the volume and the velocity^ of the blood pumped into the arteries per 
beat; all involving an expression of several algebraic terms, and remi¬ 
niscent of problems in physics. Manometers have been connected to 
many’ different parts of the circulatory’ sy’stem, and flow meters inserted 
in phy’siological research. The specialist not only’ measures the pres¬ 
sure but he may^ by’ the intricate tools of phy’sics, secure electrocardio¬ 
grams by which he is guided in his diagnosis and his treatment of the 
patient. Lately highly complicated radio tube circuits have been deve¬ 
loped w’hich make possible ultra-high amplifications of the variations in 
electrical potentials in various parts of the body’, and which have 
thereby thrown much light on the many’ vital problems related to the 
circulation of the blood as well as on other problems. The specialist 
in this field needs to know not only’ the simpler mechanics pertaining 
to pumps and to tubular sy’stems but he must call upon the instruments 
having to do w’ith hy’drostatics and hydrody namics, and he must em¬ 
ploy also the most modern of electronic devices. Yet it is a rare text 
in physics that even mentions the circulation of blood in the chapter 
on hy’drodynamics; and the professor of physics who makes the needed 
transfer of the principle is almost equally’ as rare. Yet, on this topic 
alone, the compendium on Medical Physics referred to above has 
enough material to fill perhaps fifty’ pages of an ordinary text. 

Even though it may’ bo a digression, a concrete examph' of what 
physics can eonlribute to the problem of circulation may be of interest. 
Iwery’ physician knows how very’ difficult it is to prevent lK‘d ulcers in 
the case of any patient kept immovable with respert to his bed for long 
periods, whether because of a complicated fracture or some other 
cause. Any person wffio as a patient has experienced such an affliction 
will remember vividly’ the excruciating pain they causc‘d, and may 
carry’ scars as mute evidence. Yet the problem has been attacked by 
simple mechanical means with apparently complete and definite suc¬ 
cess. In each of the several schemes w’hich have been tried the object 
is the same, and the methods arc similar. Each provides a motorized 
mechanical means of shifting periodically the resultant gravitational 
force on the body of the patient. This prevents blanching pressures 
from remaining in any area for periods long enough to cause this dis- 
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integration of the tissues under pressure. Here again clinical results 
from such simple means arc not only startling but measure up to the 
predictions of ph^'sics just as completely as the output of an\ ordinary 
machine is in lin(‘ with established ph> sical principles. 

Th(‘ Western world has adojHed with astonishing quickness the 
marvellous aids to hearing made possible through modern electronics. 
These may prolong the capacity to hear for even decades. For cen¬ 
turies man has employed spectacles as an aid to seeing. In each case 
the instrument is a gift from ph\ sics. Need one then be surprised that 
a mechanical aid to circulation should be found helpful in this case, 
where failures or deficiencies account for a large percentage of the 
deaths of senior persons. 

Only recently have either the physicists or the physiologists at¬ 
tached much significance to the matter of surface tension. The work 
by Langmuir and his associates in America, and by Adams and a 
number of others in England, as well as by physicists in other countries, 
has led to the expansion of surface tension and absorption, a closeh 
allied field, into a new branch of the science now called surface physics. 
Discoveries in this field form the bases of many entirely new industrial 
processes, and make possible a more complete understanding of many 
problems such as those of digestion and nutrition, cell growth and 
division, surface energy, gland secretion, enzyme and catalytic action, 
collodial states, the action of drugs on specific tissues, cells, or organs, 
the effectivcnCwSwS of antidotes, the sizes and shapes of complex mole¬ 
cules, protein films, fatty acids and sterols, hormone action and im¬ 
munology, coagulation, and the like. The present-day practices based 
on the iww knowledge in these fields arc a direct outgrowth of the 
contributions from surface physics. The origin of electrical potentials 
in the body, nerve and muscular action arc viewed from a new ap¬ 
proach. The action of medicines has always been a subject of mystciy'. 
How a minute amount of a particular substance could affect a body so 
large in comparison could hardly be explained except on the basis of 
selective adsorption. Materia Medica actually takes on new impor¬ 
tance and requires a new approach. The potency of drugs becomes a 
matter of physics, rather than of magic. The premedical student who 
in his physics class never learns of the principles of surface physics will 
hardly be able later to understand many of life’s fundamental pro¬ 
cesses, or even to follow up reports on new developments based on these 
principles. 

There have been important developments in the therapeutic uses 
of radiant heat, of ultra-violet radiations, in the equipment for dia¬ 
thermy, etc., but they are well known and cannot be given adequate 
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Irecitmonl in a brief address. Only the '*sterilamp/’ a recent develop- 
nient, will be mentioned. 

wSurgeons and attendants have for decades gone to great pains to 
sterilize their instruments, their persons, and their clothing, and of 
course <ill materials associated with the operating room. But it re¬ 
mained for a ph\sicist, studying vapour discharge lamps, to develop 
a lamp that is capable of sterilizing the air itself in an operating room. 
This development required the joint efforts of the physicist, the biolo¬ 
gist, and the electrical engineer. It involved the determination of 
the most bactericidal wave-lengths of the spectrum, the production of 
a glass that would transmit the desired radiation, and the making of a 
lamp that would operate properlv and efficiently under ordinary prac¬ 
tical conditions. The final result of this teamwork of men in different 
fields is a great reduction in the occurrence of what has been termed 
“post-operational infection.“ 

In the entire history of science there has never been any develop¬ 
ment so rapid or so important as the recent development of electronic 
tubes and tube circuits. The incredibly high amplification of minute 
changes in electrical potentials makes them just as useful in studying 
changes in potentials in different parts of the body as in the detection 
and reproduction of very distant broadcasts. The development of 
electrocardiographs of unprecedented sensitivity has been mentioned. 
High amplifications have made possible an almost new branch of 
medicine, that of electro-encephalography, more conveniently described 
as the study of brain waves. The electro-encephalograph offers an 
amazingly successful approach to the study of the action of the brain 
and its pathological conditions. The (dectrical activity of the brain 
was not even known ])rior to the work of C^aton of ICngland in 187L 
Th(' lack of suffi'ciently s(‘nsitive instruments blocked any progress 
until thirty >ears later when Einthoven invented thc^ string galvano¬ 
meter, and thereby made it possible to study brain waves in the Iowit 
range of frequencies. But modern electro-encephalography realK' dates 
from 1934 when the use of the electronic amplifiers established among 
other facts that the brain of man has a definite beat coming directly 
from neurones and changing with age and sensory stimulation, with 
disease, and with the physico-chemical state of the body; and that 
electro-encephalograms show beats due to combinations of sinusoidal 
fluctuations in voltage having frequencies of from 1 to 60 vps, with 
amplitudes up to say 50 microvolts, with a distinctive rhythm of about 
10 vps. Recording instruments have been developed which are cap¬ 
able of ghdng “cortex frequency spectra.” Certain wave forms are 
thirty times as frequently given by epileptics as by normal persons 
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and their presc*nce in <in eloctro-encephalogram has a definite diagnostic 
value. 

Electro-encephalograms arc of clinical value with respect to cpi- 
IcpsN, brain tumours, trauma and haemorrhage, cerebral thrombosis, 
brain abscess, meningitis, encephalitis, etc.—an important, though 
greatly abbreviated, list. In each case they offer not only our best 
basis for diagnosis, but through the use of multiple channels our best 
means of localization. Hctc is a ver\ important medical field which 
had to await the development by the physicist of amplifiers, oscillo¬ 
scopes, and associated instruments capable of recording the intricate 
oscillations in potential characteristic of brain waves. 

X-nus and radium, both discovered just prior to the beginning of 
the piesent century, are only now recovering from the disrepute into 
which the\ fell during the first two decades of their use in medicine. 
The incurable ^Mnirns” were but the direct result of the handling of 
powerful sources without either the knowledge or the instruments 
required to make intelligent and successful use of these two most 
potentially valuable thenipeutic agents available for the treatment of 
cancer. Medical practitioners employed them with a readiness which 
far outstripped thc‘ir zeal to learn the physics basic to their production 
and to discover their propertiCvS, as well as their limitations and dangers. 
The result was a baffling mixture of striking successes and tragic fail¬ 
ures. There are .still prominent practitioners using these powerful 
agents who do not even pretend to measure the doses given. They 
cannot therefore keep dependal)Ie records nor correlate results ob¬ 
tained with the doses given. Actually there are few fields in which 
quantitative controls arc so important. Insufficient radiation of a 
malignant tumour may servo only to stimulate it and increase its 
rcvsistance, and excessive radiation may destroy even healthy tissues 
and l(*<ivt» a condition less tolerable than the initial one. Physicists 
have pro\'i(led integration meters and protective screens but few clinics 
are provided with a physicist whoso duly it is to calculate on an integ¬ 
ration basis the total radiation absorbed in each part of the tumour 
and also in the other parts of the body of the patient. The problem is 
particularly complicated when a multiple radioactive source is em¬ 
ployed, but its solution spells the difference between success and the 
caprices of chance. Indeed success in this field has awaited the com¬ 
plete co-operation between the physician and the physicist which only 
now is being obtained. An outstanding example of such co-operation 
Is to be found in Saskatchewan where a physicist, Professor H. E. Johns, 
spends half of his lime in the cancer clinics, giving the radiologists 
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appropriate lectures on the basic theory of the radiations emploxed, 
and developing methods of making essential calculations and aLso co- 
<)poratinj> in making them. 

This discussion should not be closed without at least a n‘ference to 
the most recent contributions of phxsics to medicine, tin* artificialh 
produced radioactive substances, and the electron microsc(){)e, develop¬ 
ments in which Canadians have played an important part. 

Of the roughly 450 new atoms which co-operating ph\sicist.s and 
chemists have been able to produce through the use of the cyclotron 
and other physical means of obtaining high-speed particles thcTe are a 
few, perhaps twenty, which have half-life values and t\ pes of radiation 
which make them suitable to act as tracers in the human body as well 
as in plants. In brief, it is now possible to trace the path normally 
taken by an inactive material, say phosphorous, in the body until it 
becomes appropriated in some particular tissue or organ. One has 
mercl}" to mix w'ith the inactive material a minute quantity of radio¬ 
active isotope, w^hich in the case given would be a radioactive phos¬ 
phorous, This thereafter accompanies the ordinary phosphorous, 
without change in proportions, wherever the latter may move in the* 
body. Since has a half-life period of 11.2 days it gives the experi¬ 
mentalist sufficient time for observation, and yet its life is short enough 
that there is no danger of overdose by prolonged exposure. Its presence 
ill any organ can be detected by its beta radiation. In the case of wheat 
plants, or in the case of the skeletons of experimental rats, autoradio¬ 
graphs giving not only the location but also the relative concentration 
of the radioactive tracer, may be obtained hy the direct application of 
the specimen under study to the photographic film. Not onl^ P'*- but 
radioactive sodium and some others promise to be extremely useful 
in a direct at tack on cancer in addition to their value as tracers, Kither 
Na*-*’ or ma\' be introdiic(Kl directly into the blood stream and the 
whole body thereby conveniently given the benefits of the radiation. 
P**- is found to concentrate in, and therefore to irradiate, leukemic 
liwssues. Radioactive cobalt may become a more suitable source 
than radium itself in the treatment of cancer. Radioiodine and radio¬ 
strontium have both been found useful therapeutically as well as in 
tracer studies. President Conant and others of Harvard have already 
obtained highly significant results using radioactive carbon, 0\ a 
substance which promises to be extremely useful in the future because 
of its long life and the biological importance of carbon. His experi¬ 
ments threw an entirely new light on the question of carbohydrate 
metabolism. They yielded definite evidence that the whole structural 
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make-up of the fundanuMital units of the bocK is in thnamic equili- 
briuinJ 

In brief th(‘ produel ion of tirlificial radioactive vsubstances has 
opened up «i new and important held thrit could never have been 
touched b> the ordinary methods of eithcT pin sics or chemistry. YYt 
c‘ven with an abundant sli])])1> of artificial radioactive bubstances at 
hand tracer ^experiments as we know them would be impossible without 
the use of the versatile Geij>er counter, another gift from physics, an 
instrument immeasurably more sensitive as a detector than any chemi¬ 
cal method known. 

I'he marvellous electron microscope, a byproduct of modern 
electronics, may >et play a part comparable to that historicalh' 
associated with the first optical microscope. For this we owe much to 
Professor Burton and his associates of the University of Toronto, where 
an important part of the pioneering work was done. Offering as it does 
useful niagnifKMtions up to say 50,000, in comparison with say 2,000 
which may be taken <is the limit of the ordinarx' microscope, it is 
believed to cover the hust range of known magnitudes requiring inves¬ 
tigation for medical purposes—virtually to molecular magnitudes. The 
light-wave microscope took care of the major range of micro-organisms 
and lremendousl>’ advanced the control of man over the ravages of 
some of them. The electron microscope will make a similar advance 
possible witl\ respect to an important group of viruses and to other 
organisms which through their minuteness have eluded the ph^^sician 
and research xvorker. In the electron microscope w’C have xet another 
instrument developed by plnsicists for which the medical world had 
to wait before making important new advances. 

In this address I hav(' attempted to do little more than sketch the 
expanding role played by ph>'sics in the biological and medical fields. 
But (‘uough has been said fully to support the statements of Glasser 
to thi‘ (effect “that recent developments have led to a steadily increasing 
recognition of physics as one of the essential substructures of medicine, 
that progress in biologx' and in medicine has always been significantly 
related to advaiK'cs in phvvslcs. Physics has supplied the instruments 
and the methods of physical research which have revolutionized many 
of the older approaches to the biological sciences.” In spite of this there 
arc still professors and practitioners of medicine who remain unaware 
of the basic importance of physics in their field, and professors of 

^Seaborg Mieves “artificial radioactivity has given biology and medicine what 
is probably the most useful tool for research since the discovery of the microscope.” 
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pin ■lies who teach ])romcclical students the important role placed h} 
pliNsies in engineering but fail to lead their students even to suspect 
that ph\ sics phu s ain important part in their sphere of interest. It i.s 
hoped that this address will in some measure load profe.ssors of pin sics 
to give new concepts of pin sics to those of their students who look 
forward to a career in medicine, and thereby make it possible for them 
to use more understandingly and promptly the contributions to medi¬ 
cine physics has made, is making now, and may make in the future. 

University of S-vskatciiewan 
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On a Conjecture by Nakayama 

By RICHARD BRAUER, F.R.S.C. 


§1. Introduction 

As is well known, every irreducible representation of the symmetric 
group S;, is characterized a Young diagram. If ^ is a fixed prime 
number, the theory of modular characters furnishes a distribution of 
the different irreducible representations of a group into “/)-blocks.” 
The problem arises of finding a criterion which would make it possible 
to de<'ide v helher or not two irreducible representations of given 
by thi‘ir Young diagrams, belong to the same ^-block. This question 
is of importance for a study of the arithmetical properties of the repre¬ 
sentations of Some years ago, T. Nakayama^ published a conjec- 
jcctun‘ which offers an elegant solution of the problem. It is the pur¬ 
pose of this paper and a following paper by G. de B. Robinson to give 
a proof of Xakayama’s conjecture. The proof was found jointly by 
Robinson and the author. 

The basis for the work of this note is formed by some general results 
concerning the /?-blocks of groups of finite order. These results which 
extend some earlier investigations- are given without proofs in section 
2. The later sections contain the application to the case of the 
symmetric group. In this note, the number of different /)-blocks of 
S/, is determined, and it is shown that the proof of Nakayama's con¬ 
jecture is equivalent to a proof of three statements concerning the 
charai'ters of the symmetric groups. The proofs of these statements 
will be given in the paper by G. de B. Robinson. It is only there that 
the finer properties of the characters of the symmetric groups will be 
used. 

§2. The Defect Group 

Let be a group of finite order g — where ^ is a fixed prime 
number and where g' is relatively prime to p. In the following, will 
always denote a fixed prime ideal divisor of in a field which contains 
all the characters of ®, say in the field of the roots of unity. 

Uap. Jour. Math., 17: 411-23 (1941). 

2R. Brauer, Proc. Nat. Acad. Set. U.S.A., 30: 109-14 (1944); 32: 182-6and 215-19 
(1946). 
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If S) is any subset of W, the normalizer of Q is the set of all 

eleiiKuits G of W which commute with fo, GS> = loG. 'Fhe order of 
'i)K£)) ’^vill he denoted by On the other hand the ('(‘iitralizer 

tS(S) of vS> consists of those elements of 0^ which (‘ommiile with ever} 
element of 5 ). If consists of only one element II, wo have '}?(/'/) = 
(£(//), and g/n{II) denotes the number of elements in the class of IL 
'Phe irreducible characters of Qi will be denoted by fi, C’, . . . , C/ 
and we shall set 

= g^iiG)/n{G)z, 

w'here s, = DgQ:r) 


is the de^i 4 ree of f,. 

To ever}' /?-block B, there belong:s a defect Rroup T which is 
uniquel}' determined except that it can be replaced by ain (‘onjii«>cite 
gn)up. This defect group has the following proi>erties.*'* 

I. The group T) is a subgroup of W whose order is the highest power 

of p dividing one of the numbers g/Zi with in B. The exponent d 
here is called the defect of the block B. 

IL There exist p-regular elements^ T’' in W such that X' is «i /;- 
S}’low-subgroup of 5W(T0 and that 0 (mod ))) for the oi, be¬ 

longing to characters of the block B. 

III. If the class of an element II of 0 does not contain elements of 
the centralizer X = S(!X), then w,(//")« 0 (mod p) for the co, belonging 
to the characters of B. 

The properties 1 and II characterize as the defect group of B. 
Also, II and III can be used to characterize T. 

IV. If ft and f, both belong to blocks having V as their defect group 


and if 


co,(ri) a,,(To) 
0)f{Vl) C0;(F2) 


» 0 (mod p) 


for any pair of /^-regular elements Ti and T '^2 of W for which T' is a 
/>-Sylow-subgroup as well of 9f(ri) as of 91(1^2), then and C, I)elong 
to the same /?-block. 

V. If P is an element of an order ^ 1, which is not ('onjugatc^ 
to an element of 'X, and if Tis a /^-regular element commuting with P, 
then ^ „ Q 

for all f i* belonging to a block B with the defect group X). 


*The first seven of these properties have been stated in the papori* quoted in 
foot-note 2. Property VIII is obtained by a continuation of this work. Finally, IX 
can be derived easily from the other results. The proofs will be given in detail in a 
forthcoming paper. 

i\n element of a group is ^regular, if its order is prime to p. 
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\ I. If P is an invari<inl element of the defect group 3^ of B, then 
for ever> C* in B therc‘ exists a /?-regular element T"of 'i)f(-P) such that 
0. 'Hie group T> occurs as defect group of /^-blocks of the 
uroup 'iliP)* 

Vll, If is not a maximal normal /?-subgroup of 9l(T), then X 
cannot oc( ur as a dehrt group. 

\’n I. Xhe number of /)-blocks with a given defect group X can be 
<letermim‘(l as follows. Set 

U = r^(X)/X. S8 = 9i(X))/T 

so that \\ is a normal subgroup of Determine all characters 0 of U 
of defe<'t 0. Discard those 0 for which there exivSls an element V in 2? 
notin llsiK'h that lies in U and that 0(r'"^C/T")= Q(U) for all L in 
U. 1'h(‘ n^maining c'harac'ters Oare distributed into classes of char- 
aett-rs associated in I f r is the number of such classes of characters, 

then ]>oss(‘sses r /^-blocks w'ith the defect group X. 

Aitiialh , a (I-1) eorresiiondence betw'oen the classes of characters 
and the bhx'ks B with the defect group X can be established such that 
the valiK‘s of 0 and the values of th(‘ charactCTS of the corresponding 
block B an* rc'hited by congruences. However, this is not essential for 
our i>iirpose. 

IX, wSuppose that W is a direct product, (3 = Wi X As is well 
known, c‘very character of (3 can be expressed as the product of a 
character of (3i wdth a character ^2 of Cb. If Bi is a p-block of C^l, 
and B 2 a />])Iock of (s) 2 , then the f - fij’s with ^*1 in Bi and {"2 in B 2 wall 
form a /)-block of (Sb livery /?-block B of ® is obtained in this form. 
If Bi has ilie defect group Xi in © 1 , and if B 2 has the defect group X 2 
in bbt then B has the defect group X= Xi X X 2 in Ob 

§3. Lemma 

Lkmmv 1: If the groui) 01 contains a normal subgroup C whose 
order is a ])ow\t of />, then the defect group X of ever}’ pA)lock B 
I'ontains C. 

PRtKU . We have CX ^ X* Suppose that dX > X. The inter¬ 
section of 9t(X) with CX contains X as a proper subgroup, since the 
/?-gronp CX must contain elements outside of X which commute with 
X. vSince ■i)J(X) D CX is a normal subgroup of 5Il(X), it follows that 
X is not a maximal normal /^-subgroup of 91(3)). Now VH leads to a 
contradiction. Hence CX = X, that is C X as Avas stated, 

Mf 01 and O 2 are two characters of a normal subgroup U of a group 9S, then 
0j and O 2 are assocuit<‘d in 95, if there exists a fixed element 7o of 95 such that 0jst U} 
“ 01 HoW'T'o) for all U in U, 
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Lkmaiv 2: If W contains a normal subjcroiij) O \\liose order is a 
power of p and which contains its centralizer, Q ^ (£(Ci, then iSS 
posbesses onh one /)-I)lock. The defect j^roiip is a /?-S\ low-sul)t»roup 
of 

Proof. If is the defect Rroup of a block B, it follow'^ from 
Lemma 1 that 0<T. Hence (iCT*)- Apidx now 

VI [I. The group It here has the order I and B must l)e the 1-char¬ 
acter. Since every L in S5 transforms 0 into itself, 3? must not cemtain 
any elements of order p. Then 3? = 9t(T)/T) must hti\'(‘ an order 
prime to p. If T) was not a />-Sylow'-sLibgroup of W, it would d[)pear 
as a projxT subgroup of such a Sylow group 33 and then the* int< ejection 
33 n 9f(T) would also contain as a proper subgroup. Howe\er, 
this is impossible when the order of '}f(T)/3) is prime to /?. Himico T 
must be a Sylow^ group of W, and since we had only one O, th( lemma 
is established. 

§ L The Defect Groups of the p-Blocks of 

Our next aim is to detcTinine wdiich subgroups of S,, can ap[)( ar as 
defect groups "D of /^-blocks B of 3„. Let T) be such a defec't groui). 
If the defect cl is not zero, the group 'S) wall contain invariant (*lenients 
of order p. Choose an clement of this type wdiich contains a maximal 
number /S of cycles of length p. Since we can replace T by a (‘onjugate 
group, we ma\’ assume wdthout restriction that the element in ques¬ 
tion is 

Pff — fl)(2). . .(a)(a + 1, a + 2, . . . , a + /?) (a + /; + 1, 

a4“/?+2,)...,a + 2p) An — /? + !,;/ — /; + 2, . . . , ) 

wdi(*re 

;/ = a + pp. 

It follows from VI that T* is also the defect group of «i /^-hhu'k of 
'!)I(P). As is readily seen, the group 3?(P) is a direct prodiuI (‘»b X 
W'here (S)i is the subgroup of S„ which permutes onh' the* first akdteis 
and which may b(‘ identiiic'd with On the other hand, W 2 (onsists 
of those permutations of a + 1 , a + 2, . . . , w which transform the 
c\'cles of Pfi into each other. The (5 cycles of length p of belong 

®In .4ww. Math,, 42: 587 (1941), it was show’n by C. J. Nesbitt anti tin «inLhor 
that if a group of order g = with (p, 1 contains a normal sul)t»r<)iip of 

order then all the /^-blocks arc of defect a. This is a special case ol LtMunia 1. 
The question was raised whether the converse hlatcment was true. Using Loiunia 2 , 
we can casil> construct groups of order p^g\ {p, gO = 1, which have only one />-bIock, 
necessarily of defect a, but which do not contain any normal subgroup of (jrder p®. 
A simple example is formed by @4 for ^ 2. 
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to 02 and generate a normal subgroup C of order of 0 ^ 2 . It is easily 
seen that O is its own centralizer in 02 . 

On account of IX, the group D is the direct product of a defect 
group T)i in and a defect group 2^2 in 6 ^ 2 . The subgroup C of 
juwst discussed satisfies the assumptions of Lemma 2 . Hence X 2 must 
be a Sylow-subgroup of 0 ^ 2 - In particular, 3)2 contains the element 
If the group Di had an order larger than 1 , it would contain invariant 
elements P' of order />. Then P'P^ would be an invariant element of 
3 ) = X>i 3)2 of order p and P'P^ would contain more than cycles of 
length />. This is impossible from the manner in w hich P^ w as selected. 

1 Icncc 3)i = 1 , 35 = 3 ) 2 . \Vc thus have proved the following theorem: 

Theorem 1: The defect group of a ^-block B of £„ can be ob¬ 
tained by the following construction. Determine non-negative integers 
a, jC? such that /7 = a + pp, C'onsider the group of all permutations 
of a + 1 » a + 2 , . . . , ;z which transform each of the cycles Zi = (a + 1 , 
a + 2 , . . . , a + P)i ^ 12 = fa + ^ + I, a + ^ + 2, . . . , a + 2p), . . . , 

= (n — p + 1 , — /> + 2 ,. . . , «) into a c^rle of the same system. 

If 3^‘^^ denotes a ^-Sjdow-siibgroup of this group of permutations of 
degree n — a, the defect group 3) of B is conjugate to the group 3)^^^ 
for a suitable 0 ^ ^ [i^/pY 

The case 3)== 1 corresponds to the case jc? = 0. Here, is to 
be interpreted as a group of order 1 . 

It is to determine the defect of a block B with the defect 
group 3)^^^ According to I, this defect is the exponent of the 
highest power of p which divides the order of 3)^^^ If e{m) denotes 
the order with which p divides the integer m, then it is readih seen that 

We notice that d^ increases with jS. 

§5. Jlie Number of Blocks of with a Given Defect Group 

'Fheorem 2 : Hie number of blocks of with a given defect 
group 3 )^^\ fi — a + pfi, is equal to the number of irreducible charac¬ 
ters of 3 a whose degree is divisible by the full power of p dividing a!. 

Proof: The cycles Zi, Z 2 ,. -., Z^ in Theorem 1 and their powers 
are the only cycles of length p in 35^^^ Every element of 
must transform a cycle of length p of 3)^*®^ into a cycle of the same kind. 
It follows that is a direct product SB of 3a and a group 

of transformations Sl!S of a + 1, a + 2,...» 7 /. Every element IF of SB 
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cnc‘('ts a p(Tmulalion 7r(rr) of the fS c\clic subgroups genc‘ral(‘cl by 
Zu Zo, . . . , Zy 3 , respeelively. Let JSi be a />S\low-subgroup of JshJ 
and l(d lifio be the subgroup coiKsisting of the elements If" of SJBo with 
7 r(II')= 1. The group generated In an element ]]\ of 3^2 ‘HkI b\ a 
e\ele Z, is <ibelian. T'herefore, Wtt transforms Z, into itself. This 
imidies that FTo Ik\s in the group Q (in the notation of seetion t). 
Hence <C. wSince 3 B 1 /SB 2 possesses a faithful representation by 

permutations of degree the order of 9Ki/li52 is a divisor of and 
the order of Sfii then is a divisor of But this is the order of 

and since the S\ low group 2Bi of SB contains it follow\s that 
3Bi= Consequently, has an order prime to />. 

Apply now VllT. Wc have < (S(Q) = X C, 

X 11 = stands? = X (SB/^^^')- No two 
different characters of 11 are associated in 35. On the other hand, 
if the pow’er of an element f'of ® liesin U, then Tlies in 11. Observ¬ 
ing that every block of defect 0 consists of onl\ one chanu'ter, we 
obtain Theorem 2. 

Naka>ama determined the characters of wdiose degrec‘ is divi¬ 
sible by the full powder He showed that they belong to the 

Young diagrams with a nodes which do not contain any ^-hooks.’’^ 
If w’C start from an arbitrary Young diagram wdth n nodes and remove 
p-hooks as long as pOvSsible, we finally arrive at a diagram without 
p-hooks. We shall call this new diagram the p-core of the given 
diagram. The number of nodes of this p-core is an integer a, 
w’ith // s a (mod p). We can thc'ii find (3 such that w = a + pp. As 
was shown b> Naka\ama, the p-core is uniqiu'Iy determined by the 
given diagram. 

We have the following nocessarx conditions for the p-coa‘. It is a 
Young diagram with a nodes, 0 < a g w, a s w (mod p), such that 
no p-hook can be removed. It can be shown without difficulty that 
every such diagram actually appears as the y;-eorc of diagrams with 
}i nodes. The following proposition is now a consequence of Theorem 2. 

Proposition 1: The number of p-blocks of ©/, is equal to the 
number of possible p-cores of Young diagrams with n nodes. 

C\ hook in a Young diagram consists of a fixed node -Y, all the nodes underneath, 
and all the nodes to the right of Y. A p-hook is a hook which consists of exaclb 
p nodes. If a p-hook is removed from a Young diagram with w nodes, a Young 
diagram with «-p nodes is obtained. 
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§(). Reduction of Nakayama's Conjecture 

Our Proposition 1 is part of Naka>ama’s conjecture, fn full, 
Naka;^ama’s conjecture states that two irreducible characters of 
belonji to the same />-block, if and only if their Youngs diagrams have 
the same /?-corc. 

We show here 

Proposition 2: In order to prove Nakayama’s conjecture, it is 
sufficient to prove the following three statements: 

(A) Let be a character of whose Young diagram has a />-core 
containing a nodes, n = a + pfi. If 5 > /J, w — 7 + /> 5 , and 

J^6=(7 + Lt+2, ...,7+/>) ( 7 +^ + 1 , 7+^+2, 

7 + 2/)). . .(n - + 1 , w ““ /> + 2, . . . , 

then (ToPs) = 0 for all />-regular elements T''o of 

(B) If f, satisfies the same assumption as in (A), there evists a 

/)-regiilar element Vq in <3^ such that ^ d. 

(C) Suppose that the character of ©„ belongs to a />-block with 

the defect group Suppose that g/z, contains p to the exponent 

€ so that € § 0 by I. Then 

for all /^-regular elements V of whose normalizer in ©„ has an 
order prime to p. Here, k{^j) is an integer depending on but not 
on T’', and d{V) is an integer depending on T" and the p-core of the 
Young diagram of but not on the diagram itself. 

Procii'; 1. We >shall show that (A) implies that ft belongs to a 
bIo('k of d(»fect d ^ Assume that this is not so. Then L must 
belong to a block B whose defect group is a group B > p. By II, 
there* exists a /^-regular element To such that is a Sylow group of 
3t(Tu) iind that 0 (mod p). Then Vo can permute only the 

fins! y ^ n — pd letters. Uhoose a character f;, in B whose degree is 
divisible* hy a minimal power of p. It follows from I that g Zh con¬ 
tains p with the order Since and f^ Indong to the same block, 
(mod p). Expressing by means of and using 
the properties of and To, we derive 0 (mod p). But 

— f/rlPfiEo) (mod p). 'Faking into account that is a Sylow group 
of 91 (Pg To) and introducing again we obtain WhiP^Vo) ^ 0 (mod p). 
This implies ojiiPf^Vo)^ 0 (mod p), and then, certainly, 5 ^ 0. 

However, this contradicts (A) and must belong to a block B of 
clefec'l d ^ d^. 
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2. Ashiinu* now that (B) is Irue and th<il belongs to a block B of 
(l(‘fc<'t d < dfi. Then the defect group of B is a group with o < jd. 

group does not contain olenicnls consisting of nion* than 
5 CNcles of l(‘ngth />. In particular, is not conjugalt‘ to an element 
of B\ I', C/(P/ 3 17)) = 0 for all/>-regular oltMiienls roof2„. 'Phis 

contradicts (B). Hence must belong to a block of defect The 
defect group then is 

3. \Vc have shown in I and 2 that if the Young diagram of has 
a /?-core wnth a nodes, then belongs to a block with the defect group 

^vhere ;/ = a + pfi. T.el V be a /?-regukir element siu'h that 
is a S\lo\v groLij) of Then V must belong to 5„ and the 

normali/er of Fin has an order prime to p. C'onverbcly, if Fis an 
elc‘ment of whose norm«dizer in has an order prime to /?, the 
eUnnenls of a Sylow group T' of ‘JK D w ill leave at least a — /? + I of 
the letters I, 2, .... a invariant. Hence 3)' Inus at most th(‘ order 
W’ith r ^ e{p — I + p^\) = e{pp\) = f/^. It follows that is a SHow^ 
groiij) of Then isalsoaS\low group of vsince Pf^ 

belongs to the center of If we set dy we can write 

«(rPtf)=/>V(rpa.«(T')- /«'(!') 

where ;7'(rP^) and ;/'(n arc integers w^hich are prime to />. wSet 

wdth an integral zl relatively prime to p. If as w’as nvSvSunu*d the 
Young diagram of has a p-corc wdth a nodes, then e ^ 0 l)\ I. Now 

co,(rp,) - gUrPf,hV(VP,)p^z:, 

Api>lying (F), we find 

(I) co,(rP^)- g'HsiWV)/fd(]7’f,)z; (mod p). 

Since the block B containing has the defect dj B will contain a 
character (‘a f<>i' which g/c/, contains p with th(‘ exact order d. hVom 
the fundamental properties of />l)Iocks, it follows that 

(2j ^o,(TT^)s w/,(IT^), w,(r)= wa(T’') (mod P). 

On the other hand, wx‘ have 

(3) ?A(TT^)^i-,(F) (mod p). 

Express f ^ l>y in (3). This gives 

n{^VP^)zh(^h{VPfi)/g s n{\")zh<^h{V)/g (mod p) 


from wddeh 


n\VP^)<,n{VP^)/n\V) 


(mod p) 
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c.in bo (li‘nv('(l without difficulU. ('oinbinitiR this with (1) and (2), 
wo find 

(0 w,(r)s (^mod J)). 


TvOt (, 1)0 a sooond charactor whoso Young diagram has the samo 
p-coro as that of 'Phon also belongs lo a block with the defect 
group 1'hc“ oxi)rossion 0( T) is the same for f, and Cj, Apph ing 
(4) to the two chaiMolors and w'c see that 


«j(l'i) “/(I'a) 
wAl'i) coATY) 


(mod p) 


for ain two /)-rogiilar olomonts Ti and I'a for which is a Sylow’ 
group of 5)i(f’il ‘‘”<1 ”f 'ilHl ii)- Now IV shows that and Cj belong 
to the same /)-blook. Assuming the statements (A), (U), ((') we have 
thus shown that if the N'ornig diagrams of two characters have the 
same p-coro, both oh.iractors belong to the same ^-blook. According 
to Proi)osition I, the numbir of />-blockb is equal to the number of 
l^ossiblo /)-oores. 11 once if tw'o characters belong to the same />-block, 
their ^'oung diagrams must necessarilv have the same p-con. This 
shows that N<ika\ama’s conjecture is correct, if (A), (B), (C) arc 
assumed. 

ft remains to show that (A), (B), (C) are actually true. This proof 
will be given by (1. do B. Robinson in the following paper. 
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SECTION THREE 

On a Conjecture by Nakayama 

By O. DK B. ROBINSON, F.R.S.C. 


§1. Introduction 

This paper is a sequel to one bearing the same title by Richard 
Brauer which will be referred to here as RB. Taken together, the two 
papers provide a proof of a conjecture by Nakayama concerning the 
blocks of characters of the symmetric group S;,. The problem is clcarh 
btated in RB and it remains to prove the statements (A), (B), (C) of 
Proposition 2. 

The basic requirement is to provide an operational ai)proach to 
Naka>ama’s ‘Temoval of a hook*’ from a Young diagram. 'Phis neces¬ 
sitates the generalization of the familiar right diagram [\J to the skew 
diagram [X] — [fi], consisting of those nodes of |X] not belonging to [jul- 
Th(‘ symbol has a meaning if and onl\ if the right diagram f/x] is con¬ 
tained in [X] when the top left-hand corner nodes of the two diagrams 
are brought into coincidence^ The necessary formulae involving the 
characters will be given in the following section and an attempt wall 
be made to suggest the underlying argument. I'or further details the 
reader is refern'd to vSCig and SG 3 . ThCvse fornuila(‘, as they stand, 
]^i(‘ld statements (A) and (Bb 

To ])rove ((") it is necessary to refine Naka\ama\s theorem con¬ 
cerning th<‘ prime factors of the <legree of an irreducible repn*st*ntation 
of 'Flu* necevssar\ theorem is given in section 

'file notation use<l wall conform as far as possible with that of RB. 
As is customary, the symbol [X| will denote a specific Young diagram, 
where ;/ = Xi+ Xg + . . . and X, ^ X/^i. It wall sometimes be desirable 
to make the 7 / explicit In wTitingX(w). 'fhe d(‘gr(‘e of the irreducible' 
representation [X], wdth character fx, will be written Sx» while the de- 

Ki. de B. Robinson, "On the ropresenUlions oi the symmetric group,*’ Amer. 
Jonr. Math., 60: 7-ir)-()0 (1938); Second I^aper, ibid., 69: 286-98 (1947). Third 
I^aper lo appear shortly. 'Phese papers will be referred to as SGi, SCxi, SG;,. The 
reference here is to SGj, scvlion 2. 

Since the appearance of SCtj* the author’s attention has been draw'ii to a paper 
by A. C. Aitken, Proc. Roy, Soc, of Edinburgh, (A) 61: 300-10 (UM3). Here the 
notion of a skew' diagram is introduced and the theorem giving the reduction oi 
the corresponding reducible representation is proved, though the language used is 
.that of Schur-functions. Further reference lo this paper will Ik» made in S(>,. 
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j»ree of the reducible representation [X] — [ju], ^^ith character fj, will 
be written 

§2. Nakayania recoj>nized the significance of the skew hook consisting) 
of the nodes on the rim of a diagram determined b\ a right hook, but 
made no attempt to develop the idea of the corresponding skew repre¬ 
sentation. For example, if [X] = [4, 3, 2], [ju] = f2, 1] ^^e have the 
diagram 

o o • • 

(2.1) o . . 


and the irreducible components of the skew representation are given b\“ 

(2.2) IX] - [m] = [4, 2] + [4, V] + [3^] + 2[3, 2, 1] + [2«], 

with 3x== 01. The skew hook [X] — [fx] is equivalent to the right hook 
II = [4, 1-] in the sense that each determines the other. It was proved 
in SO 2 that every skew hook representation contains the equivalent 
right hook representation exactly once as an irreducible component, 
and that^ 

(2.3) fH© (C) = {-!)’• or 0, 

where C is a c>'cle on ^ = w — m symbols, according as the skew diagram 
[X] — [jjl] is or is not a skew hook H = [g—r, V]. 

Instead of considering the matrices in [X] associated with all the 
substitutions of ©„ let us restrict attention to those associated with 
the substitutions of the direct product S,nX These matrices gen¬ 

erate a representation of ©mX ©g which is reducible and for these 
substitutions we have the relation*^ 

(2.1) .Cm«) = 

between the characters. An irreducible representation of ©m X ©g is 
neccwssarily the Kronecker product of an irreducible representation of 
©,„ and an irreducible representation of ©q, while the character of such 
a represeiitation is the product of the corresponding characters. The 
terms on the right-hand side of (2.4) are not irreducible but yield the 
irreducible components when is replaced by a sum of irreducible 
characters, as in (2.2). 

Since there is only one hook of length 6 in [X] = [4, 3, 2] there is 
only one term in the appropriate form of (2.4) which corresponds to 


*SG 2 , section 3. 

^This generalizes a result of Miirnaghan, cf. SGa, sections 6, 7. 
4Cf. RB IX. 
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tin* n-nvoval of a skew hook; aclualh, thoro arc three terms in the 
sunim.ition, the other two corresponding to f/u] = [3j and fl']. 

t’onsider the successive removal of fi hooks of lenj'th p, \\here p is 
assume<l to be ])rime and /5 is as larg(' as possil)le. Kither all the nodes 
of fX(//)l are exhausted or a p-core [Xo(a’)| remains from which no fur¬ 
ther /j-hooks can be removed, and w = a -t- tip- Iteration of (2.4) 

\ ields the equation 

(2.5) • • • tfjij i 

/3 factors 

which is applicable to the substitutions of belonging to the direct 
product of 3 , and fi factors 3 ;,: C(/)) is the character of the appropriate 
substitution of 3 ,, in a skew rcprescuilation whose corresi)oncling skew 
di.iiiram h.is p nodes. If we let Pg be the product of ^ cycles of length 
p on the last pp of the n symbols, as in RB, then it follows from (2.3) 
that the only terms which contribute to the .summation in (2.5) are 
those ari.sim> from terms in which every factor corresponds to a /)-hook. 
If z'p is the number of wmj s of removing the p hooks of length p, then 

(2.(5) i*\(»)(i Pft) ~ <r • Sp . (■xj(a)(fOi 

whore o- = d=l depending on the product of the parities (2.3); this 
product of parities is invariant under dilTerent orders of removal of the 
/>-hooks, and so depends only on [Xj. Statement (B) follows from 
(2.(i), since |X(i(a) | is a representation of ©„ whose degree i.s divi.sible 
by the maxinuiin ])ower of p contained in a! (cf. section 3) and so 
constitutes by it.self a block of highest kind. The character 
vani.shes for ,dl /)-singttlnr elements of ©„, so there mtist b<- at least 
one /^-regular eletnent I'd for w’hich Cx„(rii) (5. 

If 5 skew* diagrams, each consisting of p nodes, whc're S > p, are 
remosed from fX), then not all of thmii ctin be skew hooks since we 
have a.ssumed tlmt fXdfa)] is the p-coro of [X]. Hence it follows from 
(2.3) that 

(2.7) .Cx(»j(B.Ps) - 0, 

for every T' of 3 .^, where » = 7 + 8p. Certainly, then, this relation 
holds for the /(-regular elements T'o of ©.,, which proves statement (A). 

We may generalize (2.(5) by considering those substitutions of ©„ 
which permute the P cycles of Pg amongst themselves.® I'he normalizer 
51(P<j) of Pg is of the form 

9UP/») e,x ^ X s;. 


^Cf. RB, section 4. 
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whore is the i>roup generated by the /3 c\cles of length p, and 2 ^ ib 
isomori)hic to the group generated bv those substitutions Tl'of 2 ;i 
which permute the cycles of and which leave each of the first a 
symbols unaltered. We obtain a representation of 2/5 by considering 
the /?-hook structure of fX]. This structure leads to a skew diagram 
[X]^ such that every node of [\]p represents a p-hook of [X] and every 
r-hook of [\]p represents an rp-hook of [X], and conversely. The degree 
of [X]y, is just Zp. Thus it is natural that we should have 

(2.8) U(«)(FP,Tn = ^. i'iiir*). ho(a)ir). 

where is the image of IV in 2^. Analogous to (2.7) w'e have 

(2.9) u(TTjn = 0, 

for every T of 2^ and every IT” Avhich permutes the cjcles of P^ but 
leaves each of the first 7 symbols unaltered. 

The skew diagram [Xjyi is of some interest and its form w’ill be of 
importance in the following section. To have a clearer picture of it 
considcT the following vsimple examiile. Take = 12, [X] = [7, 2, 1’], 
/> = 2 , so that^‘ 


[X]2 


as may be easily verified. Evidently cr = — 1 , and the three 2 -hooks 
of [X] can h(‘ removed in tlirec different w^a^s; this is just the number 
of wM^'s in wdiich nodes can be removed from [Xjg, or the number 
of slantlanl slawv diagrams [Xjg w^hich is the degree 

In geiuu'al fX]], is a skew diagram wdiich is made up of at most 
p right diagrams which are disjoint, i.<‘. no two have a row' or column 
in common. Evidently, tli(‘ number of w'ays in w^hich the s>mbols can 
be arrangt‘d in such a skew diagram so that they follow' the natural 
order in both rows and columns is given by 


w'here jS = ^ 1 + /Sad-. ..+ fip, and is the degree of the right con¬ 


stituent [Pi], etc. We may call [S]p the disjoint product represen¬ 
tation of which is induced by the Kronecker product representation 


[/3i] X X ... X [^p] 


®Thc details of Uie construction of [X]J are given in SG 3 , section 4. 
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ot iho sub-£>roup v^S, whtTO io is the direct prodiicl 

X X . . . X ©4#^. 


§3. Instead of rcmiovinji the ^ hooks of lein>lh J> individualK, N«ika- 
^ama"^ thought of removing hooks whose lengths are powers of />; 
such a /7^-hook would be equivalent to distinct j&-hooks. He intro¬ 
duced the notion of the p-series of [X] to have the following meaning: 
take off first the longest /)'-hook, of length sa> then the longest 
/>'-hook in the residual diagram whoso length does not exceed p^\ sa\ 
and so on, until all the /?-hooks have been removed from [X]. The 
/^-series of fXj would then be 

(3.1) , 

whore62 . Naka\ama proved that 

(3.2) e{z^) = e(f7!) - 2) e(/>^/!), 

t 

wdiere e(z) is the exponent of p dividing s. 

We refine (3.2) by introducing the representation [\]l on nodes, 
w^here n = a + fipy and prove 

Tiikorkm 1. e(2?x) = — e{{n — a)!) + e(zp). 

Consider first th(‘ proof in the case that a = 0, i.e. that [X] has no 
/>-core. By (3.2) 

f(sx) = |[-” ] + [ ",] + • • •} -7 '+/>"""+..•) 

+5(i£i!) ~i;e(/>‘'~M). 

But each //'-hook of [Xj is represented b> a hook of [X]],, so 

that /8 ~ and the theorem follows immediately from (3.2) pro- 

vided [K]p consists of a single right diagram. If [X]^ has more th«in one 
constituent, it follows from (2.10) that 

(3.4^^ e(4) = e{l5\) - 2 - e(2^,)], 

in which the summation on the right is over the hooks of length 
of [X]J, by (3.2). Every such hook must belong to a unique consti¬ 
tuent of [XlJ, so that e(sx) - «(4)- 


Jour. Math.f 17: 165-84 (1940), sectiofib 7, 8. 
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If [XJ hdh .1 p-corv [Xu] and a > 0, the argument of the siniijlcr case 
i& ai)plicablc, after \\ritin^ 3.2 in the form 

(3.5) e(Sx) = f(«!) “ effw — a)!) + e{{,n — a)') — 

= e{nl) - e({i7 - a)l) + e{Zp). ‘ 

Sinc(‘ the p-sorios of [X] does not enter expHcilK into the statement 
of I'hoorem I, one would expect that the notion could be dispensed 
with and the whole emphasis laid on the skew dia5>rara fX]) W'hich 
completeh describes the j&-hook structure of [X]. 

We can rewrite 'Fheorem 1 in the form 

<-(«!) - e(sx) = c((w - a)!) - e{Zp), 

and this is just the pow'er of p dividin£> g ''here g = nl Now it 
was shown in RB that 

= ^J+e()S!) = e{ipm 

= e{{n - a)!), 

W'hich proves 

Thkorkm 2. For the symmetric group 

€ = e(zp) S 0, 

since c] is just the number of ways of removing the ;>-hooks of [X]. 

Wc obtain statement (C) by combining Theorem 2 with 2.6. 
Actuall>, our result is stronger than is required since we have an 
equality instead of a congruence. Brauer’s 5(1') can be taken to be 
the character and {Hi)= <jk where 

/>*(»■ + Kl^> + ...). 
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SECriON IHREE 

Oscillating Satellites with the Force Varying Inversely 
as the Power of the Distance 

IL d\nip:l buc?i\nan, f.r.s.c 

§ 1. The Problem Considered 

This paper deals with the libration points and with the periodic 
orbits in their vic'inity in the restricted problem of three bodies when 
the law of attraction is assumed lo vary inversely as the power of 
the distance, n bein^; any real positive rational number. 

In the restricted problem of three bodies, two of the bodies are 
assumed to tH‘ Unite and to move in circles about their centre of gravity . 
Th(ur masses are denoted by 1 — ju and ju and the notation is so chosen 
that iU ^ 1 2. The third bod\ is subject to their attraction but it is 
infinitt‘simaK that is, it is assumed to be so small relative to the other 
bodies that the influence of its attraction upon them may be neglected. 

In 1772 Lagrange found the five libration points for the Newtonian 
law, three called the straight-line and two the equilateral-triangle 
points. At a point of libration or an equilibrium point, the centripetal 
force of tit traction equals the centrifugal force of revolution. The 
straight-liiu' points are stable, that is, periodic orbits exist in their 
vii'initv for all values of At ^ 1/2 but the equilateral-triangle points 
are stable onh il ^ .0385 .... 

Periodic tn'bits of two and of three dimensions near the libration 
points, ('idled Oscillating Satellites, were shown to exist and were con¬ 
structed bv Afoulton (1920) for the straight-line points and b\ Buck 
(1920) for the equilateral-triangle points—both for the Newtonian law. 

In th(* present paper the same five equilibrium points are found for 
the gent‘r*d value of «, and tw'o- and three-dimensional oscillating 
satellites ,ire constructed for each set of libration points. There is no 
restriction upon n or for the oscillating satellites of either two or 
three dimensions near the straight-line points. For the equilateral- 
triangle points two-dimensional oscillating satellites will exist only if 
n L 3 and further, if n lies between 1.144 and 3, a restriction depending 
upon n must be placed upon /x- This restriction reduces lo ju ^ .0386... 
for n = 2. In the case of the three-dimensional oscillating satellites 
near the equilateral-triangle points there is no restriction upon fx but 
certain possible values of n in the range 0 Z w Z 3 are excluded which 
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will rcMuler roiiain chaiMclerisCicexponenlbcommensurable with\/~ 1. 

No atteni])! ib made to construct orbits corrospondinj; to ('lass C 
of Moulton’s (1920) Oscillatinj> Satellites, that is, three-climcuisional 
orbits whoso period is a multiple of the periods of the two- and three- 
dimensional orbits. 


§ 2, The Differential Equations of Motion 

We shall adopt the same notation, units, and system of co-or<linates 
as used in Moulton’s Celestial Mechanics (1914). The finite bodies are 
assumed to move uniformly in circles about their centre of mass, and 
this point is taken as the origin of the co-ordinate s\steni presenlU 
defined. 

A system of rotating co-ordinate axes is taken having the 
plane as co-incident with the plane of revolution of the finiti* bodies. 
The rate of rotation is chosen so that the ^-axis alwa\ s passes through 
the centres of the finite bodies. 

The units of length, mass, and time, respectively, are chosen so that 
the distance between the centres of the finite bodies, the sum of the 
massc's, and the Gaussian constant are all unity. With the units thus 
chosen the angular velocity of revolution is likewise unity. 

The masses are denoted by 1 — m and /z, 0 Z g ^ 1/2, and their 
co-ordinates by (Ji, 0, 0) and (£ 2 , 0, 0), respectively, where 


— M, I — M- 

If the force of attraction is assumed to vary inversely as the 
I)owcr of the distance, the differential equations of motion of the 
infinitesimal body arc‘ 


dP dt 


(1 
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dt^^^dt 
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u - \ ($■ + r) + (1 — m) log ^ 1 + M log r., M = I, 
r, =1(1+M)^+V' + f-l’% 

/■s = I (I ~ 1- + m)'4' 


PVRT I 

The Equilibrium Points 


§ 3. The Straight-Line Equilibrium Points 


The straighl-linc equilibrium points are found b\ putting tj = 
and solving 

v(t, = £ _ ILi-'fliLziil _ ~ ^ 0 

« [($ - f )2]f«+i> 2 [(I _ ^j)2](»+i)'2 


= 0 

( 2 ) 


To show the existence of equilibrium points it is necessary that E(J) 
should have i)olcs at { = and ^ = I 2 . This will be the case only if n 
is positive. Hence we rule out the case for negative values of n. If n 
is a rational fraction / ^k, where / and k are relatively prime integers, 
we shall agree to take the real root, if k is odd, or the real 
positiv’e V' root if k is even. With these arrangements concerning 



n it will be found that F{k) is single-valued, finite, and continuous, 
except at J and | = S 2 where it has poles. Further F{^ is posi- 
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live for $ = + oo, nc^t>alive for ^ = {>+ e, where e is a small positive* 
quantity, positive for | == $ 2 — e, negative for f = fi+e , i>ositi\'o for 
t = and negative forj = — 00 . Also ilF/d^ is positive except at 

S = fiand 4’ = ^2 where it becomes infinite. The graph of F{^) is 
I'igLirc 1. 

'Fhus jP(f) changes sign three times by passing through zero at the 
following ])oints 

Point (a) between + t>-ncl ?!», 

Point (&) between go and gi, 

Point (c) between gi and — c». 

Hence there are three straight-line (equilibrium points if/, the force, 
varies as l/r“, n > 0, as \v(ell as for/varying as l/r-. 

Pouit {a). Let the distance from the mass ju to the libration ]3C)int 
on the g-axis bclween fi and + «» be denoted by Then 

5 ^ I = I _ ^ 

The distance must satisfy 

1 — M ~ 

or, w^lien cleared of fractions, 

The terms of lowi'st (lej>ree are 

(« + 1)^2^“’''"— M — nixr-i”* = 0, 

and I)j the tlieory of implicit functions equation ^3) can he solved for 
r 2 '“’ as a power serit's in n' of the fomi 

1 2 

where 

/ 1 Y n 

+ V ’ “ t« + ] <'*+!’ ’ 

converging for ju sufficiently small. This solution is real aiifl unique 
(1) for ji integral if the real root of is taken and (2) for « = //k 
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provided the real root of is takcMi for / + odd or the* real 

positive root if / + is even. 


Point (6). Let the distance from ix to the libration point on the 
^-a\is between ix and I — /x be denoted by r 2 *‘*’* Then 

? - ^ 2 = - 1 - ^ = 1 - ^ 

In this case the equation to be satisfied by is 


I - IX 


^2 


(o) 


(I - 


r 2 


M_ 


or, when cleared of fractions, 

[(1 - M - r /'>^) r /»'”+ m ](1 - “ (1 - 

The terms of lowest flcgree in ra^"^ and n are 


= 0. 


- (1 + M + . . . = 0, 

and the solution for is 


where ci and f 2 have the same values as for point (a). 

This solution will be unique if the same arrangements are made as 
to taking the {n + 1)^^* roots as at point (a). 

Point (c). Let the distance from 1 — /x to the libration point on 
the J-axis betw^een the mass 1 — and — exs be denoted by 

The equation for vanishes for /x = 0 and = 1. We therefore 
put = 1 — p. The value of p for the libration point (r) iis found 
from 

- (1 + P + + (^p,T, = 0. 

or, since |p| Z I, 

(1 - + 2" (1 + h)p - n (2" - I) pm + ... = 0. 

Thus 

2 «h_i n /2»+i_]Y„ 

"" 2'‘(1+ «)^'’"2®'*-^iV 

a power series in p converging for p sufficiently small. 
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§ I. The EquiUiteral-iyiaugle Powts 

To fuul thc‘ points not on the ^-axis \v(‘ must solve* 


71 71 

'n- - y) - y -^„Ti == 

f = 0, 


U) 


whore 7} 5 ^ 0. As in the* case for w = 2, on cUvicling by rj in the sooond 
equation of (4), we obtain 

I — At fJL 

Then multiphing thus (‘quation by f — fa and then b> J and sub' 
tracting the products s(*parateh from the first equation of (4) arrive 
at the equations 


^2— 

(1 m) 

. _ _ 0 


( 5 ) 


r = 0. 

M(m I — |,= l.and hence (‘qiKUioiib (5) mlucv (o 


1 +^^»H =<^> 

f *0. 


'rhe only real solutions of these equations are rt= I, r 2 — U f = 0, and 
these points are the vertic(‘s of the equilateral triangles described on the 
line joining the centres of the finite masses and K'ing in the plane of 
revolution. Thus these vertices are points of libration for the more 
general fon'e function as well as for the Ncw'lonian huv of attraction. 
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IHrt II 

Oscillating Satellites near the Straight-Line Equilibrium Points 




(«) 


§ 5. The Differential Equations for Oscillations 
As in Moulton's Periodic Orbits wc let 

f = $0+ 7/ = 0 + f = 0 + ez, 

/-/o=(l + 5)r, 

where |o denotes the straight-line equilibrium point (a), (6), or (c), € is 
an arbitrary parameter, and b a parameter to be determined so that 
y, 2 shall be periodic. The new independent variable is r. 

When we substitute (G) in (1), divide out by €, and denote derivation 
with respect to r by D we obtain 

D“X “ 2(1 -f- b)Dy = (1 + 5)- [Xi4- -h A’3€“+ ... ], j 
D-y + 2(1 + b)Dx == (1 + 5)- [11 + • •. ] » i (7j 

= (1 + bY [Zt+ Z2€ + Z,e^+ ... ] , I 

w -f" 1 


Xi= (1 + WilLv, 
(1 

Zi^ 


Xo = 


■ B(-“ n.v-+ + i:-), 


Vi =(» + 

Z 2 = (w + l)J3x0, 


*^3= ![«(» + 1)(W + 2)x?-3in + 1)(m + 2) .vCv^+s®) , 


l'.= ^^C[-(m + 2).v‘'“j;+3'‘+3'z=]. 


^3 = 


2 

« + 1 


C[-(?z+2).r2s+ys+s»], 


1 - 

^ =-«.i-i + 


B = 


Klo' 

+ 


«+i 

1 + iU)“l - 


[(Io+m)-] " 

+ I — /i 
+ — n^2 ’ 

-KIo+m)-I~-[(Io-1 +^)=] 


c = - 


1 — M /II 

H+S + • 

[(fo+i«)=] 2 [(«0-l+iU)=l 


In B the upper, micUlIe. or lower signs are to be used according as solu¬ 
tions in the vicinity of (a), (6), or (c) respectiveh' are being treated. 
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Now let 

OO 00 00 00 

.v = S 3^ = 2) s = s,€', b = :S 5,€‘ (8) 

t = 0 /«0 I»0 

be bubstilutccl in (7). The resultinjj^ equations will be cited as (7'). 
By equating the coefficients of the same powers of e in (7') \vc obtain 
sets of difTerential equations defining the various Xi, y,, It will be 
shown that the arbitrary constants arising at each step and the 5, can 
be chosen so that the x*, y*, shall be periodic and shall satisfy certain 
assigned initial conditions. 

§ 6. The Generating Solutions 

By equating the coefficients of the terms independent of e in (7') 
we obtain 

(Z}^-(l + «^)] x,-2Dy, = 0, 

2L>Xo+ 1+^]yo -0, (9) 

= 0 . 

The third equation is independent of the first two equations and has 
the solution 

20 = cosA/i4 r + sinA/Z r, (10) 

where and are arbitrary constants. 

For the first two equations the determinant 

A = D^+ [2 - - 1) ] + (1 + riA){\ - A) (11) 

must vanish and therefore 

P^= - I)- 2 ±\/[2-T(h - l)y~ 4(r+'w4)(i -k) j. 

It muN l)t‘ shown as in section (82) of Moulton’s (1920) Oscillating 
Satellites that 


1 - ^ =^(1 



z 

0, for point (a), 

1 - ==(1 

- m) ( 


z 

0, for point (i), 

1 - A = 

'( 


z 

0, for point (c). 


If w = l/k, the real k"‘ root of is to be taken if k is odd 

and the real positive root if k is even. Hence the discriminant for 
is positive for all three equilibrium points and therefore D has two 
purely imaginary roots, ± <ri and two real roots ± p. 
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The solutions of the first two equations of (9) are then 

] , , 

yo= KiS-’" ) + (AV^- A'^e-'O . / ^ ^ 

where Ku • • • , are arbitrary, and 

1 -f- fiA 2(X 

-27— 

P“ — 1 — Wil 2p 

N = - -= -- - -. 

2p p2_i+^ 

Equations (10) and (12) are generating solutions and \ield three 
types of orbits, designated, as in the Oscillating Satellites (Moulton, 
1920), as orbits of Class A, Class B, Class C. 


§ 7. Periodic Orbits of Class A 

The generating solutions for the orbits of Class A are 

1 . 

0, yo—Of smvAr. 

The period is 2Trl^/A* The desired solutions satisfying the initial 

rf^(O) 

conditions £(0) = 0, — = 1, arc 


.Vo= 3^0= 0, So=;^sin\/i4r, 


(w + l)5r 1 (1 + 3 A)cos2VZt -| 

- U. L” l + w^1-(9-«)^+(12 + 3M).4d’ 
(w + 1) S sin 2'\/Z'r 
”V^[l -(9 - n)A +C12 + 3n)A- j’ 
s, = 5i= Xi= 3/3= 0, 

-3(« + -(5 - n)A +(8 + 3k)4-”] 3Ch+UC 

“ l('>k^(l + «.4) [ 1 -(9 - n)A +(12 + 3«)^'] ’ 


(I + 3^) cos 2 's/a t 


« + 1 r 


( n+l)(l+3^)A^ J . 

(9-»)^ + (12+3kM“ CJ|^3si 

X2J=^ y2j^ Z2j-t^l= d2j+l= 0 , 


C SsinV^r —sin , 


.V 2 j+i= ^ cos 2k^Ar, 

k = 0 
j+i ^ 

y 2 ,+i= S sin 2fe\/jT, 

Ar-0 

S 2 j= S sin {2k + l)v74r, 
k-a 



THE ROYAL SOCIETY OF CANADA 


:jn 


where I he Cs and 5’s arc known constants and 

2 i2k + = 0 . 

A =:0 


§ 8. Periodic OrbitsS of Claims B 

The j>encrating solutions for orbits of Class B arc, in trigonometric 
form, 


.Vo = 


cos err + 

sin err, 

.Vo = 

M(b 

cos err “• 

a/®' sin (tt). 

S() = 

0, 



J/= 


• 1 + 

2(r 


2<r cr- 

+ r-A ’ 



arbitrary constants. 


The period of these solutions is 2T/<r. 

Since 5o= 0 and since c is a factor of the third equation of (7), all 
the Zj will vanish. Thus the orbits of ('lass B are of two dimensions 
and lie wholly in the plane of revolution of the finite bodies. 

The initial conditions 


.v(0)= 1, v(0)= 0 (Uj 

will be chosen for Class B orbits. There is no loss of generality in 
taking .v(()) = 1 instead of an arbitrary constant as .v carries the arbi¬ 
trary constant e in ((>). Nor is there loss of generality in taking 
3 /( 0 ) = 0 instead of an arbitrary constant as the infinitesimal must 
cross the >j-a.\is for i)eriodic motion and we may sc^lect the initial lime 
7 = 0 as th(* instant when the infinitesimal crosscvs the ij-axis. When 
conditions (U) are imposed on a:, and yj in (8), w^e obtain 

.VuC0)= J, .v,(0)= 0,i= 1,2,3,... \ 

_v,(0)« 0, j = 0,1,2,.3,... f 

Asa result of (15) the general solutions (13) reduce to 

A'o= cos ffT, yo= — M sin o-t. 

The orbits of Class B may be obtained by transforming the differ¬ 
ential equations (7) to the normal form as in Buck’s treatment (1920). 
As this is a somewhat laborious procedure we shall therefore construct 
the solutions dircctlw 
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Coefficients of e in (12')- The differential equations at the second 
step arc 

(PS- 1 - nA)x,- 2Dy, = 

2 Pa:i+(£)=- 1 +4)3-1 == 

= 25i[D3»u+( 1 + n4).vo] - B{nxo^- y ,,-), 

F(>>= - 25i[Da:o-(l - A)yo] + (n + l)5«fl3fo. 

The particular integrals of (16) in symbolic form are 

_ 1 - 2D _ 1 D^—l-nA, 

A D^- 1 + A ’ A 2D, 

where A is defined in (11). Since A vanishes for D^= — o-- the terms 
in cos (XT and also in sin ar in (17) must vanish, otherwise the solutions 

• • Sin 

for xi and yi would contain non-periodic terms in ar. Now di is 

a factor of the terms cos <rr and sin <rr in (17) and therefore we must 
put 6 x= 0. The complete solutions of (17) that satisfy the periodicity 
and initial conditions are 

Xi^ cos err + cos 2 <rr, 

sin err + 62 ^^^ sin 2 ar, 

0 , 

where • • • » are known constants, and 

2 

S = 0 . 

;*0 

It will be necessary to carry the integrations one more step to show 
how 52 can be determined. 

Coefficient of in (7'). The differential equations at this step are 

(i, 2 _ 1 _ nA)xi- 2Dy..= \ , 

2Dxi+(.D^-1 + A)yi = 

= f252( — il/<r+l+«4) +f i^®^]coS(rr+£o^’ +g2^'cos2o-T+|;s^*^cos3(rT, 
= [25* {o- — (1 — 4 ) If} + Ai^*] sin or + sin 2ot + Aj^^^sin Zar, 
where • • •» are known constants. The particular integrals, in 
symbolic form, are 

1 - 2D _ 1 ps- 1 - n4, 

- 3 ; 7 ( 2 )^ 2 ) 2 _ 1 + 4 ’ “ A 2D ^ 

As at the previous step, the coefficients of cos err and sin or in the 
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<ibovo mbolic forms for the particular integrals must vanish as A = 0 

cos 

for D- = — <7“ and would give rise to terms in 'rgjjjO-r. These co¬ 
efficients, when equated to zero, are 

(— (7“— l+^)[ ]i+2<7[ ]2 == 0, \ . . 

2<r[ ]i-(<r^+l + «^) [ U = 0, i 

[ ]i = 252(-il/<r+1 + »^), 

[ Js = 252{(r- il/a -^) }. 

The functional determinant of [ ]i and [ ]2 in equations (20) is 
A with Z)^=—( 7 ® and consequently vanishes. Hence the two equa¬ 
tions in (20) are not independent and one of them, say the second, may 
be suppressed. Thus we obtain 

52 [{4 - 2(n - 1 ). 4 }( 72 - 4(1 - ^)(l + nA)] + constant = 0. (21) 

As the coefficient of 82 docs not vanish we may solve (21) for 52 giving 
52=dl2, a constant. With 52 thus determined the complete solutions 
of (18) satisfying the periodicity and initial conditions are 

.X 2 = cos <TT + cos 2(7 t + cos 3(tt, 

y2= — Mai^^ sin err + 62 ^®^ sin 2crT + 63 ^®^ sin 3 ( 7 r, 

52 = d 2 f a constant, 

w'here ,... , arc known constants, and 

3 

S a/2) = 0. 

^-0 

The remaining steps of the integration are similar to the preceding 
stej). The differential equations at the step j are 

(X>a_ 1 _ „A)xj - Wy, = 

2£>.Vj + (I?’-l + = KW, 

[25, {—Mff + 1 + nA) + gi^^] cos vt + 

-fgs^^ cos 2 ffT + . . . + cos O' + 1 )<fT". 

J+1 

y''5 = [25, { <7- (1 - A)M } + ] sin <7r 

+ sin 2<rT +... + sin (j + l)<rT. 

J +-1 ' 

The symbolic forms for the particular integrals are the same as (19) 
with replaced by X ^^, respectively. Two equations 

similar to (20) must be satisfied by Sj if the solutions are to be periodic. 
Now the functional determinant of these two equations is A and 
vanishes as at the previous step. Hence only one independent linear 
equation in 5y remains and the coefficient of 5j in this equation is the 
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same as that of di in (21). Thus we find 5j= dj, a constant, and the 
desired solutions at the step j have the form 

.Yj= ao^'+ cos <rT+ .. . + a!fli cos (7 + 

sin o-T + ... + sin (J + 1 )o-t, 

j+i 

dj, S cW = 0, 

k=0 k 

where • t are known constants. 

j+i 

On substituting for the various Xj, yj, dj in ( 8 ) and the results in ( 6 ) 
we obtain the two-dimensional orbits of Class B near the straight-line 
equilibrium points (a), (i), (c), 

§ 9. Periodic Orbits of Class C 

The generating solutions for the orbits of Class C arc 
.^ 0 = cos (TT + sin ar, 
yo— cos (TT — sin <rr), 

2 o = sin \/A r. 

The period is T = mflvltr = m^icl'y/A where mi and m 2 are rela¬ 
tively prime integers and o* axid\^A are assumed to be commensurable. 

On account of the complexity of the problem in constructing orbits 
of Class C which are distinct from those of Class A or Class B when 
the law of attraction is Newtonian, no attempt will be made to con¬ 
struct Class C orbits for the more general force function. 

§ 10. Convergence of the Solutions 

The convergence of the solutions for the orbits of Class A and of 
Class B may be established by an existence theorem in which use is 
made of Poincare’s (1892, 1899) extension to Cauchy’s theorem. On 
the other hand, we may apply MacMillan’s (1913) theorem where it is 
shown that if the formal construction of periodic solutions can be made 
then such solutions will converge for all values of the time provided 
the parameter is sufficiently small numerically. 

Part III 

Oscillating Satellites near the Equilateral-Triangle 
Equilibrium Points 

§ 11 . The Differential Equations for Oscillations 

The co-ordinates of the equilateral triangle equilibrium points are 

Point I, ?o= i >70- iVs, {* 0 = 0 , 

Point II, = I — ^ 0 = — i\/3» 0 . 



40 


THE ROYAL SOCIETY OF CANADA 


Onl> the periodic oscillations near one of these points need be con¬ 
sidered in detail, as the periodic oscillations near the other point ma> 
bo obtained by changing the sign of\/§ in the solutions near the point 
first considered. We shall select Point I for detailed consideration. 

The case for » = 2 has already been considered by Buck As in 
his treatment of the problem we put 

^ - i — 71 = ^ Vs + = €Z (23) 

/ — /o = (1 + 5)r. 

On substituting (23) in ( 6 ) and dividing out e we obtain the fol¬ 
lowing differential equations defining the oscillations near Point 1 : 




w4"l 

(1 + 8 ) 


^ X- : 


2(l+8)D- 


(n+l)(l — 2/i)\/3(l+5)-"| ^ 
■ I J} 




2(1 + S)D - 


= (1 + ...], 

« + !(]- 2m) V3(i + sy 


2 - 

- X 


+ 


[D^-2 (fi + l)(l+sy] y 
= 0 + 5 )* [iY2+€^Yz+.... ], 
+ (1+8)®] z — (1 + 5)® [ 6Zs + €®23+. ..], 

-(1 -2m) 


(24) 


X- 


16 


(« + 1) (n — 9)jc*+(» + 1) (3 m + 5)y — 4(» + 1 ) 2 ^ 
(m + 1)(m - 1) 


8 


VZxy, 


-(« + 1)(m -1)V3 (« + l>s/3 

Fs = - 3y) + - .8 ® 


16 


0 _^ 2n)(n + ^( 3 ?^+ 5 ) 
8 " 


■xy, 


« + 1 / , 

Zt = -y-- z 1(1 - 2m)x: +\/3y ]. 

The remaining X,, Yj, Z, are pol> nomials of degree j in x, y, and s. 1'hc 
Zj carry the factor z. 


§ 12 . TJie Equations of Variation and Their Solutions 
In order to integrate (24) we put 

00 09 00 00 

» = S y = S y,«*, 2 = S z,«’, 5 = S 5»e'. (25) 

t-0 »-0 i«l 

Let these substitutions be made in (24) and let the resulting equations 
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be cited as (24')- The terms in (24') that are independent of e are 
DiXo-^- i?2yo = 0, I 

D^xo+ Diyo = 0, I (26) 

(P2+1)2=0, I 

Pi = D2 ^ J {n + 1), Pa = - 2P ~ + 1)(1 “ 2^) VS, 

Pa = 2D -i {n + 1)(1 - 2m)v^, P 4 = P^ - 1 (« + 1). 

These equations are known as the equations of variation. 

In order to find the solutions of (26, a, &), that is, the first two 
equations of (26), we must first obtain the roots of the determinant 
P 1 P 4 — P 2 P 3 — 0 or 

P*+(3 - n)P-^+ I {n + 1)^m(1 - m) - 0. (27) 

Suppose the roots of this equation are =L pi, =t P 2 . Then the solutions 
of (26, a, b) arc 

aie^^^+ a 2 e-^^^+ 030 ^^^+ 
yi= bi b 2 a 2 e'^^^+ b3fise^^^+ 

where the a’s are arbitrary and the 6’s are known constants. 

The solution of (26, c) is 

Zq— Cl sin r + ^:2 cos t. 


§ 13. The Orbits in the Plane 

The orbits in the jcy-plane will exist only when either pi or p 2 is 

purely imaginar 3 % Now _ 

^2^.. ^2 _^ — 3dz\/(3 — w)-— 3(w + 1)V(1 — p) 

Pi or p 2 -r-f 

JU 

and Pi or p, will be purely imaginary if the expression for pi- or ps® is 
negative and real. In order that pi® or p,* shall be negative we must 
have » < 3 and to be real 

(3 - ny^ 3(« + 1)V(1 - ;*). 

(3 - ny 

or p(l — p) must not exceed 4-1)^ ^ must not exceed 

1 4(3-^ 

r ^ 3(H-«)»* 

This limitation upon p is real only for » > 15 — 8\/3 or « > 1.144. 
For example if = 1 there is no limitation upon p other than, by 
notation, it must not exceed 1/2. If w = 2 then p must be less 
than .0385 ... as first found by Lagrange in 1772. 

The plane orbits for = 2 were obtained by Buck, The construc¬ 
tion of orbits for 0 < w < 3 is essentially the same as for n — 2 and 
the work will not be given here. 


or p must not exceed 


Vi 
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§ 14. The Three-Dimensional Orbits 

It will be assumed that neither pi nor p 2 is commensurable with 

for n in the range 0 < < 3. This assumption need not be 

made for w > 3 as then the p's are no longer purely imaginary. 

The generating solutions for the three-dimensional orbits arc 


Xq— yo= 0, 2o= 0,1 sin r + 02 cos t, 
and the period is 2t. 

Initial conditions s(0)= 0, Dz(0)=^ 1 will be selected. Then 

2/0)= 0, i = 0,1,2. \ 

Z?zo(0)= 1, Dz/0)= 0, i = 1, 2, 3,... / 

Step 1. The solutions at the first step satisfying (28) are 
Xa— yo= 0, Zo= sin t. 

Step 2. Coefficients of e in (24'). 

The difTcrential equation in zi will be considered first. It is 
{D^+ l)2i= — 25 1 sin t. 

The periodic solution satisfying (28) is 

2i= 0, Si= 0. 

The differential equations in Xi and yi are 


(28) 


DiXi + D^yi = = 


(1 - 2m) (n + 1) 
8 


(1 — cos 2 t), 


D^i + Dcii = = -^ (« + 1)'n/ 3 (1 — cos 2 t), 

and the desired solutions are 

.Ti = ao^‘^+ 02 ^^’ cos 2t, 
yi = cos 2t, 

where ■ • • i are known constants. 

Step S. One more stop of the integrations will show how the pro¬ 
cess may be carried on to any desired length. 

We shall consider the 22 - equation first. It is 

W “t” 1 

(Z?®"!- 1)22= — 252204" ~ 


■ zo [(1 - 2 m)«i- 1- Vsyi] 
» +1 / 


= sin r — 2^2 + ^ 


(29) 


(1 - 2m) 


02 '*^ + 


Vi 


+ sin 3t Y3 j 
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In order that 52 may be periodic, the coefficient of sin r in (29) must 
vanish. This determines 62 = ^ 2 , say, and the desired solution for S 2 is 
Z 2 == sin T + sin 3 r), 

where € 3 ^^ is a known constant. 

The equations in X 2 and are 

i?i.r 2 + J^ 2 y 2 = 0 , 

-03^2+ -^4^2 = 0 , 

and the desired solutions arc 

X 2 == ^ 2 = 0 . 

At the general step ifj = 2 ^ + 1 , the solutions are 

.V 2 *+i= ao'-^+''4- 2 t+. .. cos (2k + 2)t, 

yu+i= & 2 ^’-*+''cos 2t+. . . + cos {2k + 2)t, 

!^ 2 Ic+i— Sofr+i = 0 ; 

and if j = 2k the solutions are 

Xik = y-ik = 0 , 

Sik — sin T 4- sin 3 tH-. ..+ sin ( 2 ^ + 1 )t, 

^ 2 /. = (hk, constant, 

Ct's«+ 3Cs^»*'+... +( 2 jfe + 1 ) = 0 , 

where the a’s, J’s, Cs and d's are known constants. 

By substituting for the various xj^ yj, Zj^ dj in (25) and the results 
in (23) we find the equations for the three dimensional orbits. The 
infinitesimal is initially projected from the origin along the f-axis with 
a velocity that is proportional to €. 

§ 15. The Convergence of the Solutions 

As in Part II, section 9, the solutions may be shown to be con¬ 
vergent by applying MacMillan’s theorem (1913). 

Univer.sity of British Columbia 
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Illumination for Concealment of Ships at Night^ 

By E. GODFREY BURR 
Presented by A. NORMAN SHAW, F.R.S.C. 

§ 1. Experiments preceding the Concealment Scheme 

During the fall of 1940 the writer and H. IVIortimer- were stud\ ing 
the visibilit} range of aircraft at night, particularly with a view to the 
C'dension of that range by the aid of large aperture sighting telescopes 
of considerable magnification. 

Binoculars of this t\pe of the highest quality give a magnified 
image with a reduction of field brightness of about 50 per cent and with 
but a small reduction of contrast between the dark image or silhouette 
and the field. Under these circumstances the range of visibility at 
wdiich the presence of the image can be noted is greater than wdth the 
naked e\T in a ratio of the order of 70 per cent of the magnification 
ratio. Any considerable scattered light within the optical system 
directly reduces the contrast of the silhouette and very materially 
reduces this range ratio. 

During this work the writer noted the extreme contrast obtained 
in the telescope field w’hen an aircraft was viewed flying over an airport 
in open country. The silhouette had a velvety black appearance. He 
became impressed with the idea that the increase of visibility range 
obtained by’ the night glass could be defeated by’ an artificial reduction 
of contrast obtained by’ illumination of the surfaces view’ed in the 
silhouette range. Since a diffusely’ emitting surface is equally bright 
in all directions a reduction of contrast to an approximate brightness- 
malch with the background would be equally’ effective for all angles 
between the surface and the observer. The pow’er requirement for 
obtaining this match with incandescent lamps w’as found to be quite 
reasonable for all night conditions, 

A striking and conclusive demonstration occurred on December 4, 
1910. The airport w’as covered with fresh snow and the moon was 
rising. Lightly wooded country’ surrounded the airport. A plane 

1 Permission to publish granted by the Director of Naval Intelligence, Naval 
Service Headquarters, Ottawa. 

^Hector Mortimer, F.R.C.S. (Ed.), Research Fellow’ in Endocnnologys McGill 
University. 
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api)roaching al low altitude in level flight over the woods was clearly 
sighted with the night glass at extreme range and followed in. It sud¬ 
denly disappeared at the edge of the airport and was not seen again 
until right overhead when wdth the naked e>e it showx‘d brighter than 
the sky background. The reflected moonlight from the snow had pro¬ 
duced an approximate brightness-match of the plane with the sk\. 

The technical difficulties of illuminating aircraft surfaces unless 
translucent skins could be developed led to the consideration of 
application to ships. 

§ 2. Demonstration of Concealment Eject on Ships 

A few da^'s later at a meeting at Ro\al Canadian iVav^ Head¬ 
quarters arranged for the waiter b\ the Acting President of the National 
Research Council of Canada, it was disclosed that the usual method 
of submarine attack on our convoys was at night and that the sub¬ 
marine approached on the surface using night glasses. Such attacks 
were delivered generall> from be>ond the range at wdiich our ^*look- 
outs” could sight the submarine. It was felt that an\ considerable 
reduction of visibility of the target ships w^ould be a valuable defence 
measure. After laboratory demonstrations, a full-scale demonstration 
was arranged using, with simple rheostatic control, green-coloured 
incandescent lamp bulbs in commercial sign-lighting fixtures on tem¬ 
porary supports installed on the corvette H.M.C.S. Cobalt, This sea 
demonstration, held on January 22, 1941, outside Halifax, resulted in 
instructions to attempt the development of a reasonabh seaworthy 
installation. The demonstration equipment was then shipped to the 
Admiralty and, after a trial, they proceeded with further development. 

§ 3. First Phase of Development 

During the next three months lighting unitvS giving a fan-shaped 
l)(‘am by usc^ of commercial prismatic plates and incorporating a bliK‘- 
green glass filter to cut off the exccwss red, were made and installed on 
the corvette H.M.C.S. Chambly^ using retractable pipe-frame supports. 
With this installation, w^hich was used for frequent trials, some in quite 
rough weather, the general means of meeting the practical problems of 
shielding the sources from view under all angles of vision and with the 
ship pitching or rolling were defined. Also the mechanical problem of 
support for the hull units, which would project overside, wms judged 
to be readily solvable without excessive weight of structures. Doubt 
of the mechanical feasibility continued to agitate naval officers with 
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some exceptions until it was proved in 1943 the Edmunston instal¬ 
lation. 

This stage of development was terminated before the end of May, 
1941, when Chambly was ordered to sea, but it w^as by this time evident 
that range reduction b}" one-half could be expected under all conditions 
tested and under very favourable conditions the range might be re¬ 
duced to one-quarter of the ordinary range. 

§ 4. Second PJiase of Development: Defence of Merchant Ships 

The writer then obtained permission to disclose this invention to 
the U.S. Navy and at a meeting June 5, 1941, at the Bureau of 
Ships, Washington, they decided to develop equipment for demon¬ 
stration on a large merchant ship Avhich had been indicated by Ad¬ 
miralty as a desirable application. The General Electric Company 
w^ere given an order to produce suitable equipment and the writer was 
advised to collaborate closely with the U.S. Navy in the project. A 
very compact lighting unit was developed using a reflector with C3 lin- 
drical and parabolic curvatures in transverse and longitudinal vertical 
planes respectively, \vhich gave a fan-shaped beam and nearly uniform 
illumination over a considerable area of a plane illuminated at a general 
angle of incidence of 15® when spaced about 15 feet apart. Equipped 
with a 40-watt 6-volt automobile t^pe lamp, a blue-green filter of 
thick glass, and a housing of ordinary waterproof type, it formed a 
reasonably practical unit which was used in all later work. Installed 
as above, at top voltage the brightness of ship surfaces of reflectance 
20 per cent attained the values of the night sky on moonlight nights. 

In March, 1941, the Optics Department of the National Research 
Council of Canada had started to make an experimental photoelectric 
automatic control to test the feasibility of such a device. The extreme 
difficulty of maintaining insulation of the photoelectric cells to allow" of 
balancing for sky and ship was quite evident and before it was ready 
for trial the General Electric Company, using our experience, con¬ 
structed a control unit employing the newdy developed multiplier 
photo tube and a rotating shutter exposing the photo cell alternatively 
to the ship surface and the sky. The alternating current thus pro¬ 
duced when a brightness unbalance existed, was amplified and used to 
restore the balance through the means of Thyratron control of satur¬ 
ating reactors in the alternating current lamp circuit. The control was 
dual for port and starboard sides and was found to be sufficiently 
sensitive for practical development. 
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'rhis control and the lighting units were installed by the Cieneral 
l^lectric Conipan\' on a large freighter in the IJ.S. Navy service and 
trials were run off out of Boston on New Year’s Eve, 1942. The results 
were salisfactor\ in spite of the fact that the ship being empty of 
freight the undercurvature of the hull was exposed and no light could 
reach it. This was not a normal condition for loaded ships in convoy . 
All upper parts disappeared at quite close ranges but this dark shadow 
persisted and reduced the range reduction ratio to about one-half. 

The United States, newly engaged in war, could not find justifi¬ 
cation for the large industrial output needed to develop this device for 
defence of merchant ships. They made the next spring a partial instal¬ 
lation on an anti-submarine patrol vessel, evidently with the offensive 
aspect in view, but this was abortive because the overside hull units 
were ordered omitted, as at this time it appeared to them difficult to 
make these overside units seaworthy. The hull forms the largest and 
most compact i)art of the silhouette area, and so mainly determines 
the visibilit\' range. 

§5. Third Plunge of Development: Offensive U^e in Anti-Submarine 
Warfare 

In midsummer, 1942, a definite step to make possible tests of the 
offensive value of the invention was taken. The Royal Canadian 
Navy authorized the writer to acquire a number of the General Electric 
Company’s lighting units and to proceed with an installation for two 
corvettes at the lime of their refit. The General Electric Company 
provided the complete photoelectric control applied to a 116-volt 00- 
c\cle multiple distribution system with individual transformers down 
to 0 volts at each lighting unit. This installation is illustrated in the 
platCvS. The ships equipped were H.M.C.S. KdmtindsSfon and ll.M.CLS. 
Rimouski, About sixty units were us(m1 and the maximum power con¬ 
sumption was 2.5 kilowatts. Tho blue-green light filters on the General 
Electric units W(Te known to be too green, showing a residual green 
colour contrast against the sky in full moonlight, but the state of 
industry and the instructions given made it impossible to provide more 
suitable ones and this defect was apparent later under the conditions 
given above. 

Delays in refit postponed the trials of Edmundston until June, 1943, 
and Rimoiiski was still not ready. 

The Edmmdston trials were very encouraging, range reduction 
by 50 to 70 per cent being reported by the Director of Anti-Submarine 
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Warfare, British AcliniraU> Mission, Washington, uho witnessed the 
Iri.ils from a submarine. Earlier phases of the same trials were at- 
tenderl In a repre.sentalive of the Department of Scientific Research, 
\dniiralt\. which department had carried out considerable indepen¬ 
dent development following communication of the invention to Admir- 
ah\ in lH‘bruar\, 1941. The writer was unable to participate in this 
work. 



Figure I. — Installation on Corvette 


^1. Overside mids*hips unit in place. 

B. Funnel unit in place. 

C. Fixed superstructure unit. 

Following these trials Edmundston proceeded on her normal tour of 
operational sea duty, much of it in the Bay of Biscay. A special officer 
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accoinpaniecl her aiul operating experience was gained (luring the next 
six monthb, when he was (’ailed back to rei)ort Later, at the time of 
normal reht, the supporting brackets were found to have (iiduied the 
stress of «i lu^rmal tour of s(m dul\ as well or better th<in the usual devk 
lutings of a warship. 



IncajRi ir.—F nsi 41T \iroN on Corveixi. 

J. OvtMside how unit “ slow(‘tl/’ 

B, OvxTside midships unit “stowod,” 


Rimonski (*onii)letecl lelit in October and ()j)erate(l with an escort 
group in Atlantic convot using the devdee most of the tinu‘ undtT the 
direction of a si)ecial officer, wdio thus gained operating experienc(‘ and 
discovered the defects of the trial installation, until he wms recalled 
three months later. At the end of her normal tour of dut\ t he brackets 
were found in good condition, but as in the case of lidmundiston^ im¬ 
provement of control gear and of the lighting units was needed to give 
a reliable installation, free from the necessity of frequent maintenance. 

At an Admiralty meeting in London in August, J943, to wdiich the 
tvriter was called, proposed staff requirements were laid dowm. The 
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ones which were not met b\ the existing installations mainh concerned 
the control gear. This should be automatic, w ith an alternative visual 
control. It should be trainable to give the balance most accurateK for 
the actual direction of a known enem>. Also it was decided that the 
most suitable class of ship was the frigate. 

§ 0. Fourth Phase of Development: Improvements for Afiti-Submarine 
Warfare 

This required a complete redesign of the whole control gear. Also, 
experience on the corvettes had shown that when the ship was heavily 
rolling, the ‘‘gimball” support, used to give horizontal line of sight, 



Figure III.— iNSTAULAriois oh Cor\etie. 


A. 0\erside stern unit in place. 

B, Ovcrbide stern unit parth “stowed.” 

w^as unequal to the task. It w'as decided to incorporate gyroscopic 
stabilization. The Electric Engineering Department of the Xational 
Research Council undertook this task of redesign and construction of 
a prototype equipment. 
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A project for c‘lght frigates was undertaken in C'anada, six of which 
would form a C'anadian (\scort group and two be attached (o the Ro\al 

\tlV\ . 

d’he lighting units wtT(‘ redesignc‘d to lx* waterpioof against prt‘s- 
siire and a blue filter replaced the 1041 design which gaw the residual 
green colour contrast under certain conditions, as previousK’ noted. 
The vtdiole design w'as much improved mechanicalh', ek‘ctri('alh , and 
optically based on (he experience gained during the* sea duly of the 
two corvettes. 

To facilitate installation, a means was found for adjusting the units 
in a large shore laboratory. The whole of the surface of the hull of a 
frigate and parts of the superstructure were reprodiu'ed 1)\' plywood 
panels on a wood framework corresponding to the ribs of the hull. One 
vside of the room had a fixed set-up of rather mon‘ than one-quarter of 
the ship’s length aft from the bow. The remaining three-quarters of 
the shij) could be reproduced on the other side of the laborator\' one- 
quarter at a time, and changes required only a few hours. 

The w'hole laboratory, a disused electrical sub-station machinery 
room, was adequately darkened and full-scale studies of the best spac¬ 
ing and positions of the lighting units could be made at an\ time. It 
was the intention to check and adjust the newly designed units in this 
laboratory and then label them for installation in shipboard. 

This laboratory was used in the spring of 194-I to obtain in full scale 
the type of lighting distribution which w^as indicated as most desirable 
after several months of study by the author of the residual pattern of 
the frigate silhouette on a miniature scale of 1/10 incli (equals 1 ft.*^ For 
(his, a labi)rator\' at McClill University, which had been (‘quipperl and 
calibrated by tin* author in was available and was used with 

minor change. 

'I'he National R(*search ('ouneil had conipUdecl a protoltpe of a 
g\To-stal)ili/ed trainable automatic and visual control by the fall of 
19-1-b and this was installed for the piir])ose of st^a trials on Rimonski 
during her refit, replacing the earlier control used in h(‘r operational 
duty. The old lighting units were not i*eplaced as the production of 
the new design had not started. Trials on this new gear were held 
out of Halifax in the late fall, 1944, at Bermuda in February, 1945, and 
in Scotland in April, 1945. 

•*E. G. Burr, “R.C.N. laboratory experiments on diiTusion lighting of frigate.” 
R.C.N., DTR 100, 1 April 1944. 

*E. G. Burr, and A, S, Elliott, ‘‘Studies in night visual acuity.” R.C.A.F., 
AM 25, 28 Noveml^er 1942. 
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1 1 aj^peart^d that the new control gear was miit'h more* suitable and 
should be adequate for the ])urpose. 

B} th(‘ end of 1941, the approachinji end of lh(‘ w'ar had caubccl the 
abandonment of Iht^ project and the B(M‘nuidaand vScotland triak were 
its coiK'lusioii. 

§ 7. Notes on Sea Trials 

At the Edmiindston trials (midsummer, 1043), which extended over 
several nights in a period of tw’^o weeks, some dramatic moments 
occurred. 

With full moonlight Edmundston was vknved standing directh in 
the bright moon ])ath, as a black object \dsible Avith the naked eye. 
With light switched on, she disappeared and could not be seen with 
7 X 50 light glasses. These glasses in clear atmosphere ha\'e a range 
increase ratio of more than four. 

On a ver\’ dark night with intermittent rain, W'hich prevents effi¬ 
cient use of night gUusses, the observing submarine having with the 
naked e>e sighted the control ship (a similar corvette painted with the 
lately developed “Western Approaches’" camouflage) at above 700 
yards approached closer, but could not find Edmundston. Fearing too 
close ai^proach, the submarine stopped and ordered “Lights-off.” 
Edmundston W’as off the bow at 300 yards where a very careful watch 
had been kept. When “f^ights-on” w^as again ordered, she was com¬ 
pletely invisible, but after a very close scrutiny with night glasses she 
was just discernible. 

The next day, an officer of FAmundston asked W'hat the submarine 
had been doing all night coming up, stopping, and turning aw^ay. 
Asked if he had seen (he submarine, he said he could see her “w’ake” 
clearly. Evidently' on that occasion, the submarine was detected at 
ranges w'hcm Edmnnston was invisible from the submarine. 

The sam<‘ officer had previously been told by the G(Tman captain 
of a caj)tured submarine that the} had one great advantage, the sub¬ 
marine could ahv<i\s see a corvette first. 

On another occasion, in staged sea trials, three experienced officers 
ill a motor launch could just see Rimouski at a range of 7,000 yards 
with night glasses wdien the lights were off. Signalling “Lights-on,“ 
they approached rapidly on the known bearing and first sighted at 
1,200 yards. During the considerable time of the approach run of 
three sea miles, readings of sky brightness were taken and a slight 
darkening of tht^ sk\' occurred which w^ould reduce the ratio to five. 
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On another occasion, a frigate, unaware that the tests were being 
made, approached Rimomki, being first located by radar. She was 
sighted at 4,000 >ards. She passed within 100 jards and was then 
challenged. The frigate c<iptain the next day stated he had been 
challenged 1)\ RimoiLshi, but did not see Ikt at <my time and thought 
her to be a mile or two aw a^. 

AIcC'jill Univkrsity. 
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Transverse Waves in Plane Soap Films 

Bv JOHN SATTERLY, F.R.S C. 


Synopsi.s 

Transverse A\aves were propagated along narrow rectangular 
soap films, the source being an electromagnetically excited dipper 
penetrating the film near one end. Frequencies var^ ing from 30 to 400 
per second were used. Standing waves were perceived by e\e using 
the reflection of an extended source of light at large angles of incidence 
to detect the presence of crests and troughs. To detect travelling 
-w aves a phonic wheel rotating with the same frequency as the dipper 
and provided with slots for vision was used. With this arrangement 
the pattern of the waves is seen at rest. 

Travelling waves and stationary waves were observed with films 
of different lengths and breadths and their wave-lengths measured 
approximately. Noteworthy features were (1) the crests are some¬ 
times inclined to the length of the film by an angle as large as 45®; 
(2) an X-shaped pattern was sometimes observed giving possible evi¬ 
dence of the simultaneous occurrence of a beam and its reflected beam 
from the far end of the film; (3) by using an L-shaped film and a reflect¬ 
ing edge of mica pushed partially into the film at the corner at an angle 
of 45®, the beam coming down one arm of the L could be reflected down 
the other arm. 

These experiments may have important analogies in the propaga¬ 
tion of ek‘ctromagnetic waves along surfaces of metals and in the action 
of so-called “wave-guides.” 

The Experiments 

A common lecture experiment is to place a plane soap film across 
the flanged end of a short length of a threc-inch pipe and use it to 
reflect a bright beam of light from an arc-lantcrn. By means of a large 
lens a magnified image is produced on the screen. As the film drains 
interference occurs between the beams reflected from the front and 
back surfaces of the film and brilliantly coloured horizontal bands 
appear on the screen. Weaker soap solutions often give brighter 
colours but the film is not so lasting as with stronger solutions. If now^ 
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cl iicirrow vstrccim of air 1h‘ diivciotl upon Iho film I)\ nu*ans of a 's»1cKss 
iiox/Io the hori/oiital liaiuls of colour I)reak up into ^i>or^eoiish (‘olourc'cl 
vortici's. 

Alcso, if a hijL;h-pitcli<‘cl note lie suniu into llu* cSUpporlin.i» tube tlii‘ 
film is si‘t in \ibration, the pattern on lhi‘ screen show ini; slati<»nar\ 
s(‘ls of criss-crossing ri])plcs. 'I'lie higher the frequen('\ of the nol(‘ the 
liner the crispations of the pattern; the ap])earance is similar lo that 
of a ('hhulnl i)late executing high frequency vibrations. Thv experi¬ 
ment with this unexpected burst of song and the changing i)atlern on 
the screen usually “brings down the house.'’ 

r. V. Bo\s in his little book entitled Soa/^ Bubbles disiausses the 
colours of these films and gives a diagram showing the relation hetw^i'en 
the colour, its position in Newton’s si'ale of colours, and the thickness 
of the film. But he sa\ s little on vibrations. A. S. ('. Law rence in his 
book on So(il:> Films gives photograi)hs of draining fdms showing the 
horizontal bands and ahso photographs of the vortic'es produced by an 
impinging jcd of air, and imkes the brief remark that startling changes 
are i)roduced by ver> small lluctuations of air i>ressure in the jcd. 

Hartmann and Mathes^ have described exi erimentson‘A1brations 
of a Liqui<l Membrane l^xposed to High I'n^quency Sound Waves.” 
'fhe source of sound was an Acoustic Generator giving a not(‘ of fre¬ 
quency as high as 12,400 per second. The liquid membrane W'as a 
small soap film of diameter 7 mm. when circular in shape and of 4 X 1.2 
mm. dimensions \vhen rectangular. Its thickneSvS was approximately 
1 to 3 hundredths of a mm. 'I1u* photographs reveal that the impinging 
high frequency waves set the film in stationary undulation showing at 
first till* c‘\islenc(' of rippkxs and finall}', as the film drained, minute 
granulations, .\fter considering the mechanics of the in'oblem and the 
variations seen in the idiotographs they conclude (j). <St)I) that *‘tla‘ 
natural state of viiiration of a liquid film is thus obviousl> that lo 
w'hich three sets of stationar\ transverse waves und(‘r 120® with c‘a('h 
other would give rise” and that “if the film is too thick tin* anqilitude 
of the transverse waves is too small to bi^ oliserved. When the thick¬ 
ness of the film has become* too small the film bn^aks. I n bet wc‘en then* 
is no change in the length of the stationary wave with thickne.ss, though 
this is a ])oint to be cleared up.” 

Attempts at calculations connevting wave-length and frequency 
were made using the simple equation for standing waves in stretched 
strings and the Kelvin-Rax'Ieigh exi)ression for surface ('apillarx' waves. 


mill Mag., 22: 883 (1930). 
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As with Hartmann wc nun atWmpt to trc‘al a lon^ narrow film as a 
stretched string and appK the equation for trav<‘llinc^ or standin^s^ 
waves namely 


y ^ 4 V tret chin force 
^ mass per unit len^i^th 

where v = velocity of the travelling* waves. 

Putting 7 = surface tension of the soap solution (and there are two 
surfac'es to the film), b and / = breadth and thickness of the film, 
p = density of the soap solution (nearly 1 gm. cm.-^) we get 


V 




Also if n = the frequency' and X == the wave-length 


V = n\ 


and 


— 




f = 


2y 
pt 

27 


In some instances of my own (^see later) w = 2X64 per second and 
X was about 2 cm.; y is about 27 dynes/cm. 


_ 2_X_27 _ 

2-^X 04^X I 


1 

1200 


cm. 


which is of the right order of magnitude. 

In the <‘arly days of tlit^ late war a mathematical colleague working 
on the proj)agation of electromagnetic waves along the surfaces of 
metals asked me to study the passage of transverse waves along long 
and narrow soap films. He thought that at certain frequencies there 
might be similaritic? between the two phenomena, and also that if it 
were possible to observe a transverse wave spreading around the corner 
of an L-shaped film, the appearance of the wave-fronts might help him 
in his solution of the electrical problem. After seeing what I could 
show him he appeared satisfied, but as his work was very much "Hush, 
Hush” 1 never learnt much about his own problem. Possibly it was 
connected with the important subject of "wave-guides” in radar. 
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In the evperinients to be described the soap films were formed on 
slotted brass frames (Fig. 1). fn Fig. l(tt) the slot was 17 cm. X 4 cm 
Ill Fig. 1 (6) the vslot was 30 cm. X 1 cm. In Fig. 1(f) the two separate* 
biMss right-angular pieces could he clamped together 1)\ the crossbars 
at the (mds A <uid C to give an L-shaped film of adjustable length and 
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Figurf 1. (a) The shorter broader slot. The scctioutil end \iew shows the 
l)evell(‘<l edge of the slot. The dipper is shown at D. 

(b) 'the longer narrow slot. M is a piece of wetted mica w'hit h selves, 
hy its ix)sition, to limit the length of the litin in use. 

(r) 'the L-shapeil rods usi‘d to give L-shaix‘d films d/JCof diHerent 
lengths iiiul hremllhs. 'Phe <toss pieces at the (Mids .ire scrt‘w-(danips. M is a piect* 
of mica placed at B to act as a reflector. Mi is .i second strip of mica to limit the 
length of the film along BC, 

width. The edges of the brass next the slot were bevelled to ket'p the 
film to the upper surfac'C of the brass. The figure also shows little 
pieces of mica, il/, i/i, which when vsx'ttecl served to limit the extent of 
the film and when placed as at M in Fig. 1(c) acted as a reflector of 
the wave train which after travelling down AB was sent down BC, 
As each frame was used it was placed horizontally and the slot filled 
with the soap film. The dipper D, the source of the waves, was a small 
mica sheet attached either to a spring actuated by an A-C electro¬ 
magnet or to the prong of an clectromagnctically excited tuning fork. 
The dipper vibrated vertically, its amplitude was adjustable. Some- 
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times to c>ive it a better grip of the soap film it was loaded with plas- 
ticene. The A-C electromagnet (or the tuning forkj w^as placed on a 
separate bench so that its vibrations were not communicated directly 
to the frame. 

The observations w^rc visual, and to help in the “seeing** a brightly 
illuminated pane of frosted glass w^as placed behind the soap film and 
the reflection of this glass in the surface of the film was observed at a 
large angle of incidence, sometimes at nearly grazing incidence. 

Boys’ soap solution (as supplied by Griffin and Tatlock) w^as used; 
it w'as applied to the frame by means of a sheet of celluloid. 

The A-C frequency w’as about 60 to 64 per vsecond. If standing 
weaves are produced they are easily seen b^ the unaided e} e by the 
varying reflectivity of the crests, troughs, and slopes. 

Travelling weaves will be too rapid for the unaided eye to note their 
pattern. In this case a Rayleigh phonic wheel (or synchronous motor) 
made by P>e and Company was used. The iron w'heel of the motor 
has thirl\' teeth and the disc thirty slots. It w^as inserted in the A-C 
circuit or the fork circuit and once spun at the right speed is maintained 
at that speed keeping time wnth the A-C or fork. With this help the 
e\'c looks through the passing slots and the travelling weaves now^ give 
a stationary pattern; and their wave-length can be estimated by count¬ 
ing the number in a given length. To make doubly sure that it w^as 
travelling weaves that were under observation the w'^heel w'as accelerated 
by hand wdien the weaves w’'ould apparently travel baclavard tow’ards 
the source, or if slightly retarded by a little friction w^ould apparently 
travel outw’ards from the source. 

The film often breaks and if this happens w'hen things look interest¬ 
ing a great demand is made on one’s patience. 

As mentioned above the frequenc}"' of the A-C supply was about 
60 per second; the dippc‘r frequency is twdee this. The tuning fork 
used had frequencies 30, 120, 200 per second. A radio instrument 
known! <is a power-pack was also employed to operate the electro¬ 
magnet. This has the advantage that the frequency can be changed 
at wnll and the var^'ing effects observed. 

The behaviour of the film was unpredictable. Sometimes the film 
just pulsated up and down, sometimes the liquid in the film appeared 
to be drawn towards the dipper and drops of liquid danced behind the 
dipper (in the confined space there—see Fig. 1). Sometimes the stand¬ 
ing waves appeared at once—their wave-length being about a centi¬ 
metre or so. Sometimes nothing could be seen unless the aid of the 
phonic wheel w^as invoked and then sometimes—not ahva\’s—a set of 
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I rav(‘lliiFi> \\avt\s would Ik* such «ilso of <i wa\c‘-k‘n^L»lb of iiboiil <i cantF 
nic'tiv. 

A f(‘\\ (lutiiilv^ with tin* fniuiob are here* .£>i\c‘n: 

ID'fJ, July /J to ,U 

With the lon.t' narrow trou,t>h and 120 aiul «‘>0 forks onl\ a local dis- 
tiirbancc. 

W ith ihe wide trou^^b and the 120-fork surface drift as mentioned 
above. 

With a 200-fork—travelling W’<m‘s» X between I and 2 cm. 

With the i)Ower-pack operating the dipper and no plastirent* used; 
Frequency ■= 230. 'Pravelling waves, 7 w'avc‘-lengtbs in W] cnis. 
Frequenc'}^ = 200. The same but not so strong. 

Frequency = 150. The same but X greater. 

I'requenc\ = 100. Hie same but waves W(‘aker. 
hVeqtiency == 50. Hie same but waves weaker still. 

ITequeiuw’ = 30. No weaves, just a lrc‘niulous motion of iilni. 
Those* w’(*re repeated with about the vsanie n‘sults; then tric'd 
Froquenc\* = 400. No results seen. 

19 Auiusfjd 

Using a soap solution wdiich had been standing in an opc‘n dish for 
about a month and w^hich had got quite viscous, I obtained stationary 
waves at times and travelling weaves at other times with botli framc‘s 
of Figs. l(<z) and \(b). Frequency, 110 per sec'ond. The interesting 
feature* with the stationarx' weaves w’as that as vicwvecl at grazing inci- 
deiu'c almost along the* length of the slot the dark bands were sec‘u to 
be* not at right angles to the length of the wslot but indinc'd to the 
Ic'Ugth at about -15® (Mg. 2). 



Figurr 2.—A representation of the obhljiie dark bands s(‘en whin an e\lended 
]>right source of light is viewed by reflection in the film at nearly grazing incidence. 

There were 0 weaves in about 9 cms. of length. With a fresh solu¬ 
tion from the bottle only moving w'aves could be oblainerl. 

More notew’orthy still w'as that once with an A-(' frequeiicN' of 5(), 
travelling weaves only wTre observed and the dark bands observed at 
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mercl\' grazing incidence formed a aeries of X’s along the slot (Fig. 3), 


DdXXXXXX 


Figi rl 3.—A reprcbcntation of the crossing dark bands (X-shaped) seen some¬ 
times. Lighting and viewing conditions as in Fig. 2. 

about 5 X’s in a length of 9 cms. These X’s got my mathematical col¬ 
league really excited. Are they evidence of waves travelling to the 
right and being reflected at the end and sent back? 

194 September 14 to 18 

Using the I.-shaped frame, Fig. 1(c), with the AB slot 2 cm. wido 
and the BC slot cm. wide most interesting results were obtained. 
If the mica slip wctc not in position at J/, waves only were seen in AB, 
With the slip present and its edge inclined at 45® as shown the waves 
penetrated along BC as well. In one case five standing waves were 
observed in a 7 em. length of both AB and BCy the BC waves disap¬ 
pearing if the mica were pushed aside (Fig. 4). Also the dark bands 
were inclined to the length of the slot as mentioned above. Travel¬ 
ling waves (i.e., waves observed only with the phonic wheel) were also 
sometimes seen. 



Figlre 4,—A representation of the obliquely situated dark bands seen in the 
L-shaped film. The dark bands in BC are evidence that the waves are reflected by 
the edge of the mica slip at M, 

Unfortunately, I have no photographic record of these phenomena. 
Possibly the variations in the phenomena arc due to changes in the 
natural frequency of the film caused by changes in film-thickness. It 
is hoped to repeat some of the observations when more time is available. 
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I'RESIDEVITXL ADDRESS 

Photosensitization 

Bv E. \V. R. STEACIE, F.R.S.C 

I N order that a photochemical reaction may occur it is necessary in 
the first place that the magnitude of the quantum of the incident 
light be large enough, and secondly that the light be absorbed. In 
many cases substances have dissociation energies corresponding to 
frequencies in a convenient region of the spectrum, but are transparent 
down to the vacuum ultra-violet where photochemical experiments are 
difficult to carry out. Thus hydrogen has a dissociation energy of 
102.7 kcal. corresponding to the energy of a quantum at 277GA, but 
the continum in its absorption spectrum does not begin till 849x^. 

If we add to the hydrogen a substance which absorbs energ\^ of 
some wave-length less than 2776A, and which will on collision transfer 
this energy by some mechanism to a hydrogen molecule, then it will 
be possible to effect the dissociation by means of radiation in an acces¬ 
sible spectral region. Such a process is called photosensitization. 
Mercury vapour has been the most widely used sensitizer, and we will 
discuss it first as an example. 

Resonance R.u>iation 

Fig. 1 gives an energy level diagram for the mercury atom. If a 
mercury atom in the ground 6 ^So state absorbs X 2537 it will be raised 
to the 6 ®Pi state, which has an average life of 1.08 X sec. If the 
atom is left to itself it will drop back to the ground state and X2537 will 
appear again as fluorescence, or so-called resonance radiation. If, 
however, the excited mercury atom makes an appropriate collision with 
a foreign gas molecule, it may be quenched and lose its energy without 
an optical transition occurring. The extent of such quenching will 
depend in the first place on the number of collisions with foreign gas 
molecules, i.e., on the pressure of the foreign gas. In the second place 
it will depend on the efficiency of such collisions. This is usually ex¬ 
pressed in terms of a cross-section for quenching. Such cross-sections 
vary widely, from 0.08 X cm.^ for CH 4 to 60 X 10”^® cm.® for 
CeHe. (18, 21, 37.) 


1 
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The Quenching Process 

An excited mercury atom by collision with a molecule of a foreign 
gas may depart from the li^Pi state with a loss of energy in three funda¬ 
mentally dilTerent ways: 

1. The memiry atom is transferred to the metastable 6To state. The 
excitation energies of the states are* 

6^1= 4.86 eV, or 112 20 kcal. 

6To== 4.04 cV, or 107.17 kcal. 

Hence, in dropping to the metastable state, the energ^^ transferred 
to the foreign gas molecule cannot exceed 0.22 eV or 5 kcal. This is 
far too small for chemical reaction or an electronic transition, and the 
energy will ultimately merely appear as heat. That quenching does 
occur in this way in certain cases has been proved by Wood and others 
in the case of nitrogen. 

2. Quenching by an electronic transition. In this type of process 
we have: 

Hg(C^Pi) + RH > HgCG^So) + RH ^ (1) 

where RH represents an electronically excited molecule of a foreign 
gas. In this case the amount of energy which may be transferred is 
large, up to 112.2 kcal., and is sufficient to break most chemical bonds 
if it can be efficiently used. There is one important restriction on this 
type of process which will be discussed later. 

The excited molecule formed in (1) may, in general, either decom¬ 
pose or be deactivated, i.e. 

RH‘+ RH>2RH (2) 

or 

RH^ > R + H. (3) 

Reaction (3) involves an internal conversion of the electronic energy 
of the excited molecule to vibrational energy, and if this is effective, 
decomposition of the molecule will follow. 

From a kinetic standpoint the life of the excited molecule RH*** is 
of importance, since if the life is so short that deactivation never occurs, 
then (1) followed by (3) will be indistinguishable from the one-step 
process 

HgePi) + RH > HgCSo) + R + H. (4) 

3. Quenching by dissociation, A third mechanism of quenching 
involves dissociation of the quenching molecule in one step during the 
quenching process. This may occur either directly or via compound 
formation with the sensitizer, i.e., by (4), or by 
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}h{n\)+ RH^IIgfl + R (5) 

i oil owed In 

iiKi]>ri£>+ 11. (G) 

ib ver\ weakh bound, its heal of formation (from the atoms) 
being only 8.5 k(Ml. It therefore cliwSboriates rapidlx' even at room 
l(‘mperaturc. As pointed out above, reaction (0 can really be re¬ 
garded as a special case of the excited molecule mechanism in which 
the excited molecule has a very short life. 

There has been considerable controvensy over the question of the 
participation of ITgH in mercury sensitized reactions. It has more 
recently been found by Olsen, however, that it is not possible to pro¬ 
duce resonance excitation of the HgH bands in mixtures of hydrogen 
and mercury. (20.) lie concluded that ITgH is not present in its 
normal state, but is formed in excited states by secondary processes 
involving hydrogen atoms. It is, however, possible that HgH is 
formed by reaction (6), but that it has sufficient energy to enable its 
almost immediate dissociation. In other words, if (6) follows (6) 
rapidly enough the over-all process becomes indistinguishable from (4). 

The intermediate formation of HgH may occur also in the case of 
hydrocarbons, e.g. 

WPi) + C 2 H 6 HgH + CaHo. (7) 

This would merit investigation. The effect is of some importance 
since if HgH is formed as an intermediate it is possible for a bond to 
be broken in the reaction whose strength is equal to 

(excitation energy of Hg(®I^j)+ heat of formation of HgH) 

- 112.2 + 8.5 = 120.7 kcal. 

A COMCARTSON OF ZtNC, CADMIUM, AND MeRCURY 

By using other metals as sensitizers it is possible to vary the energy 
input to the reacting molecule. Thus with mercury, cadmium, and 
zinc the following excitation energies are involved: 


State 

Line 

Excitation ener 

Hg(CTd 

Jl84t)A 

163.9 kcal. 


2537 

112.2 

Cd(5Ti) 

2288 

124.4 

Cd(5®Pi) 

3261 

87.3 

Zn(4iPi) 

2139 

133.4 

Zn(43Pi) 

3076 

92.6 


In the case of cadmium (and probably zinc), however, there is one 
important difference. As we have seen, Olsen’s work makes it prob- 
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able that witli merciiry-ln’clro^ieii mixtureb the primar> step is a direct 
split into two hydrogen atoms, rather llian an intermediate formation 
of mercury hydride. 1 lov^ ever, in the case of cadmium-hydrogen mix- 
lures illumimitcd with the resonance line at 3261 A, Bender and Olsen 
have obtained sln^ig resonance (excitation of CdH bands. (1,20.) This 
indicates that C'cll I is formed in the normal state and suggests that the 
primary step is 

(M(5d‘i) + + [I. i8) 

It is therefore not at all certain a priori whether with reactions in¬ 
volving a C-H bond split in a hydrocarbon or other organic molecule 
we have in a given ('asc 

M(Ti) + Rif > Afcso) + R + H an 

or 

+ RII>l\ni + R. (10) 

The heat ol formation of Cdll is 15.5 kcal. and of ZnH 23.1 kcal. 
C-H bonds in most org<inic molecules have strengths in the neigh¬ 
bourhood of 95-103 kcal. Hence, if (9) is the mechanism, Cd(5®Pi) 
and Zn(4^Pi) atoms would be incapable of causing a C'-H split. How¬ 
ever, if the reaction proceeds via (10), bonds can be broken wdth 
strengths up to 87.3 + 15.5 = 102.8 kcal. and 92.5 + 23.1 = 115.6 
kcal. respectively. 

In the case of propane-cadmium mixtures illuminated with the cad¬ 
mium resonance line at 32()lx\ (thus giving rise to Cd (5®Pi) atoms) the 
resonance excitation of CdH bands has been observed and there is 
thus no question that the quenching process involves (10). (27.) 

Spin Consi!:rvati<')n in the Quenching Process 

The processes occurring wdlh hydrogen and a variety of hydro¬ 
carbons have recently been reviewed by Laidler and b}’^ the author. 
(11, 22.) In this scx'tion w^e wdll present views which are largely due 
to Laidler. Let us consider the quenching process in more detail, and 
for simplicity start with hydrogen. 

With singlet metal atoms there are two possible primary processes: 

MOP) + H2(^2g+) >M(^S) + H2OS)- (11) 

where H2(^S)-’' denotes a hydrogen molecule in its normal ^2 electronic 
stale, but containing a large amount of vibrational energ>x If formed, 
it will undoubtedly usually dissociate, 

H2(^S)*>2H(2S). (12) 

The second possibility is 

M(ip) + H2(^S) >M(2S) -h 2H(^S), 


( 13 ) 
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It will bevsecn that the spin-<‘()iiservalum rule is obeyed in both cases. 
With triplet atoms the possible processes are 

M(«P) + lUCs) >MCS) + (11) 

or 

yM('S) + 2n(\S). (15) 

In this case (15) is satisfac'tory from a multiplicity point of view, but 
(14) is ruled out. Actually, (15) undoubtedly proceeds via the inter¬ 
mediate formation of a complex, viz. 

M(^P) + H2(':s)>mh,(^:s) 

-).M(LS) + 2H(2S). (16) 

It follows that with singlet metal atoms either the formation of an 
excited molecule or a direct split to atoms is possible. With triplet 
atoms, on the other hand, only the tlircct split to atoms is possible. 

In the case of hydrocarbon molecules the ground state is undoubt¬ 
edly'' ^2, and the situation is thus analogous to that of hydrogen. We 
may therefore consider the reactions from a similar point of view. 


Thus with singlet atoms we have: 

M(T^) + RIU^S) > M('S) + RfICi))*!* (17) 

or 

^M(^S) + R(2:i:) + H(2S). (18) 

Either (17) or (18) is possible from a spin-conservation point of view. 
With triplet atoms we have the possibilities 

MQF) + RH(iS) >MCS) + RH(iS)* (19) 

>M(iS) + R(2i;)-t-H(2S) (20) 

.>.M(^S) + RH(»S). ■ (21) 


Reaction (19) is ruled out on a multiplicity basis. Hence the only way 
in which an excited molecule can be formed is by (21), and this pre¬ 
supposes the existence of a low-lying triplet state. 

It should be noted that in the case of (20) it is immaterial whether 
the intermediate formation of a metal hydride occurs or not, i.c., we 
can equally well have 

M(»P) + Rfl(^S) > MII(2:S) + R(22;) (22) 

followed by 

MH(2S) > M(^S) + IK^S). (23) 

Reactions of Hydrocarbons 

Investigations have been made recently of the reactions of a variety 
of paraffins and olefins, as follows: 

With Hg(«Pj) 

ethane (3, 23, 29, 30, 31), propane (2, 2i), n-bulauc (10), i&o-butane (3), neo¬ 
pentane (4), ethylene (12,13, 16), propylene (6), 1-butcne (8), 2-butene (8), iso¬ 
butene (7), acetylene (16), butadiene (6, 36), and isjoprene (6); 
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With CdOPi) 

ethane (33), propane (28), ethylene (U, 32, 34, 35), propylene (14), 1-butene 

(14), 2-biitene (14), and acetylene (15); 

With Cd(^Pi) 

ethylene (25), and accl.>lene (15); 

With Zn(^Pi) 

ethylene (9); 

With Zn(iPi) 

ethylene (9). 

Certain general conclusions may be drawn from the results, which 
will be reviewed in the light of the foregoing discussion. 

1. Singlet atoms with paraffins. No investigations have been made. 

2. Triplet atoms with paraffins. The paraffins have small quenching 
cross-sections. There is no evidence of the deactivation of an excited 
molecule, since the rate of reaction rises rather than falls with increasing 
pressure. The experimental evidence very strongly favours an initial 
C-H bond split, and in the case of ethane with Hg(*Pi) hydrogen atoms 
have definitely been shown to be produced. (4.) The reactions there¬ 
fore presumably proceed by (20) or (22) followed by (23). In the case of 
Cd(®Pi) a C-H bond split can only occur via the intermediate formation 
of CdH for energetic reasons. (27.) In the case of propane with Cd(®Pi), 
CdH has been shown to be present by the resonance excitation of its 
band spectrum. Reaction (19) is presumably absent because of the 
lack of a suitable triplet excited state with the paraffins. 

The subsequent reactions of the atoms and radicals produced in the 
primary step are fairly well established. The reaction of ethane with 
Hg(®Pi) may be satisfactorily accounted for by the mechanism: 


Hg(3Pi) + CsHe > Hg(iSo) + CaHe + H (24) 

H + C 2 H 6 > C 2 H 6 + Ha (25) 

H + C 2 H 6 > CsHe* (26) 

CsHe* > 2 CH 3 (27) 

C 2 H 6 * + C 2 H 6 > 2 C 2 H 6 . (28) 


3. Singlet atoms with olefins. No quenching data exist, since the 
life of the excited singlet states is so short that imprisonment pheno¬ 
mena make measurements impossible. There are, perhaps, indications 
that the quenching cross-sections may be small. There is no evidence 
of deactivation processes, and the mechanism appears to involve mainly 
a C-H split, i.e. reaction (18). In the case of ethylene, the main pro¬ 
ducts are those to be expected from an atom and radical mechanism. 
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x\ small amount of acclvlcue is also forniod, in(licaiin!:> that \vc also 
lia\o, but to a vcrv minor (‘\tent, 

(\I(’1>,) + (Vlt yCiWS,) -F fLII,= (2<)) 

cMir' >('.11,-h II,. c^o) 

I. Trijikl atoms with olejias, 'This is l)y far the most Ihorou^hK 
invest i,ci a tod ease. The values of the queneliing eross-seetions are in 
all cases very large. The indications are that reactions (20) and (21) 
both occur, but that in general (iiuMiching by (21) is much more im¬ 
portant than l)y (20). 

In some cases, e.g. ethylene and C'(l(‘*Pi), quenching by (21) to 
form an excited molecuU* is very elTicient, but there iwS insufficient 
energy for subsequent reaction of the excited molecule. 

There ivS strong evi(k‘nce for fleactivation of an (‘veiled tnolecule in 
most cases. 'Phe indications are that the extMted molecule may sub¬ 
sequently react by a t'-ll bond split, or by the elimination of a hy¬ 
drogen mole<'ulc to form an acet;\leni(‘ compound. The possibilities 
thus are: 

+ RII >M(%,) + Rli* 

RTI*>R + H 
or 

11*2 + acetylenic compound 
or 

>no reaction, if the energy is insufficient. 

As an exami)le of the subsequent reactions we may consider the 
case of ethylene, which has been the most thoroughly investigat(‘d. 
(12, 13.) 

With triplet mercury atoms the main products of the reaction at 
room temperature are hydrogen, ac'etyhuie, butane, and butene. There 
is an initial pressure rise, followed by a decn^ase. At low pressures the 
initial pressure rise correspomis with the amount of luclrogen and 
acetylene formed, 'Phe rale of the reaction decreuvses with increasing 
ethylene pressure, pointing to a deactivation process. The initial 


steps in the mechanism are well established as: 

Hg(3Pi) + CsH, + IIr(‘So) (31) 

C2H4* + C2H4 >2C2H4 (32) 

C2H4*>C2H3+H2. (33) 

As the reaction progresses hydrogen builds up and the reaction 
Hg(®Pi) + Hs > 2H + Hg(^So) (34) 


comes into play. Subsequent reactions of H-atoms with ethylene lead 
to the formation of C 4 hydrocarbons, and to the subsequent decrease 
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ill pressure. I'liere are also indications that the alternative primary 
process 

Hg(3Pi) + C2li4> ryu + H + HgOSo) (35) 

comes into play to a small extent. 

At higher temperatures the initial pressure rise disappears. It is 
restored, however, by the addition of nitric oxide which acts as an 
inhibitor of chain processes. The rate of ethylene disappearance also 
increases at high temi)eratures. There seems to be no doubt that at 
the higher temperatures chains are initiated by H-atoms and vinyl 
radicals from (35). 

With triplet cadmium atoms quenching by ethylene is very strong, 
but very little reaction occurs. (14, 26, 34.) Apparently the process 
Cd^Pi) + C 2 H 4 > C 2 H 4 *'^ + CdpSo) (36) 

takes place with high efficiency, but because of energy restrictions the 
subsequent reactions of do not occur. There is no evidence for 

deactivation processes, and it seems likel}" that what reaction does 
occur proceeds via 

Cd{n\) + C 2 H 4 > CdH + CoHa (37) 

followed by 

CdH>Cd('So) + H. (38) 

If the reaction goes in this way 102.8 kcal. are available to break the 
C-H bond, which seems ample. 
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On the Minimum. Value of the Riemann'Roch 
Expression for Order-Bases in the Large 

By S. BEATTY, F.R.S.C. 


Let the fundamental equation be 

F(^Z, U) ^ Vi(Z) + ... + = 0, 

where each Fi(Z) is the quotient of two polynomials in Z, with coeffi¬ 
cients taken from the field of complex numbers. It may be supposed 
that F possesses p irreducible factors, all different and all of the same 
general character as F itself. 

In the vicinity of a point Z = a (or Z = «>), the N expansions of U 


in powers ol Z a 



fall into r cycles containing 


Vu J'2, . . . , J'r (1) 

expansions, where the expansions of a single cycle are all conjugate to 
one another, in the sense that they permute among themselves when 
roots of unity appearing in them are replaced by their conjugates. 

A rational function R{Z^ U) involving constants taken from the 
field of complex numbers has order-numbers in the vicinity of a point 
Z — a (or Z = 00), which are multiples of 


1 

—, , •.. , 

Vi V2 Vr 


( 2 ) 


for branches belonging to the corresponding cycles of (1). These mul¬ 
tiples are all finite, except in the case of rational functions R which in 
reduced form arc divisible by one or more of the p irreducible factors 


dF 

of F. In particular, the rational function — has order-numbers 

dU 


mi mz _ Wr 

Pi = - » P2 = - » • • • > Pr- 7 

Vi V2 Vr 

which are all finite. Any set of finite multiples of (2) of the form 

7li fl% _ 

n = — > *^2-, • • • > 

Vl V2 Vr * 

is called a local order-basis corresponding to the point Z = a (or Z — »), 
and may be denoted by (r)® (or (t)oo). An order-basis in the large 

11 
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is inaile ni> ol local ordor-hasi's, one for e<u*li point, such that all l)uL a 
finilc miinher of th<‘ nuikipl(‘s involve<l an^ zero. vSiuh an order-basis 
in ibo lart>e is denoted In ((r)). Just as a rational lunclion /^wliith in 
r(*diiced lorni is not divisible 1>\ anv of tli(‘ p irn'din ible lac tors of F 
supplies a lo('al order-I)«Ksi'i {t)„ (or (rja)}, so also does it sii])pl\ ,in 
order-basis in the Lin>e ((r)), and this li<is tlie further property that 

= 0 . 

OrdcT-bases in the Lir^e ((r)) <ind ((r)) are complementary* pro¬ 
vided each sum r + r of associated order-numbers t«dceii from local 

order-bavses is /x — I + -^ fer finite cycles but p + 1 + for cvcles 

at Z = CO . '' 

When an order-basis in the lari>e ((r)) is assii»n(Ml, a rational func¬ 
tion R ivS said to be built on it, if the order-basis in the lart»e sii|)plied 
by R has all its order-numbers equ<il to or L>reater than tlie corre¬ 
sponding order-numbers t)f ((r)). 

The number of linearly independent functions R built on <m order- 
basis in the lar^e ({r)) is denoted l)y A/((t)). T\n' Kiemann-Roch 
Theorem is contained in the formula 

•^V((r)) + 2 = -A^((t)) + 2 

In other words, if the Riemann-Roch e\prOvS&ion for an order-basis in 
the large ((r)) is denoted by 

+ 2 , 

the Riem<inn-Roch 'riieorcm merely asserts that the Riemann-Roch 
expressions for complementary order-bavSes in the large ((r)) and ((f j) 
are equal. 

It is the pun)ose of the present note to find the miniiniiin value of 
all Riemann-Roch expressions correvSponding to all order-bavses in tlu» 
large ((r)) ami to charactt‘rize the particular or(l(‘r-l)*ises whose 
Riemann-Roch expressions take this niininium value. 

It is evident that the Riemann-Roch expressions h«ive a minimum. 
For the Riemann-Roch exprewssiou for ((r)), being the vsaine as that 
for ((r)), is given by 

N((r)) + N{{¥)) , , 

- - -r 1 + T)V . 

The first of these items is zero or more. The second is l{f> — /?), as 
appears from applying the Riemann-Roch Theorem to complementary 
order-bases in the large ((0)) and ((r + r)) and obsei*ving that 
Nim = P, mr + r)) == p . 

It follows, therefore, that every Ricmann-Roch expression is equal to 
or greater than | (p — 
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Wc shall now show that the rninimum value sought is precisely 
\{p — p) and that it arises through the circumstance that 

mr)) = N{{r)) = 0 . 

Suppose that ((rj) and ((t)) are complementary' order-bases in the 
large whose Riemann-Roch expressions take the minimum value which 
we are seeking to determine. Let now ((t)) be an order-basis in the 
large, identical with ((t)), except that for one cycle of v expansions it 

drops below ((t)) by the least possible amount, namely . The order- 

V 

f ^ 

basis in the large complementary to ((t)j will be denoted by ((r)). 
It is identical with ((r)), except that for the particular cycle in ques¬ 
tion it exceeds ((?)) by the least possible amount-i-. It is plain that 

V 

the Riemann-Roch expression for ((t')) exceeds that for ((t)) by' 
since it must differ from it by \ but cannot be less than it by This 
means, therefore, that 

mr ))» m)) . 

In other words, the general function built on the order-basis in the 
large ((f)) has for every cycle an order beyond the order-basis on which 
it is built. This can only mean that iV((f)) = 0, since 0 is the only 
function built on ((?)). In like manner, it follows that N{(t)) = 0. 
This implies that the minimum value of the Riemann-Roch expression 
for order-bases in the large ((r)) is | (p — p) and that it arises only in 
the case of those complementary order-bases in the large ((r)) and 
((t)) for which 


iY((r)) = N ((?)) » 0 . 




TRANSACTIONS OF THE ROYAL SOCIETY OF C\YADA 
VOLUME XLII : SERIES III : M\Y, 1948 
SECTION THREE 

On the Number of Conditions to Apply to a Function 
R(Z, U) to Build it on an Assigned Local 
Order-Basis (t) 

Bj S. BEATTY, F.R.S.C. 


Where F(Z, !7)= 0, of degree JV in Z7, is the fundamental algebraic 
equation, and where (t) denotes an assigned order-basis at Z = 0, the 
equivalent function-basis may be written in the form"' 

+ +• • .+iyv-io I/+JJ10 J_ 

- 1 > • • - > » 

in which the fundamental exponents (a) are rational integers, while 
the coefficients (JH) are rational functions of Z. Indeed, if TJ is ever^^- 
where finite in the vicinity of Z = 0, it is known that 

and each II pq may be chosen a unique polynomial of degree less than 

dp dq. 

We propose to prove a theorem heretofore taken for granted. It 
may be stated as follows: 


Theorem. Let X, appearing in 

^ -K . .^UQ,-\-Q, 

be a sufficiently large rational integer so that Q includes all rational func¬ 
tions R{Z, U) built on an assigned order-basis (t) at Z = 0^ where 

Qiv -1,. • . , Qi, Qo 

are arbitrary polynomials in Z. The number of conditions to apply to Q 
to build it on (r) is exactly NX — Sa. 

We shall prove this first for the special case that U is everywhere 
finite in the vicinity of Z = 0. The conditions in question result from 
identifying Q with the function 

Pn -1 -r—--+ . . • 


I p U+Hid I p 1 

+ -Pi— 


*Scripta Mathematica 5 (1938): 183-94, 239-46. 
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in \\ln( li - i, . . . , Ti, Po arc pol>noniialb in Z. llie idcn- 

liluMtion of Q with P is clUrted In insistini* on the N rohitions: 

()v_, = 1. 

X — ay^> 


Q^^ — Z, ^ 'P//-1//,v-10 +-^ '^p,v-2yy^’-J0+-• •+ 

According to the first of these relations, we miust equate to 0 all 
coefficienls of powers of Z less than X — a,v -1 appearing in ()// - 1 , and 
alter that we must express all coefficients of higher powers of Z ap¬ 
pearing in ()a’-i linearly in terms of arbitrary coefficients in Pat-u all 
of which are involved in this system of linear equations. It is plain 
that the first X — aA/^_i conditions are all eiTectivc, since they restrict 
the values of the coefficients specified in Qj^ ^ i. But, all the remaining 
conditions are merely nominal, in the sense that they provide a scheme 
for naming the coefficients leftover in \ in terms of arbitrary co¬ 
efficients in Pat- 1 . Alternatively, this naming scheme could be regarded 
as operating in the opposite sense, namely from Piv’-i to 

According to the second of these relations, we have to put equal 
to 0 all coefficients of powers of Z less than X — ajv-a appearing in 
then express all coefficients of powers of Z less than X — 
but not less than X — ajv-i appearing in linearly in terms of 

arbitrary coefficients in Pat-i? i^ncl finally express all coefficients of 
powers of Z not less than X — aAr- 2 <i'PP<?i^riiig in Qa /'-2 in terms 

of arbitrary coefficients in Pjv-i, Pat- 2 * coefficients from the 

latter of thcfie arbitrary polynomials being definitely involved in this 
system of linear equations. For the same reason as that stated in the 
case of the first relation, we have to count the X — ajy-x conditions in 
the first group as olTective. The aAr- i — 2 conditions in the sc^cond 

group must also be counted as elTcctive, since they relate coefficients 
appearing in (>//..2 with coefficients appearing in ()a/- i through the 
medium of two schemes for naming these and Oat-i coefficients 

in terms of those of Pat-i- The conditions in the third group arc all 
nominal, seeing that they involve for the first lime tlie coefficients of 
Pa^^ 2 - The total of new effective conditions implied in the second 
relation taken as succeeding the first is, therefore, X — aAr-. 2 * 

It is clear by an analogous argument that the third relation is 
responsible for X — aiv-s new effective conditions, of which X — 
arise from the third relation taken by itself, aAr-i— arise from 
the third relation taken after the first two, and aAr - 2 — ^at - 3 arise from 
the third relation also taken after the first two. There are, of course, 




BEATTY: CONDITIONS TO APPLY TO A FUNCTION 


17 


nominal conditions here also, which do not count, since they involve 
for the first time the coefficients of Piv-a. 

Indeed, the argument continues to apply throughout the whole 
schedule of N relations. The number of conditions all told is, there¬ 
fore, 

(X — aiy^_i) + (X — a 2 v-. 2 ) + . . . + (X — ao) , 
and since from the manner of their derivation it is clear that they are 
all independent, their total is the number sought, namely N\ — Sa. 
This completes the proof of the theorem in the special case under 
discussion. 

It remains to show that the result continues to hold even if U is not 
everywhere finite in the vicinity of Z = 0. The functions Q and P 
will be taken as before. It may be, however, that the inequalities 
ajv-i > ... > cti> ao 

no longer hold, and besides it may happen that the functions {II) are 
no longer polynomials. In any event, let a positive integer h be chosen 
so that V == UZ^ is everywhere finite in the vicinity of Z = 0. It follows 
that 

^ ^X+(N-l)h 

It appears that the exponent X appearing in Q expressed in terms of 27 
gives place to the corresponding exponent X d-CiV — l)h when Q is 
expressed in terms of V. Besides, the fundamental exponents 

ttiv — 1,. . . , ai, tto 

associated with U give place to the corresponding fundamental ex¬ 
ponents 

—1 + (iY — l)ht . . . , aid” h, ao 

associated with F. 

Consider the function Q+ obtained from Q by adding on to the 
polynomials 

Qn-x . 

as these latter appear in Q expressed as above in terms of F, arbitrary 
polynomials 

5n—1> • • • » 2i» 

of degrees less than 

0, . . ., (iY - 2)&, (iY - 1) . 

The special case of our theorem is now seen to apply to Q+. ex¬ 
pressed in terms of F. The number of conditions to apply to Q+ to 
build it on (r) at Z = 0 is, therefore, 

N{\ + iN - l)fe} - Stt - -12 h , 

2 

C2 
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which recliuTb to the .‘liinpler expression 

ivxT ‘I 
2 


But, ihesi- conditions inclinle the 


N{N - 1) 


/; conditions involved in 


settin}* equal to 0 all the c(H‘fficienls in the arbitrary polynomials (g). 
The number lelt over to apply to the arbitrary polynomials (Q) is, 
therefore, NX — ISa. In other words, the theorem holds in the general 
case. 
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Illumination for Concealment of Ships at Njght: 
Some Technical Considerations 

By E. GODFREY BURR 
Presented by A. NORMAN SHAW, F.R.S.C. 

I N a previous paper (Burr, 1947), the development of this project 
was discussed and the extent of concealment attained in trial instal¬ 
lations was noted. It is the purpose now to indicate the technical 
factors involved in this engineering development. 

How nearly a practical installation could approach the ideal of a 
perfect brightness-match without any colour contrast, and conse¬ 
quently invisibility at any distance, can be estimated by consideration 
of the technical factors involved in approximating to these ideal con¬ 
ditions and the visual result of such approximation. 

The ideal conditions are as follows: 

A. Maintenance of the illumination of such areas at all times to 
give perfect brightness-balance with the background, which for the 
upper part of the silhouette is the sky, and for the lower part is sea, 
usually darker than the sky, 

B. Uniformity of brightness over the areas of the silhouette arti¬ 
ficially illuminated and absence of an appreciable colour contrast. 

Failure to fulfil each and all of these theoretical requirements would 
result in detection of the pattern at finite ranges, which might be small 
or might approach the natural range according to the degree of devia¬ 
tion from the perfect theoretical condition. 

In the following, a Foot-Lambert is the unit of brightness used. 


Preliminary Approach and Shipboard Trial Installations 

In ordinary photometric measurements, very small deviations of 
the order of 1 per cent for either A or B are discernible, but the writer, 
from experiments in 1940, had formed the impression that, a very 
large reduction of the visual sense occurring under night conditions, 
much larger deviations could occur without rendering the pattern vis¬ 
ible. This large reduction of visual sense had been made evident by 

19 
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ihe (lisippeaninco of a circular clihc of niaxinuim contrast of a visual 
size of one degree at a very low background brightness-level in the 
liboratory. I'his extreme case of an acuity of l/()0 of normal would, 
it was f(‘lt, have its counterpart in other criteria of vision such as the 
least jxTce[)liI)le brighlncvss dilTerence involved in A and 

A. 'I'he technical considerations stated as A are those of control of 
the power of the lighting and development of apparatus for that pur¬ 
pose. The Optics Department at the National Research Council 
Laboratories co-operated in the early develoi)mcnt of control apparatus. 

B, The technical consideration stated above as B involves the engin¬ 
eering features ol the illuminating: installation, in its various asiDccts 
of electrical supply, light source, light distribution, including positive 
shielding of the light source under all conditions of rolling and pitching 
of the ship, the mechanical problem of support of overside units, and 
generally the problems of seaworthiness. lixperimental shipboard in¬ 
stallations would be the mOwSt direct approach. 

This subdivision of the work was generally followed throughout. 
Work was undertaken for B by an experimental installation of the 
corvette H.M.C.S. Chambly in March, 1911, which also provided for 
study of colour contrast by provision of blue, blue-green, and clear 
filters for the experimental luminaires employing standard 25-watt 
*^Mazda’' lamps. Manual rheostatic control operated by signal from 
the observing sea-boat was relied on for A. The light distribution 
control was by holophanc prismatic plates giving a fan-shaped beam; 
metal cowls were used to cut off the light completely at angles below 
the horizontal seaward, 20® fore and aft, and 40® abeam, to allow for 
pitch and roll of the shij). 

I'KCUNICAL ('oNCLUSrONS FROM TfUS h'iRST SlIIPHOARD INSTALLATION 

L MechanicaL It was decided that scawortliy supports for lumi¬ 
naires could be readily made. Those for the overside units would be 
retractable, to allow of stowing inboard when desired, which feature 
had been carried out in this first installation. The weight of the sup¬ 
ports would be reasonable but could be reduced if a smaller and lighter 
luminaire were produced. 

This opinion was accepted by the sea-going officers closely asso¬ 
ciated with this installation, but did not receive general acceptance 
until August, 1943, when it was found that the supports of a later 
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installation incorporating these features were seaworthy in operational 
dut}^ and that the luminaires, which developed some defects, could 
readily be improved. 

2. Colour contrast. In these experiments it was found that on 
moonless nights the colour filters did not appreciably affect the results, 
but that with full moon the ship appeared pink-tinted just inside the 
visibility range without the use of a filter. The blue filter was too 
dense to allow of a balance in full moonlight, but the blue-green gave 
a better effect than the clear glass under all the night conditions tested. 
In later Installations, a blue-green filter was used, which was too green. 
A daylight blue is believed to be most suitable. 

3. Extent of coverage by illumination of the ship silhouette. It was 
concluded that the conditions of installation on a warship make im¬ 
possible the illumination of all of the silhouette. 

The many small deck structures, ammunition lockers, gun shields, 
depth charges, etc., present surfaces which are extremely difficult to 
illuminate uniformly and the necessary zones of fire of guns prevent 
the installation of supports for luminaires. 

It was soon realized that, if these consequently dark areas were of 
small size relative to the whole and were surrounded by lighted areas, 
they merged into their surrounding at distances well within the range 
of detection of the whole ship. As these formed small areas of maxi¬ 
mum contrast, the merging effect was obviously due to their being 
within the critical acuity angle which was known, for maximum con¬ 
trast, to be of the order of four minutes for moonlight and sixty 
minutes under extremely dark conditions. The range at which they 
would be separately visible would be in the direct ratio of their signi¬ 
ficant dimension to that of the whole ship. 

Many of these dark areas were surrounded by lighted areas, but 
at the upper edge of the silhouette it was necessary to leave an irregular 
band of unlighted area, and also, at some aspects, dark areas normally 
well separated would be brought together. 

4. Detection of the dark residue of silhouette chief factor of practical 
design. It was observed that, frequently, detection resulted from 
seeing the dark residue of the silhouette only; on other occasions a dim 
shadow of the remainder was also visible and occasionally a slight glow 
or a dip in the horizon was detected. It was concluded that the visi¬ 
bility of the aggregate of the unlighted residue areas is the chief factor 
limiting the amount of range reduction practically obtainable, but 
small detached unlighted areas merge and then affect visibility only 
if the mean brightness of the merged area (within the acuity angle) is 
too high or too low for proper balance against the background. 
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5. Significant dimen.sion for acuity of irregularly shaped areas. At 
th<it time it was n<)t known wholhcr ihc minimum, the mean dimen¬ 
sion, or the square root ot the area was the significant dimension. 
Later, reliable inlormation uas obtaim^d that all warship silhouettes 
at «ill <ibpe('ts geive, other things being equal, ninges directly propor¬ 
tional to the square root of their area within a db 5 ])er cent varia¬ 
tion, although a ratio of major to minor axes of more than 10 may 
exist. From these wsea experiments it was exiK^ted, and later it was 
lound by experiment to scale in the laboratory on the acdiial patterns 
oi the residual dark iq)i>er band, that the above relation does not hold 
lor these patterns which arc of irregular width. In previous experi¬ 
ments on aircraft silhouettes, it had been noted that, at the threshold 
of detection, onh the stubs ol the narrow projecting \ving areas were 
visible, but it was not known whether this effect did in fact, b) reduc¬ 
ing the visible area, reduce the detection range of the pattern. 

Later, in the laboratory, the ship residual silhouette also showed 
similar visual eITe('ts; the narrower parts of the band disappear and 
leave at the threshold of detection one or more dark areas. This 
visual change in the pattern eliminates a considerable part of the area 
completely at threshold and divides the remainder into separate areas 
each of which has its own threshold range, ('orrespondiiig to but a 
small part of the total area. 

In a specific case, the residual band included one-quarter of the 
silhouette area and should have been visible at one-half the natural 
range. 1'he actual range was one-quarter and two separate areas were 
visible near threshold range. Kliniinating either had no a])preciable 
effect on r<mge. 

(). Significant dimension of dark residual area. It ap])ears that, 
with such elongated areas of irregular width, the threshold range is 
more nearly related to the sc^uare root of llu* largest compact area than 
to any other dimension. The natural ship silhouette while irregular 
in outline has its main compact area centrally situated and, while 
excrescences may disappixir, the elTcct of area reduction at threshold 
is within the experimental error. TTiese residue patterns have, how¬ 
ever, more than one ('ompact area joined by considerable length of 
relatively narrow areas and appear split up, at the visual threshold. 
Aspects fine on the bow give residual areas which have a single domin¬ 
ating compact area but beam aspects give more than one compact 
area. 

I'he practical limit of coverage by the lighting apj^eared to be about 
75 per cent of the total area which on the straight area basis is a range 
reduction ratio of 2, but the largest compact area could be reduced 




Figure 1 Natural and illuminated silhouettes of a frigate a^jpcct 45*^ from bow 



IHli: ROYAL SOCIETY OF CANADA 


well below oiie-quarlcr of the whole. Two compact areas of onc- 
siKtecnlh the total for the beam and 45° aspects is possible in many 
cases |^ivinj> a ran^c reduction ratio of 1 to 1. 

bVvv occasions would arise in service where a .greater reduction 
would be useful, [)arlicularly as ha/y condilionvS reduce range and 
range ratio greatly. 

7. Balanced design. A desirable design would be obtained if the 
chances at the threshold were equal for detecting either of the dark 
residual compact areas, or the illuminated area as a light patch; at 
one-quarter of the natural range with 100 per cent atmospheric trans¬ 
mission. Fig. I vshows the appearance of such a ship compared with 
the ordinary ship and, viewed in subdued light, a difference in the 
detection ranges of the two ships will be evident. The degree of con¬ 
trol of balance of the lighting to equalize these chances must then be 
determined. 


A. Tolkranck of Residual Contiuvst 

1, Tolerance of residual contrast of the ilhmnnated area. The above 
requires that the illuminated area shall not have a visible contrast 
cither dark or bright against the background when viewed at one- 
quarter of the natural range. 

There was but little data available as a guide to the allow^able 
residual contrast at threshold in night vision. Most workers in this 
field had used the method of constant distance and variable brightness 
and pattern size in establishing threshold acuity and while noting the 
fact that contrast and pattern size were related, such data were pre¬ 
sented in the form of minimum-observable contrast as a function of 
background-brightness for a given pattern size. The threshold pattern 
size (angular) as a function of the pattern contrast at constant back¬ 
ground-brightness if available would be direc'tly appU('able in terms of 
range and contrast and hence determine the allowable tolerance of 
control for a i)erfe('t brightness-match. 

2. Visibility of dark and bright patches. In the middle of 1942, the 
General Electric C^omi)any collected available published data of 
threshold angular size from tests on simple compact geometrical pat¬ 
terns of varying contrast (dark) against a large outer field of constant 
brightness at night vision levels. It has been assumed that the data 
apply to circular dark patches. 

At the same time the National Physical Laboratory data on 
threshold ranges of ships at night as a function of contrast of silhouette 
against sky were made available by the Admiralty (Smith, 1942). 
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Tests of the visibility of circular light patches at two levels of 
night sky brightness made by the National Physical Laboratories were 
also made available (Meetham and Lambert, 1941). 



Figure 2.—^Acuity data for dark and bright contrast, 
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It should be noted that the National Physical Laboratory ship 
re&alts are toi the, complex, pattern oi a tra^\ler silhouette seen at the 
i unction ot a background of sk\ ot the stated brit^htness and sea of 
one-halt that brightness (50 pet cent contrast) 

The General Electric Companx dark patch and National Physical 
Laboratorx light patch results are for simple compact patterns seen 
against a unitorm background In all three cases 100 per cent atmo¬ 
spheric transmission is assumed. These three sets of data are plotted 
as kig 2. The original data are replotled for the common background- 
bi ightness value ot 0 00039 The co-ordinates are visual angle and 
range of three-quarters ot the silhouette area ot a frigate (the illum- 

AJ3 

mated area) as a function ot the dark or bright contrast db — to 

B 

logarithmic scales C^iirve BB is the original data (light patch) and 
curve AA is the General Electric Companx dark patch computed for 
the same background-brightness ot 0.00162. It should be noted that 
x\ ilhin these limits ot angular size each is nearlx a straight line of the 
same slope xx ith a constant difference of log R and log 6 of 0.24 The 
inference is that at this brightness-lex^el, other things being equal, a 
light patch is less xnsible than a dark patch in the range ratio of 57.5 
per cent. 

It had been assumed that equal small increments and decrements 
ol brightness w ould be equallx visible. 

The curx'es compared are tor original National Physical Labor- 
atorx data of a circular bright patch at 5 = 0.00162 and the General 
Electric data tor B = 0 001 corrected to B = 0.00162. 

The curxe ot Fig. 3 was used tor this purpose and is in close agree¬ 
ment of shape with the National Physical Laborator> ship pattern 
curx^e. 

This surprising difference in xdsibility of circular patches of the 
same dark and bright contrast needed further confirmation 

An experiment xxdth a irigate pattern (scale 1 /64 in. equals 1 ft.) 
xvas undertaken. The 75 per cent illuminated area was made trans¬ 
parent and its brightness xx*as made separately controllable from zero 
to about ten times the sky brightness {B = 0.00039) against which it 
was obserx^ed at a 50 per cent contrast horizon. 

The observer was the xxTiter, xx^hose night visual acuity is about 
25 per cent beloxv normal. 

Curve D (Fig, 2) shows the results with all observations indicated 
from 100 per cent contrast dark to about nine times bright. A 
difference betxx^een dark and bright visibility is evidently of the same 
order of magnitude as abox^e. 
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The diftereme is nol constant since the dark contrast cur\e is not a 
straight line but follo\\s rather the form ot the National Physical 

ASPECT - 4-5® 



LOG BRIGHTNESS-PL 

Figurf 3 —Comparison of optimum illuminated and natural patterns 
at various brightnebs-le\els. 


Laboratort ship pattern curv^e C, but with relatively greater visibility 
at lower contrast. This deviation may be due to tlie horizon contrast 
of the background against which the ship patterns are seen. 

From the curves of Fig. 2, the following provisional values of con¬ 
trast tolerance for 4/1 range reduction from a natural contrast of 80 
per cent may be obtained. 
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For vistmhiy of fne illuminated area only 


Curve A 

(75 per cent of total) 

— G. E. Co. data (daik) Log R — 3 73 

log C *» 1.9 

C « 0.8 


Log R = 3.13 

log C « 1.1 

C => 0.125 

Curve 3 

— X.P.I. data (bright) Log R — 3.13 

log C = T 44 

C « 0.25 

Curve D 

dark Log R « 3.4 

log C * T.9 

C = 0.8 


Log R = 2.8 

log C « T.l 

C = 0,125 


bright Log R = 2.8 

log C * 1.3+ C = 0.20+ 


The tolerance of control should not exceed 12.5 per cent dark and 
25 per cent bright if detection of the illuminated area only were the 
criterion. 

3. Inclusion of residual dark areas in the estimate. Fig. 4 shows 
the result of adding the residual dark areas in an experiment similar 
to the one described above as curve D, Fig. 2. 

Curves A, and D are the same as in Fig. 2. 

Curve E is with the residual dark area added (contrast 0.8). It will 
be noted that the range is increased for dark contrast but is reduced 
for bright contrast of the illuminated area against the sky. 

The minimum range is for a ship brightness of 1.35 times the sky 
brightness. This is an average brightness ratio of 

% 

(1.35 X 0.75) + (0.2 X 0.25) _ 1.06 
1 3 

or nearly zero average contrast. 

4. Average contrast of the whole ship pattern. The upper graph is a 
replot of curve E (two trials) for contrast measured from the balance 
points at 1.35 X J5 sky, with added points from a sea trial on the 
corvette H.M.C.S. Rimoushi observed abeam. Any difference in area 
of its silhouette and that of the frigate at 45° bow aspect used in the 
laboratory experiment, is compensated by the difference of acuity of 
the writer. 

Fair agreement is to be noted except for the low dark contrast 
where portable photometric observations would be subject to large 
error. 

It is clear that some overlighting can be usefully employed within 
uncertain limits to compensate for the dark residue to an average 
balance against sky. 

In Fig. 5, all the above experiments have been replotted with 
average contrast for the whole ship area using logarithmic scales with 
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the range scales as ordinates. For the bright contrasts all the labor¬ 
atory curves follow closely the same law as the National Physical 
Laboratory curve with a nearly constant difference in log R of —0.2. 

* 0 0003^ 

. X TWO LAa TESTS - BRIGHThiESS AWUSTED FOR OPTIMUM RESULTS 

SEA TRIAL OF CORVETTE * RllwlOUSl^U 
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Figure 4. —Overlighting as compensation for residual dark areas. 


The reduced acuit^’^ of the observer (E.G.B.) is known to amount to 
0.1. The three corvette sea trial values agree even more closely with 
the National Physical Laboratory curve. For these, the observers 
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Figurti 5.—Range of visibility of fiigatc veisus mean conliast of whole ship. 
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^\ere three watch-keeping officers and agreement is w ithin the probable 
error. However, there appears to be a slight systematic difference 
from the National Physical Laboratory cur\e giving slightly reduced 
ranges as no ranges greater than the National Physical Laboratory- 
data were obtained. 

The National Physical Laboratory data may then be used for a 
conservative estimate of range due to excess brightness without con¬ 
sideration of horizon contrast. 

For dark contrast, these laboratory' tests, and also the sea trial, 
give ranges well below the General Electric Company curve at the 
higher contrasts but approach at the lower contrasts A similar effect 
is shown by- the National Phy-sical Laboratory trawler curve, Fig. 2. 
This shortening of range is greater than the reduced acuity- ot the 
observer. In other laboratory- tests using a better than average ob¬ 
server, the frigate pattern (45® aspect) 12.4 gives almost perfect 
agreement with the General Electric Company curve tor 80 per cent 
dark contrast and a horizon contrast of zero (see Fig. 6). Also the 
difference of range for a change of horizon contrast from zero to 0.5 
is small for this high contrast pattern as show-n on Fig. 5. 

The reason for these discrepancies is not clear but as all ranges are 
below the General Electric Company curve this cur\^e may- be used for 
a conservative estimate of range due to dark contrast. 

5. Average contrast tolerance for stated brightness. For the above- 
stated case of range reduction ratio of 4 and sky brightness 0.00039 
the tolerance of control is 10 per cent dark and 25 per cent bright, 
average contrast of the whole ship from the optimum balance point. 

6. Average contrast tolerance for full moonlight. The above differ¬ 
ence in tolerance, dark and bright, is based on data at 5 = 0.0016. 
Only the General Electric Company data (dark) extends to the full 
moonlight levels. At B = 0.01 the curve has the same slope and so 
gives the same tolerance of 10 per cent for 4 '1 range reduction. As 
there is evidence that at this level the least perceptible increase and 
decrease of brightness may be equal, to be on the safe side a bright 
tolerance of 10 per cent is chosen. The set-up did not allow of experi- 
ment to verify- this assumption. 

7. Accepted estimate of average contrast tolerance for control equip- 
ment. The control mechanism should maintain an average brightness- 
match within a tolerance of zb 10 per cent when operating from moon¬ 
light down to starlight levels. For very- dark night levels the tolerance 
is greater, but must not exceed db 20 per cent. 

8. General conclusion regarding visibility. From the above, general 
conclusions can be drawn as followrs. The range of visibility of an 
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illuminated ship is related to the average contrast oi the whole pattern 
following established relations except that at a certain minimum range 
the r<;sidual dark area or areas become separately visible even if the 
mean contrast be reduced to zero. This will occur at the threshold 
range of the largest compact dark area determined from established 
data. 

B , Allowable Devlation of Brightness from the Average 
■WTTHIN THE IlLLTUINATED ArEA 

The previous paragraph establishes residual average contrast toler¬ 
ances of 10 per cent dark and 10 per cent bright for a four-to-one range 
reduction of the whole pattern on the assumption that the illuminated 
area is uniformly bright and the residual area is uniformly dark with 
80 per cent contrast against the sky. As the General Electric Com¬ 
pany" and National Physical Laboratory curves are threshold curves 
giving the angular size of a dark or bright patch of stated contrast, 
they may be used to determine the threshold size of such patch as a 
fraction of the whole silhouette area when its brightness difference and 
hence contrast is stated. 

Considering the possibility of detecting separately the areas of 
maximum brightness of the illuminated area the National Physical 
Laboratory curve gives the following result (Fig. 5). 

At the reduced range (4/1) the whole ship pattern subtends an 
angle of 1.25® and its threshold of visibility is an average bright con¬ 
trast of 19 per cent. 

Similarly, an area subtending an angle of 0.36® is at the threshold 
of detection if its bright contrast is 100 per cent, that is to say if its 
brightness is twice the average. The ratio of the above angles is the 
ratio of the diameters of the equivalent circles on the actual silhouette, 
namely 3.5. 

1. Ratio of maximum to average brightness and diameter of patch. It 
is therefore possible to specify the allowable variation of brightness of 
the actual illumination scheme in terms of ratio of excess to mean 
brightness and the diameter of the circular area of excess brightness. 

In applying such a method to the practical case a safety factor of 
two is introduced as it is desirable that such detection of bright spots 
should not occur at the detection range of the camouflaged ship as 
points of light are conspicuous at sea. Lacking such a conspicuous 
appearance it is highly probable that nearer approach might be pos¬ 
sible than the staged trials would indicate as at threshold the appear¬ 
ance is different from that of an ordinary ship but not conspicuous. 



BRIGHTNESS IN MILUIFOOTLAMBERTS STRAY LIGHT * 000015 FT. LAMBERTS 

ONE ARRANGEMENT 



Figure 6.—Part of frigate hull brightness-survey .""starboard side. 
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The factor of tvvo would allow of closing the range to one-eighth of the 
natural range before detection of bright spots would occur. 

The following values would then apply: 

B excess 

-- « 2 3 

B average 

Diameter of patch (ft.) * 11 6.75 

2. Application to brightness-survey of ship. Fig. 6 shows bright¬ 
ness-surveys of two arrangements of luminaires for a 75-foot part of a 
frigate hull with the above circular patch areas shown for the locations 
of maximum brightness. It will be seen that this practical layout 
gives, for the points of maximum brightness, patch areas smaller than 
the corresponding patch size for detection. 

This area would therefore show no points of light at one-half the 
detection range. 

Sufficient allowance for improved bright contrast perception in full 
moonlight seems to be provided by the above factor of two, and the 
use of the National Physical Laboratory curve which appears to repre¬ 
sent maximum perception of bright contrast. 

Similar consideration of dark patches of great contrast in the illum¬ 
inated area would give a patch size of one-tenth the equivalent circle 
of the whole silhouette or 8-foot diameter and corresponds to a bright¬ 
ness of the patch reduced one-tenth of the mean brightness (contrast 
0.9). The sur\^ey shows no areas of this size with brightness so low, 
the lowest being about one-quarter of the mean brightness. Again we 
can predict that at one-eighth of the natural range, no dark patches 
will be visible in the illuminated area. Lacking any visible light or 
dark patches it will appear uniformly bright at all greater ranges. 

It is true that these surveys were made on the part of the hull where 
small plate curvatures are favourable to small variation of brightness, 
but even in the case of more complicated surface shape the areas in¬ 
volved in large contrast either dark or bright are small relative to the 
critical values shown by these curves. 

It may then be said that the type of luminaires developed are 
capable of producing a brightness-distribution which will appear uni¬ 
form at one-eighth the natural range, at which range the unlighted 
residue and the illuminated area will be separately visible. 

3. Use of night binoculars. The use of night binoculars increases 
the natural range of dark patches but by less than the magnification 
ratio (Smith, 1942). 

The visibility range of light patches may more nearly increase with 
the magnification ratio but factual data are lacking. 
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It is therefore possible that, with night glasses, detection of bright 
patches may occur at somewhat greater relative ranges than as dis¬ 
cussed above for naked eye conditions. Such an effect \\ ould reduce 
the distance between the detection range and the range at \^hich the 
illuminated area is resolved into areas of differing brightness, but it is 
believed that some considerable difference would still exist sufficient 
to avoid detection of patches and a conspicuous appearance near the 
detection range. 

Summary 

A- A control equipment capable of maintaining an average brightness 
balance within a tolerance of db 10 per cent is required for a range 
reduction ratio of 4. 

B. Adjustment of brightness to a sufficient uniformity can be 
made by applying the method of area and brightness ratio test. 
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The Determination of the International Volt to within 
Twenty Microvolts by the Application of Ageing 
Corrections to Old Normal Weston 
Standard Cells 

By A. HENRIKSON and A NORMAN SHAW, F.R.S.C 
Introduction 

In an investigation by A. N. Shaw, H. E. Reilley, and R. J. Clark 
(1930) the ageing of Weston normal standard cells was shown to follow 
very closely the relation, 

^ a + Blog {M + r) , 

where is the difference from an initial reference mean of voltage, 
A, By and r are constants for the particular batch of cells being exam¬ 
ined, and M is the age of the reference group. It was then found by 
application of the ageing correction determined by this equation, that 
the international reference mean for voltage could be recaptured for 
a period up to twenty years to within a few microvolts. As the results 
given below constitute an interesting sequel to work first described to 
the Royal Society of Canada many years ago, it was thought appro¬ 
priate to report them in these transactions. 

The objects of this investigation were: (1) to test the condition of 
the collection of old cells which had been previously compared with 
standards at London and at Washington on various occasions since 
1908; (2) to check the ageing correction for Weston normal cells over 
a period of forty years; and (3) to determine the accuracy- with which 
the international reference mean for voltage could be recaptured 
throughout a long period b^^ a small collection of cells, and without 
necessarily making new cells or new comparisons with other standard 
laboratories. 

The apparatus used is essentially that set up b^’ one of the authors 
in 1909. It consists of the usual equipment for this type of work, a 
thermostatically controlled oil bath in which the cells are immersed, 
the temperature being kept constant at 25.00® C. to within 0.01 degree, 
and a simple slide wire potentiometer along which a potential drop of 
one microvolt per millimetre is steadily maintained. An old Thomson 
type galvanometer which gave a sensitivity of about 1 microvolt per 
scale division provided the null indication, 
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The cells are opposed to each other in pairs, and the successive 
differences in electromotive force between cells are measured, one cell 
being chosen as a reference. The method of treating these readings 
in order to recapture the initial mean is given fully in a paper by Shaw 
and Reilley (1930). 


Experimental Observations 

Recapture of an Initial Reference Mean with Cells over Forty Years Old 
In order to recapture an initial reference mean, a record of the 
electromotive force of the cells at an early period of their existence 
must be available. From these records the constants in the ageing 
equation may be determined and the correction obtained for any sub¬ 
sequent date. The routine for doing this is given fully in the above- 
quoted paper. 

Cells C2, 1.6, and 1.8 are our only cells to survive in both reliable 
and satisfactory condition for a period of nearly forty years, and an 
attempt was made to predict their present mean value in terms of the 
initial reference mean, that is, our 1911 estimate of the international 
mean for voltage. These cells were made in September, 1909, but 
adequate records of their values before 1912 are not available. Thus 
it is only possible to obtain an indirect estimate of the value of r in 
the ageing equation. An ageing equation can be obtained, however, 
from the data of Table I, which gives the records of these cells on three 
widely separated dates. 

Table I 

Average emf of Cells C2, 1.6, and 1.8 referred to the Initial Mean 


Date 

July, 1912 

May, 1919 

Aug., 1926 

Dec., 1947 

Age 

34 months 

116 months 

191 months 

predicted value 
459 months 


-13 

-19 

-26 

-47 


If T is assumed to have the value 0.75, substitution of the above 
values in the ageing equation (JEjkf = ^4 + 5. log (Af + r)), gives an 
average value for A of 67.8. Thus the ageing equation for these cells 
is; Em— 57.8 — 39.4 logio(A/ + 0.75). This gives an ageing correc¬ 
tion for December, 1947, of —47 microvolts. This is the most probable 
value of the correction for these cells, since r is usually found to be less 
than 1, 
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If T had a value as high as 25, the highest value found in the past 
for any of our cells, the ageing equation would become: 62.9 — 

39.4 logio(J/ + 25J, giving a correction of —43 microvolts. Thus a 
maximum error of only 4 microvolts could be made by using an average 
value for r. 

The present value of these cells, as determined from the ageing 
equation was, in this way, taken as —47 microvolts referred to the 
initial reference mean. Or, in other words, the initial reference mean 
was estimated to be 47 microvolts above the present electromotive 
force of these cells. Our “initial reference mean,** was the mean value 
of a particular group of cells in 1911 which at that time corresponded 
very closely to the international mean of voltage. 

In order to test the ageing equation for the old cells, several me¬ 
thods may be employed: (a) comparisons with younger neutral cells, 
{b) comparisons with acid cells, and (c) direct comparisons with other 
laboratories. 

Recapture of Initial Reference Mean Using Younger Neutral Cells, and 
Acid Cells 

Table II gives the mean of a number of neutral cells constructed 
in 1923. These values were checked by several direct international 
comparisons, and are therefore also expressed in terms of the 1911 
international mean of voltage. 

Table II 


Record of the Ageing of the Reference Cells (1923 batch) 
Mean of cells 60, 62, 64, 65, 66, 67, 69, 71, and 79 


Age 

0.5 months 

2 months 

8 months 

20 months 

40 months 

60 months 

Mean 

+38 

+20 

+4 

-12 

-21 

-30 


In obtaining the average for each date, one of the “selection rules*’ 
(Shaw, Reilley, and Clark, 1930) has been applied; namely, reject any 
cell whose deviation from the mean electromotive force of the batch 
is greater than 20 + d, where d is the mean deviation. 

All neutral cells made in 1923 were found to have an average value 
for T of 0 . 75 , and substitution of this value, and the use of the data 
of Table II in the ageing equation give: 

£ 3 /= 41.5 - 39.4 logioW/ + 0.75) . 

This gives an average correction for these cells at the present time, 
age 290 months, of —56 microvolts. 
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The present mean of the old 1909 cells Is 3 microvolts higher than 
the mean of the 1923 batch and is therefore —53 microvolts, referred 
to the international mean of voltage. This compares favourably with 
the value —47 microvolts obtained by consideration of the ageing of 
the old cells alone. 

It was shown! (Shaw, Reilley, and Clark, 1930) that acid cells 
remain more nearly constant for many years, with only a very small 
decrease of electromotive force, and from our former McGill results 
and calculations this would become about —71 microvolts in twenty- 
five years, that is, at the present time. By comparing two steady acid 
cells with the 1923 neutral cells to which the ageing correction had been 
applied, the value of the acid cells is found to be the same as the pre¬ 
dicted value, —71 microvolts. 

Table III gives a summary of the above comparisons. The last 
two columns in this table are the value of the old cells in terms of the 
international mean of voltage as determined through comparisons 
with, respectively, younger neutral cells and the acid cells, duly cor¬ 
rected for ageing. 


Table III 

Summary of Cell Comparisons 



In terms of international 
mean as determined by 
ageing equation 

Value as obtained by i 
corrected comparisons 
witli the 1923 neutral 
cells 

Value as obtained by 
corrected comparisons 
with acid cells 

The old 




ipop 

-47 

-53 

-53 

cells 





Recent Cell Comparisons with the Bureau of Standards in Washington^ 
in January, 1948 

In order to test the results of applying the ageing equation to the 
old cells discussed in a previous section, and also the approximate 
methods based on comparison with the means of both acid and neutral 
cells, also respectively corrected for ageing, six cells were carried to the 
National Bureau of Standards in Washington, D.C., in January, 1948. 
These cells were placed in a temperature regulated oil bath, kept at 
20.00® C. for several days and measured with a Leeds and Northrup 
Standard Cell Comparator. The results of these measurements are 
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given in Table IV. Also included in this table are the values of these 
cells as measured at iMcGill at 25.00° C., before and after ha^dag been 
taken to Washington. The difference between the McGill and 
Washington measurements is also given. The change from 25.00° C. 
to 20.00° C. does not appreciably affect the differences among the cells 
at any one temperature in this range. 


Table IV 

Summary or In’iernational Comparisons 


Cell 

Referred to 
McGill mean 
before trip 

Referred to 
McGill mean 
after trip 

Referred to 
Bureau in 
Washington 

Difference between 
Washington and 
McGill means 

60 

-81 

—77 

_ 

_ 

62 


-47 

-18 

-29] 

63 

-58 

—56 

-25 

-31 - -27 

65 

-61 

-51 

-31 

-20) 

66 

-70 

-57 

-44 

-13 

69 

-43 

-45 

-36 

- 9r -11 

83 

1 

-65 

1 

-68 

-58 

-lol 


Since a slight shaking of the cells occurred accidentally during the 
journey” to Washington, it is believed that only the readings taken at 
McGill after the trip should be compared with the Washington values. 
If the mean of all the cells is used, the McGill reference mean is found 
to be 19 microvolts higher than the United States reference mean. 
However, since the values of some of the cells appear to have changed 
erratically, relative to the others, probably due to the shaking in 
transit, it is believed that onh’ those that have remained nearly steady 
relative to one another should be considered. On this basis only the 
last three cells should be used, giving an average difference of only 11 
microvolts heiween McGill and the Washington reference means. It should 
be noted that the McGill reference mean, cited here, is that deter¬ 
mined by the 1923 batches of neutral and acid cells. Based on the old 
1909 cells, the McGill reference mean is 6 to 10 microvolts lower. 
Table V will serve to clarify the above statements and to indicate the 
relative positions of the initial reference mean, the Bureau of Standards 
reference mean, and the present value of the 1909 cells in terms of 
these means. 

C4 
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Table V 


SuMM VRY or Resllts in terms of the Imti^l Reference Mean Chosen in 1911 


Difference 

in 

mtcfovolts 


0 


-6 


-13 


-19 

-53 


Present McGill reference mean obtained by analysis and ageing cor¬ 
rections from the records of the 1923 neutral and acid cells, and also 
assumed to differ negligibly from that in use at the National Physical 
Laboratory in Teddington, England. 

Present McGill reference mean obtained by application of the ageing 
correction to 40-year-old neutral cells. 

Present Bureau of Standards reference mean, obtained by recent 
comparisons. 

Present Bureau of Standards reference mean, alternative estimate. 
Present mean actual value of the 40-year-old neutral cells, as deter¬ 
mined directly with the aid of the 1923 neutral and acid cells. 


It is therefore seen that the use of these old cells to determine the 
international mean of voltage would, after applying ageing corrections, 
produce an error of only about —6 microvolts, as compared with the 
estimate of the initial mean based on the 1923 neutral and acid cells, 
and an error of at least +5 microvolts (up to perhaps +13) as com¬ 
pared with the mean at present used by the Bureau of Standards. 

The old cells had a high internal resistance which made it very 
difficult to obtain a close balance on the potentiometer; there may be 
a possible error of zt5 microvolts in any single observ’ation. However, 
if the estimates were based only on the three very old cells, it seemed 
still possible to recapture our estimate of the international mean of 
voltage to within 10 microvolts and that of the Bureau of Standards 
to within 16 to 20 microvolts. If a larger number of old cells were 
kept available with complete records of their early behaviour, the 
international mean could probably be recaptured at will, with these 
methods, to within only a few microvolts, over at least a period of 
thirty years. 

Dr. G. W. Vinal, and Dr. W. J. Hamer, at the Bureau of Standards, 
gave valuable advice, facilities in their cell laboratory, and a cordial 
welcome in Washington. It is a great pleasure to acknowledge their 
kindness and co-operation. 


McGill University 
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On Perron’s Extension of the Euler-'Knopp Summation 

Method 

B> M. S. MACPHAIL 
Presented by R. L. JEFFERY, F.R.S.C. 


The Euler-Knopp series transformation carries into where 
An is defined by 

e(r): ^ = r ^ rHl - ry-^a^, 

provided r 9 ^ 0, 1; G(l) being defined as the identical transformation 
and G(0) remaining undefined. If 2-4^== S, we say that San is sum- 
mable G(r) to S. (All summations run from 0 to » unless otherwise 
stated.) This summation method is regular if and only if 0 < r ^ 1, 
but it is consistent with convergence for all r 9 ^ 0, by which is meant 
that if San and S^n both converge, they converge to the same value* 
The main properties were established by Knopp in 1922-3 and Agnew 
in 1944, the former treating only the case 0 < r g 1, while the latter 
allowed r to take any value. It was pointed out by Perron in 1923 
that @(r) can be generated by the function 


F{t) - 


ft 

1 - (1 - r)t 


in the following way. Write down formally the series 

s a„[F(/)]»+^ 

n B 0 

and arrange it in powers of t. It is easily- verified that this gives 
from which the G(r) transform S.4n is obtained by putting 
^ = 1. If in this we take f as a complex variable, -we can use standard 
methods of analysis to obtain short proofs of many properties of G(r). 
We have also an obvious generalization, namely, to replace F(f) by any 
function 

/(f) = 

having suitable properties. Perron was interested only in regular 
methods, and showed that the conditions 


Cn^ 0 (» = 0 , 1 , 2 ,.. .) , 

/(I) = 1 
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(a) 

(b) 
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are sutticient for regularity. In order to prove other results, he intro¬ 
duced the further condition* 

The series '2c has a radius of convergence greater than 1, (c) 

and z = j{t) maps M = 1 into a simple closed curved / which 
is cut by each half-ray from the origin in one point only. 
Consequently (Titchmarsh, p. 101), z = /(/) maps 1/| < 1 
simply on D, the interior of /. 

Our present purpose Is to continue the study of this summation meth¬ 
od, but instead of requiring regularity, we shall require merely that 
the method be consistent with convergence. For this reason we drop 
condition (a) and replace it by the new condition; 

The curv'e J is not tangent to the real axis at s = 1. (d) 

It will be shown that this, taken with (b) and (c), is a sufficient con¬ 
dition for the associated summation method to be consistent with 
convergence. For convenience we now make the permanent assumption 
that the function/(^) = satisfies conditions (b), (c), (d), and 

provide an explicit statement of the summation method: 

Given a series San, w'rite down formally the series » and 

arrange it in powers of t\ let this give We call 2hn the /- 

transform of Sfln, and if S&„ = S, we say that San is/-summable to S. 

To make the nature of this rearrangement clear, we put 

and write it out as follows: 

< 2 o /(0 = aoCoi + aoCi/- •+• a or 2 /’ + . . . 

Oil f(f) = axCi^t^ + + • • . (A) 

O2[/(0P= OaCaf*V + ... 


20n[/U) 1""^^ “ ^0^ "1" + 

We see that the method is essentially a matrix transformation. 

Theorem 1. If2an is f-summable, then Sans”"^^ has positive radius 
of convergence, and represents a function which can he continued analy-- 
tically through D, the image of\t\ < 1 by the function z = f{t). 

Proof. If S6n converges, then represents an analytic 

function for j/j <1. Denote it by <^(0. Let the inverse of z ^ f(t) 
he t = 2 ( 2 ). Then the function ^( 2 ) = <l>[g(z)] is analytic on D and 
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can be represented by a power series in a circle with centre at 

the origin and lying in D. But ^[f(/)] = <#>(/), and so 

It can be seen by a glance at (A) that ao= flo, ai= au and 
so on. The theorem now follows. 


Theorem 2. If can be continued analytically through D\ 

the closure of D, then Sfln is f-summable. 

Proof. We see at once that <f>{t) is analytic for \ f\ ^ 1, and there¬ 
fore in particular that converges with i = 1. This proves the 

theorem. 


We shall use the notation through¬ 

out this paper. We shall also use D, as defined in Theorems 1 and 2. 

These two theorems, taken together, closely resemble Theorems 
6 and 7 of Perron. We wish, however, to point out their bearing on 
E{r) summability. In accordance with the opening paragraph of this 
paper, we put 


This gives 


1 - (I - r)t 


(ll - r| < 1). 


r + (I — r)z' 

and the circle = 1 maps into the circle 
3 : l^l = 1 +(1 - r)z\ , 

which gives at once the second part of Theorem 8.4 of Agnew, namely, 
that if Z(z„ is summable £(r), then ZCnZ'^"*"^ represents a function 
analytic inside 3. (Since jl — rj < 1, E{r) and @(r) are equivalent 
(Agnew, p. 327).) At the same time we see that the theorem is “best 
possible’' in the sense that no more is true in general, and we get the 
complementary theorem: 


Theorem 2a. If ZanZ”'"^^ represents a function which can he con- 
tmued analytically through the region \z\ S 1^ +(1 — 
summable Eif)^ provided jl — rj < 1. 


The circle 3 can be written 

Isl = Ir - ll 


r - 1 


It is easily verified (see Titchmarsh, p. 191) that for any values of g, 
and real positive fe 1, the circle 

\z- p\ = *lz - 2I 
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has centre 


and radius 


_ P - k^q 
^ 1 - F 

_ Mp - gj 


1 -p 


Hence 3 is a circle with centre 


1 - rp 

1 - 1 - rl* 1 


and radius 


The shortest distance from the origin to this circle is given by 

_ |.J -W-lijliiL 

' ' 1 - 1 - r® 1 - 1 - 


1 + 1 - r 


1 + 1 _JL 

r r 


This gives the radius of convergence of in agreement with 

Agnew’s “necessary condition for summability £(r)“ (p. 315). 

Furthermore, if i? > 1, a necessary and sufficient condition for/(^) 
to have the property that 2)a„ is/-summable whenever has its 

radius of convergence greater than or equal to i?, is that D* should lie 
in the circle \z\ < R. (If R ^ I, the last requirement contradicts 
condition (b).) 

For E{r) summability', the condition is pi+ \zi\ < JS, or 


or 

\r/R\ + jl — r| < 1 . 

Thus we have generalized a theorem of the author's (Macphail, 1946). 

Theorem 3. If "San is f^summable to S, it is ^^generalized AbeP* 
summable; that is, ^(z) > 5 <zs z > 1 — on the real aods. 

Proof. Let L be the segment of the real axis joining z = 0 to 
c = 1, and let Cbe the image of L in the if-plane. By condition (d), L 
is not tangent to /; hence C is not tangent to \t\ = 1. Hence by Abel’s 
theorem, 4>(f) ->-5 as i 1— on C. Since rp(z) = <l>{t), the theorem 
now follows. 
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Corollary. Any two f-summation methods are consistent; in par^ 
tictilar, any f-summation method is consistent with convergence. 


Theorem 4. Let han be J-summable, Then isf-summable 

for all values of w such that wD*Cl D {that is^ z in D' implies wz in D), 


Proof. If we write '^{z) = , a sufficient condition for 

to be/-summable is that ^{z) be analytic for z in D' (Theorem 
2). But '^{z)— ^p{wz)f and since ^ is kno^vm to be analytic in D, the 
result follows. 

For the application to E{r), we note as before that D' is a circle 
with centre 


and radius 




1 - yjs r 
1 - ll - rl= 1 - r 



Then wiy is a circle with centre z'— ziw, and radius p' = 
wiy to lie in we require 


whence, 


2 '— 2i| + p' < pi, 


1 -r 1 

r \ — w\ 

1. '' 

w 

1 - 

1 - r® 

^1- 

1 - 


For 


or, 

\r - l| jw - l] + 1^1 < 1, 

which gives the first part of Theorem 8.4 of Agnew. Here again we 
see that the theorem is the best possible. 

It should be mentioned at this point that one of the main results 
of the theory, already proved by Knopp, Perron, and Agnew, holds 
without change under our assumptions (b), (c), (d). This result en¬ 
ables us to say exactly in what region a given series is /-summable, 
with doubt only on the boundary of the region. For completeness we 
shall state it here, and in order to do so we require the following 
definitions. 

Let }l/{w) = ’ZonW^'^^ be a given series, and let be the analytic 
continuation of p{w) throughout the associated Rlittag-Leffler star 
Let CO be any vertex of and the image of — 1 by the function 


w 


CO 


fit) 

Let E^, be the interior and exterior of , and let I be the inter¬ 
section of the I fa , E the union of the , for all vertices co. 
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Theorem 5. The series is f-supn?7iable to yp (w) ^fw is in 

I but 7iot ij is in E, 

The proof gnen by Perron (Theorem 9) holds under our present 
assumptions (,bj, (c), (d), in lact under (b;, (c) alone, and is not re¬ 
peated here. 


In apphing this to E{r) summabilit\, we write simply 

“ (1 -r)t\ 

u --, 

rt 


^\ hence 


and the image ol j/j 
or, 


t = 


vixi a — ^J.r 


= 1 IS 


\rw + 0 ) — oir\ = Icoj , 


f, A 


0 ) 

w — I 1-It*) 



\ r J 


r 


This is the boundary ot the region B{r, u) of Agnew (p. 328), and the 
theorem just stated is the extension of Theorem 8.2 of Agnew. 

In conclusion we state two theorems where, instead of assuming 
that ISa^ is /-summable, i.e., that S&n converges, we assume that 
converges for \f\ < h. This is a stronger or weaker hypothesis 
according as h is greater or less than 1. Let Dh be the image of \t\ < h 
by the function z — f(t) = and assume that the analogue of 

condition (c) holds. 


Theorem 6, Let converge for j/j < h. Then is f- 

summable for all values of z such that zD'dDhy and represents an analytic 
function which can be continued through Dh* 

The proof is omitted, being practically identical with that of 
Theorems 1 and 4. 


For Q(r) summability, we find that Dh is the circle with centre 

h?\l - rl^ r 

and radius 


— 

~ 1 - - r\^ ’ 

the restriction fejl — rj <1 being necessary. By a little calculation 
we can also establish the following result: 
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Theorem 7. Let the 5(r) transform of Sa, be If 

converges for j/, < h, then SCnS""^* converges for 


< 


ltr\ 


1 + ^11 - r' 

and Sans”"*"^ is svnnnable (S(r) for all values of s satisfying 
jr - ll Iz - ^1 + s\ < B , 

sphere 

1 - ll - rf 


B = h- 


A = hB. 


'l-¥\l-rY 

Here again we omit the proof, which follows closely the pattern of 
the remarks follow^ing Theorems 2 and 4. 


Queen’s University 
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The Stability of Gas Turbine Combustors 

By DONALD L. MORDELL 
Presented by A. NORMAN SHAW, F.R.S.C. 

Introduction 

The use of the gas turbine engine for aircraft propulsion necessitates 
a combustion system capable of efficient operation over a range of 
temperature rises between 10 and 1000® C. in spite of wide variations 
in the pressure, temperature, and quantity of the air to be heated. 
Such performance, referred to as stability, is of the utmost impor¬ 
tance, because in its absence it may be impossible to operate the engine 
above certain critical altitudes, or in certain ranges of engine speed— 
limitations which are obviously undesirable in an aircraft engine. 

Systems to meet these requirements have been developed by em¬ 
pirical means, and it is of interest that the solutions evolved inde¬ 
pendently in the United Kingdom, the United States, and Germany 
are basically similar. The features common to all may be described 
in a few words. The air stream to be heated is divided at entr 3 ^ 
About 25 per cent is used for primary combustion, the remaining 75 
per cent being mixed aften\"ards with the hot combustion products. 
The primary air is mixed 'wdth the fuel, which is injected either as a 
vapour or as an atomized spray, through the agency of a complex flow 
pattern. 

The functions of this pattern are to provide turbulence to promote 
mixing of the air and fuel, to spread around burning fuel particles, 
which then act as torches to help enkindle other particles. Also in all 
designs there is what may be termed a major flow reversal which re¬ 
circulates heat from the burnt fuel to the incoming fuel air mixture 
by a reverse flow of hot gases. This reverse flow of heat is also aided 
by direct radiation. 

In known combustors, it has been found that there are definite 
limits to the temperature rise at which the system will operate, and 
within these limits, definite values of the thermal or combustion effi¬ 
ciency. This is defined as the ratio of the heat actually liberated to 
the heat input in the fuel. The stability limits are functions of the 
geometry of the combustor and the pressure, temperature, and velocity 
of the air (Childs, McCafferty, and Surine). 
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“Ideal’’ Combustor 

In attempting to explain this behaviour it is evident that any exact 
treatment is out of the question, involving as it does the aerodynamics 
of turbulence, evaporation of drops, the chemistry of combustion, and 
radiation. 

The method used by the author is to postulate an ideal combustor 
in which there is a separation of the complex interrelated processes 
into phases which are more amenable to experimental study. Then 
from results of tests on these phases, the performance of the ideal com¬ 
bustor may be synthesized and compared with that of the actual 
combustors. 

Consideration of the real combustors suggests that the predom¬ 
inant mechanism is a recirculation of heat from the burnt products to 
the incoming air. The fuel may be considered as being injected into 
air thus heated, and if the temperature be sufficient, spontaneous 
ignition will occur. 

For the ideal combustor, we suppose first a division of air into 
primary and dilution streams. The primary air enters the actual 
combustion region and is mixed with a quantity of hot gases which 
have been recirculated from the end of the primaiy* combustion system, 
and are presumed to be at the temperature existing there. Also at the 
end of the primary combustion region, the dilution air is injected and 
the resultant drop in temperature is assumed to arrest any further 
chemical reaction. 

We have thus replaced the complex aerodynamic and heat transfer 
system by a scheme which can be specified by three factors: a scale 
factor, the proportion of primary" air, and the proportion of air parti¬ 
cipating in the reversal. For the combustion side we have reduced our 
problem to the question of what happens when fuel is injected into a 
hot gas stream. 

P. Lloyd (194G a, b) has shown that, in such a case, a stable com¬ 
bustion region is created some distance downstream of the point of 
fuel injection. The distance between this point and the flame front 
may be interpreted in terms of a time, called the ignition delay, and 
related to the pressure and temperature of the air by a relation of the 
type: 

logf = log—+ ^ + — 

where P is the pressure in p.s.i., for P < 14.7, T is the temperature, A 
and B are constants. So far, Lloyd’s work has shown that A and 
B are practically independent of the mixture strength and the chemical 
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nature of the fuel. Lloyd’s experiment provides a simple way of 
studying fuel air mixing and combustion that gives results in a method 
convenient for analysis. As yet no results have been reported giving 
the progress of combustion beyond the flame front, i.e., the time 
required for completion of combustion after the initial ignition— 
defined as the appearance of a definite flame front. 

In the ideal chamber, the time during which any given particle of 
air remains in the combustion region, i.e. between heating by the re¬ 
circulating hot gases and quenching by the admixture of the dilution 
air, is obviously’ a relatively simple function of the initial volume flow 
of air, the three factors specifying the aerodynamic system, and the 
temperature following primary combustion. Since Lloyd’s experiment 
provides a means of studying combustion on a time basis, we can con¬ 
veniently use the results to predict the behaviour of our ideal combustor 
and in particular to calculate how the range of temperature rises and 
combustion efficiency will depend upon the pressure, temperature, and 
rate of the air flow, and upon the chamber geometry. 


Application to Lower Limiting Temperature Rise 


In any combustion system, as the air fuel ratio is gradually in¬ 
creased a point comes when the flame extinguishes. The point may 
be defined as the maximum air fuel ratio, but, in the author’s view, it 
is more convenient and of greater significance to define it as the lower 
limiting temperature rise. 

In the ideal chamber it is evident that combustion is impossible 
when any particle of air is within the primary region for a shorter 
length of time than the required ignition delay. At the limiting point 
of extinction the times ma^’’ be equated, yielding a relation of the type 



14 7 

^A+log^ + B 
Pi 



wherein isTi, and Kz are functions of the three factors specifying the 
aerodynamics of the system, A and B are constants representing the 
physics of droplet evaporation and the chemistry of combustion, 

Pi, and T i are the rate of volume flow, the pressure and the temperature 
of the entry air stream, and r2 is the limiting, minimum outlet tem¬ 
perature. 

If the effects of F, Pi, and Ti upon the limiting rise T2- Ti are 
calculated, it is found that the ideal chamber behaves qualitatively 
exactly as a real combustor. A particular point of interest is that it 
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has been found that change of fuel in a real combustor, e.g. from gaso¬ 
line to kerosene, affects the performance considerably in many respects; 
however, it does not affect the lower limiting temperature rise. In 
predicting the effect of fuel change on the ideal chamber, Lloyd's work 
snows no significant change in .4 or 5 with the change of fuel, and 
hence no effect on the lower limiting rise is to be anticipated. 

Discussion 

The analysis has been extended to other features and aspects of 
performance and so far has always yielded results in qualitative agree¬ 
ment with test. Disagreement in numerical values is believed to lie 
principally in the idealisation of the mode of heat recirculation. Work 
presently in hand in the Mechanical Engineering laboratory at McGill 
University is concerned with further exploration of this point, with a 
study of the progress of combustion after initial ignition and the effect 
of turbulence upon the delay and subsequent combustion. A more 
detailed paper giving the full treatment using these results will be 
published in due course. The reason for the publication of this pre¬ 
liminary outline is that it is thought to be the first attempt at an 
explanation of the very complex and sometimes apparently paradoxical 
results which have been found in practice. 
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PRESIDENTI.U, ADDRESS 

A Quarter-Century of Research in Physics 

By J S. FOSTER, F R S.C. 

I T is a great honour and a real pleasure to address you here in m\ 
native province and especially at Dalhousie—the university home 
of an appreciable portion of Canada’s first class scientists. 

Thanks to the understanding and wisdom of our government in 
this free country, certain novel and effective developments were made 
by scientists during the war, just past, and mainly as a result ot this 
demonstration of strength, we find a great increase in the appreciation 
of science by the public at large and b\ university, provincial, and 
federal authorities. This appreciation is gradually finding the 
expression most valued by disciplined scientists, namely an oppor¬ 
tunity to increase the scope and quality of scientific work. With the 
excessive post-war burden of teaching now becoming lighter, the 
universities find a rising scientific spirit w^hich is nourished by thoughts 
put into action. 

The inhabitants of this province have ahvays been intensely 
interested in education. The Xova Scotia Institute of Science existed 
many years before the formation of the Royal Society of Canada. 
With this background, it is therefore not surprising to note that the 
half-million people of this province have set up a Nova Scotia Research 
Foundation which has already proved a great stimulus to scientific 
effort. Nor is it surprising that the sound policies in scientific work 
have been further rewarded in this old city^ by an even greater federal 
development. On behalf of this Section of The Roy’-al Society of 
Canada, I extend to local scientists our congratulations on the new 
order of magnitude of scientific opportunities thus afforded and 
express our best wdshes for their continued success. 

I now^ take this opportunity to re\dew' briefly the researches in 
which I have been chiefly interested since coming to McGill University' 
twenty-five years ago. 

IXTRODUCTIOX TO THE StARK EFFECT 
At the beginning of this period, as you all know, physicists were 
chiefly interested in the structure and behaviour of the outer atom. 
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Studies ol atoms in external fields, both electric and magnetic, con¬ 
tributed much to the general development. The normal Zeeman 
etiect had immediateh received an (imperfect) classical explanation 
but gave so little hope for an appreciable effect from external electric 
fields—^arising onh Irom departure from Hooke’s law—that Zeeman 
tried to combine the two fields and detect the electric phenomena 
as a small perturbation on the normal Zeeman effect. 

The point of view w as completely changed by the Bohr frequency 
condition, and an appreciable electric effect was in fact clearh pre¬ 
dicted b^^ Bohr earh’ in 1913. Large displacements observed in 
h\ drogen by Stark in the lollowing \ ear and a half received a quantum 
theoretical explanation by Epstein who used parabolic coordinates in 
the Hamilton-Jacobi equation. This was an extension to three 
dimensions of a method developed by Sommer 1 eld to explain fine 
structure in hydrogen, but nevertheless it failed to represent such 
structure, since no variables have been found which are separable in 
this equation when both external electric field and relativistic correc¬ 
tions are represented. 

To speak now of the experimental side, a rather difficult problem 
arises. For best results, one needs to keep the distribution of space 
charge near the cathode of a discharge tube of small diameter, constant 
o\'er a period of hours while the anal^^sis is being made by a spectro¬ 
graph of high dispersion. Under high voltage, a beam of positive 
ions is driven through the so-called cathode dark space and here— 
along the axis—atoms are excited to give relatively" intense light, 
Electric fields ranging from zero at the upper limit of the dark space 
to a maximum near the cathode are created and maintained by space 
charges. 

After an exhaustive sur^"e^ of experimental methods, the following 
Technique solved the problem for many gas discharges. A lavite 
cylinder about a half-inch in diameter was bored to receive a heavy 
cathode exposed to the discharge through a small hole off centre, 
\\ hile light was removed through a very narrow slit and out through 
a side tube. Since the lavite may be machined wdth precision before 
heat treatment and since it seals into pyrex glass to prevent side 
discharges, the control over the discharge was immensely improved, 
and difficulties due to sputtering removed. The aluminum cathode 
was pitted by the positive ions, but rotation of the cathode exposed 
a fresh surface. This basic development of experimental method 
and preliminary- results were realized during the tenure of a National 
Research Fellowship under Rockefeller funds. 
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V’aLUE of pELLOWblllPb 

I pause to remark that this is onl}^ an illustration of the value of 
a Fellowship to students who have already received their Ph.D, 
degrees. Few students are thoroughly established in a ne\\ field 
b\ the time the\ graduate, and those who look forward to intensive 
research need a few years to get well grounded a\ hile the demands ol 
life are relatively simple. While it is obvious that such a plan might 
change the whole life of the individuals concerned, one has only to 
recall such Fellowships held by Professors Compton, Lawrence, 
Rabi, Urey, etc., to realize that the scientific life on this continent 
has been profoundly changed by what must now’ be regarded as a 
very modest investment. 

Stvrk Effect a Stimulus to Important Theoretical 
Development 

Returning now to the interesting interplay betw’cen experiment 
and theory in the development of this phenomena so characteristic 
of quantum theory, I may’ say’ that the early results in helium by’ 
improved experimental techniques w’ere used even before publication 
by’ Kramers and Heisenberg, in an attempt to apply perturbation 
theory’ to the Stark effect in helium. The results of this investigation, 
which w’as never published, w’ere ahvay’s qualitatively’ satisfactory’, 
and quantitatively’ incorrect. As a result of this exercise, Heisenberg 
became convinced that one must abandon the w’hole mathematical 
method then used. By’ a bold stroke, he concluded that instead of 
the harmonic analy’sis of electron orbits—long know’n to be so foreign 
to atomic behaviour—one must accept only’ the frequencies and ampli¬ 
tudes characteristic of the light from the sy'stem under investigation. 
By such methods he considered the simple harmonic oscillator and 
arrived at an expression for the energy’ already’ know’n to be necessary 
in the explanation of molecular spectra, namely’ £ = (ti + ^ 2 )hv, and 
quantum mechanics w’as established. 

Degeneracy in Electric Field 

From elementary’ considerations, it is clear that the angular 
momentum of an electron round the nucleus could not remain constant 
in the presence of an external electric field, and under this condition, 
the ordinary’ selection rule for the quantum number / is removed 
and many new’ lines appear in the spectrum—corresponding to A/ equal 
to any’ possible value. These are the so-called ‘‘forbidden’' lines, 
but since their appearance has been in\’ited by’ the external electric 
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field, it seems more logical to call them briefly, “electric combination 
lines.*' Xow' while the time mean position ot an electron in its orbit 
will be drawn awa\ trom its normal position at the nucleus and thus 
change the energy ot the s\ stem with respect to the field, it ob\iously 
makes no diflerence whether the electron is rotating right or left 
hand wdth respect to the field direction. This means that the sub- 
levels designated b\ the quantum numbers dz m w ill lie together and 
for values ot m different from zero the s} stem is doubly degenerate. 

Operational Technique 

In experimental w’ork, it is not uncommon to find that the discharge 
tube suddenh’ becomes harder and the voltage increases abrupth so 
that by this means it is possible to manufacture spurious components. 
This is mentioned only because it actually happened in w^ork by 
Takamine and such incorrect anahses in helium served as an un¬ 
natural barrier to an\' theoretical attempt to explain this phenomena. 

While spurious components should not appear if one keeps a 
close eye on the voltmeter, one may be doubh^ sure of the anahsis 
by watching the simultaneous analysis of hydrogen lines appearing 
on the same plate and noting that their pattern agrees wdth the 
Epstein theory. 

Normal Stark Patterns 

With this check, and generalh improved means of analysis, the 
helium spectrum was examined for Stark patterns in the various 
series. There was immediate evidence that these w'ere constant 
wdthin a given spectral series, but varied from one series to another. 
Thus all principal and sharp series lines showed one component in 
each polarization while 2P~nP combination lines show^ed two of 
each polarization. A tew' diffuse lines yielded two parallel and 
three perpendicular components. As a guide in a further examination 
of close line groups it w'as noticed that one could readily extend 
qualitatively to other hydrogen lines the perturbation theory b\ 
Ixramers of connections betw^een the fine structure and Stark com¬ 
ponents of JYe* When this was done, it was easily seen that the 
pattern should be constant wdthin each fine structure series. These 
are indeed the patterns w’hich were experimentally found in par- 
helium and which first established some law^ and order in the Stark 
effect. 

The first pattern obseiv^ed at McGill was for the 2S~nS electric 
combination lines wrhich according to the ordinary selection rule for 
the quantum number m could give only one component in w’hich 
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the electric vector is parallel to the field (T-componenty and no com¬ 
ponent perpendicular to the field (o'-componentj. Thus a plane 
polarized series of spectral lines appeared in relatively high fields. 

The positive identification of such lines in the ultra-violet is easih 
made in the following A\ay. The initial levels in such transitions 
are alone appreciably affected b^* the field, and the relation between 
displacement of level and the applied electric field is commonly 
rather complex and characteristic ot the individual level. Once 
these complex relations are established (e.g. in 2P-nS) one can identify 
a new combination line (e.g. 2S-fiS) by its characteristic behaviour 
in the electric field. Thus the peculiar names assigned by Stark to 
some electric combination lines were eliminated on experimental as 
well as general theoretical grounds. 

General Formulae for Norxlvl Stark Patterns 

Keeping in mind the degeneracy in Stark effect and the selection 
rule for m, one can readil}’ write down the pattern as found for any 
series. If the / values of initial and final steps are equal, /' — 
then the pattern will be represented by the following numbers of 
components: 

TT _ / -pi 

" 2r ’ 

TT / -1- 1 

If I' 7*^ 1" then - = -where the I value is the smaller of the 

<T 21 + 1 

two. 

Theory of Stark Effect in Helium 

The quantum theoretical treatment of the Stark effect in helium 
is an ideal example of the perturbation theory in quantum mechanics 
and again emphasizes how essential the quantum theory is for this 
subject, since it is found that the displacements and intensities 
depend not on the behaxiour of single states but on the collectne 
behaviour of certain groups of sub-levels with the same principal 
quantum number, n. In this theor\% a hydrogen atom is considered 
to be perturbed by (1) a central field which is asked to change the 
hydrogen terms into helium terms, and (2) an external electric field. 

In the matrix Hi, the terms arising from the central field are 
simply constant terms on the diagonal and represent the differences 
between hydrogen and helium terms of same 1 veilne which are extracted 
from the tables or Lo Surdo photographs. The terms representing 
energy' due to the external field are different from zero only when 
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1, and w' — This means that levels vith neigh¬ 
bouring / \alues and ■v^ith the same m value repel one another. As 
d matter ol iact, this repulsion is greater the less the separation 
between the levels and the more probable the transition between 
such levels in the normal atom. Due to this circumstance, one can 
ditdde the problem of finding the displacement of sub-levels into parts, 
considering first the level of highest 7n value which is never displaced, 
then the two levels of next highest m value which must be displaced 
equally in opposite directions and so on to the groups ol sub-levels 
with wz = 0 which as a rule will show some of the greatest displace¬ 
ments. It mat be seen that this makes a great contrast with the 
Zeeman effect tvhere each level with m = 0 is not displaced and \\ here 
the levels tvith the maximum = m values have the greatest displace¬ 
ments in opposite directions. The Intensities are closely’ tied up 
with displacements, so that one ma^’ say, tor example, that an electric 
combination line will not appear until the external electric field has 
displaced the initial level slightly. Since such displacements with 
rising field wdll be delayed tor lines greatly separated from the diffuse 
or principal series lines appearing in the normal spectrum, it may 
be seen why the S-S series appears only in high fields w’hile many 
other new series appear very close to the lines of the normal spectrum 
at almost zero field. The complete theoretical calculations were 
carried out in Copenhagen under an International Education Board 
Fellowship. 

Before leaving this subject w’e may emphasize again that in the 
normal effects, i.e., in cases where the electron spin may be neglected, 
there is but one normal Zeeman effect for all lines of all series w^hereas 
the normal Stark effect shows a great variety of patterns as previously 
indicated. 

Intensities in Hydrogen 

At ilcGill we initially obtained hydrogen lines from an impurity 
of hydrogen in helium discharge tubes. Under such conditions w’e 
never could get the relative intensities of Stark components in hydro¬ 
gen to correspond to the results obtained by Stark in the canal-ray 
tube. Nevertheless when the new^ calculations w’ere made by 
Schroedinger, using w^ave mechanics, it w^as immediately e\Tident and 
quantitatively checked that the new theoretical intensities within 
experimental error w^ere exactly as observ^ed by Foster and Chalk. 
On the other hand, even in the same type of discharge tube which 
we had developed, if one used pure hydrogen one got an asymmetry 
observed by McRae for Moreover, the displacements were never 
exactly according to Epstein, but were modified just sufficiently to 
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account for the original fine structure separations Irom which the 
components emerged. A further variation in intensities was observed 
in the Balmer series by Foster and Snell, who used a mixture ot pure 
hydrogen and deuterium in equal parts; it consisted of right and lert 
hand asymmetries for hydrogen and deuterium patterns of one and 
the same Balmer line. Since theoretical intensities have already 
been found from sources containing only’ a trace of hydrogen, it seems 
bey^ond doubt that the variations from the theoretical intensity 
pattern—such as those just mentioned—are due to self-absorption 
within a source containing relatively’ large numbers of polarized 
atoms of hy’drogen and deuterium. 

Efflcts due to Parallel Electric axd Magnetic Fields 
If one threads a discharge tube of small diameter along the axis 
of an electromagnet and through small holes in the pole pieces, then 



parallel electric and magnetic fields may be applied to atoms near the 
cathode w’hich is suitabty placed betw’een the poles. In parhelium, 
the effects of the two fields are strictly’ additive with the result that 
TT Stark components are unaffected w’hile a* components are each split 
into two components with normal Zeeman separation. This is illus¬ 
trated in the above diagram for a typical diffuse series line. 
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It is interesting to note that as the electric field goes to zero, 
three components will collapse into each ot the <r components of the 
normal Zeeman effect for this line and two into the x component. 
Of the latter, one is doubly degenerate. In this w^ay it is possible 
to see before 3 our e\es a complexity in normal Zeeman effect not 
explained in the classical theory which is still used on occasions. 

Effects due to Perpendicular Electric 
AND ^Magnetic Fields 

The problem of crossed electric and magnetic fields applied to 
atoms appeared at first to be one of exceptional difficulty in both 
experiment and theory. A magnetic field applied at right angles 
to a discharge tube w^ould obviously put out the light; in early theory- 
some of the components under such conditions w'ere thought to be 
diffuse. The experimental problem w-as solved at McGill in stages 
and wdth different arrangements. I shall here recall only tlie final 
form used by- Foster and Pounder. A small canal-ray tube is set 
up along the axis of a magnet in w^hich the pole pieces themselves 
serve as cathodes and are bored with a 1/16 in. diameter hole so that 
canal rays shoot in opposite directions through the space between 
the poles. Here electrostatic plates are set up to provide the electric 
field at right angles to the magnetic and observations are made along 
the third axis at right angles to each field. This experimental arrange¬ 
ment gave a magnetic field of 25,800 gauss and electric fields up to 
120,000 \-olts per cm. The photographs show-ed much more complex 
structures than normally' found in Stark effect— wdth magnetic 
separations varying considerably- each w-ay- from the normal separation 
found wdth parallel fields. They- also show-ed pronounced changes 
in intensity' wdth increasing electric field and in at least one case a 
striking variation in displacement w'ith small change in the electric 
field. One of the more novel features w-as the appearance of three 
components arising from transitions in w'hich A w = db 2. It will 
be realized that the quantum number m can no longer have the 
phy-sical significance w'hich it has in either field separately- or in 
parallel fields—for it certainly- cannot represent the component of 
angular momentum along each of two fields at right angles. It 
becomes simply an index in the matrix theory-. 

Theory of Crossed Fields 

The theoretical treatment for such a case now- becomes more 
difficult since all sub-levels w-ith principal quantum number n must 
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be considered at one time. The theor\ has been worked out in 
Professor Heisenberg’s Institute at Leipzig before the war, but has 
not been published. Insofar as one can judge from the observations 
over range of fields overlapping in experiments and theory, there 
appears to be very good agreement. 

Stark Effect in Complex Spectra 

The McGill group examined the Stark effect in the remaining 
rare gases with the exception of radon and in mercury and a few 
other elements. The point about complex spectra is that while the 
external electric field exerts a force on the charge of the electron it 
has no direct effect on the i>pin. However, the magnetic field induced 
by the spin will be coupled to the magnetic field provided b\ the 
electron in its orbit and the resulting complications are understood 

Pole Effect is not a Stark Effect 

Special reference may be made to iron w'here for many \ears 
scientists assumed that the small shift in the frequency of certain 
lines near the negative pole of an iron arc was in reality a Stark effect. 
Merely as a check on this, and to learn w’hich lines w'ere unreliable as 
standards, the Stark effect in iron was examined by Foster and Panter. 
We w’ere surprised to learn that there is no apparent connection be- 
tw’een the tw^o effects, and indeed, some lines were shifted in the 
Stark effect in a direction opposite to that of their known shift in 
pole effect. 

^Molecular Spectra 

The law' and order established in the Stark effect serv'ed as a 
stimulus to an important development in the theory' of molecular 
spectra. Hund solved the following problem. A proton approaches 
a normal hydrogen atom and the external electric field from the 
proton produces a Stark effect in the hydrogen atom w'hich increases 
as the proton approaches, and is continually changed into the mole¬ 
cular spectrum of the ionized hydrogen molecule as the proton takes 
its appropriate position. Indeed, as you know', the molecular terms 
receive their names from the components of angular momentum 
about the axis of the internal electric field of the molecule. 

Stark Effect in Molecular Spectra 

A theory' of the Stark effect in the hydrogen molecule w'as w^ked 
out in general terms by Lome ]\IacDonald, 1851 Exhibition Scholar 
from McGill. MacDonald found that the effect depended upon a 
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bccond order perturbation, but numerical comparison w ith experiment 
w as prevented by a still imperfect knowledge of the normal molecular 
spectrum. 

Experiments at McGill were carried out in the region to 
for the hydrogen molecule by Snell: for the deuterium molecule hy 
Xeamtan and for the HD molecule by Jones. A thirty-foot concave 
grating was employed in a stigmatic mounting. Over six hundred 
lines w’ere examined. The patterns observed are rarel}^ complete, 
but may be described by sa^ ing that the total angular momentum, K, 
is resolved to give K + 1 electric levels and that the polarization 
follows the usual rule. 

The researches on the Stark effect which have just been review^ed 
are standard works in this field. They served incidentally as a very 
good training for about twenty-five graduate students, most of w^hom 
have never ceased to do research. Members of the group received 
an 1851 Exhibition Scholarship each year for six consecutive years 
and worked at Cambridge, London, Leipzig, Utrecht, and Berkeley. 
Some attention w^as paid to presentation of the work in publications. 
All papers, including theses, w’cre accepted by the Ro^'al Society of 
London in the original form. 

Quantitative Spectrogilvphic Analysis 

Overlapping some\vhat with the investigation of Stark effects, a 
small group of us undertook to develop methods for the quantitative 
spcctrographic analyses of trace elements in biological materials. 
This move was initiated by Dr. Weaver of the Rockefeller Foundation, 
who felt that spcctrographic methods should be of value in medical 
research. 

At the beginning, the main points in such w'ork arc, (Ij to avoid 
contamination, and (2) to find a method w’^hich gives reproducable 
results. Such a method was developed with Drs, Langstroth and 
McRae. The essential point is to give each atom an equal chance 
of being excited and to this end the material was got into solution 
and put on a flat electrode with a buffer which helped to retain it. 
As a further precaution against loss of material, by evaporation, the 
sample was dried in a partial vacuum. By a mechanical device, the 
electrode was moved under a point and sparked evenly over the 
whole electrode. I must say that some alternative methods shock 
me considerably, but reproducibilit}^ and sensitivity are sufficient 
criteria for any method. 

The quantitative feature was carried out by an internal standard 
and step-slit calibration which Langstroth had learned at Utrecht. 
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The technique needs to be varied in detail from element to element 
and one can rarely expect better than 5 per cent accuracy. 

An alternative method for measuring intensities is the use of a 
neutral wedge in front of an evenh illuminated slit. In order to 
determine the difiference in the lengths of lines so photographed, I 
used an optical system somewhat in the sts le of a range finder whereby 
the image ot one line was moved relative to the other until the\ 
tapered off together. This device was found to give quite satisfactory 
results. It w'as used in a stud\ wdth Horton of the boron deficiency 
in certain plants which leads to great loss. It w^as learned how late 
in the life of the plant boron could be added to save the crop, and 
the added boron could be traced through the plant in much the 
fashion that radioactive tracers are used. 

In this connection, I should like to call attention to some w’ork 
by Langstroth and McRae, in collaboration with Professor Babkin. 
It was knowm that the content of sodium and potassium in saliva 
could be changed by variation in the method of gland excitation. 
Xot only were the quantitative analyses made under different types 
ot excitation but Langstroth developed a theor> by which one could 
predict the content of a sample taken at any time. 

U LTR-tCEXTRIFUGE 

The problem of constructing and operating an ultracentrifuge 
proved particularly- difficult until the methods ot magnetic suspension 
and electrical drive devised by Beams w-ere adopted. The absorption 
in a Svedberg cell w-as for the first time anah sed by a quartz spectro¬ 
graph attached to the system. This pow-erful tool w’as built up 
largely’ through the efforts of Drs. Rotenberg, Gunton, and Camithers. 

Research during War 

In the first year of the war, the YIcGill group did succeed in 
making the first automatic target-following device in Canada and a 
range finder which w’ould show on a dial the range of a moving target. 
Professor D. K. Froman -was a member of the group—also Professor 
W. H. Watson, w^ho later, in collaboration with Professor Terroux, 
Dr. Guptill and others, developed an exceedingly- good resonant slot 
array. Since it seemed difficult, how-ever, to find any- arrangement 
whereby- phy-sical research done in universities stood much chance 
of being used in the w-ar, I spent the follow-ing three y-ears at the 
Radiation Laboratory, M.I.T. Here it w-as found possible to devise 
suitable w-ave guide feeds for antennae and a device to determine 
phase, and plot w-ave fronts, as to know the origin of w-aves from 
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such feeds. Later a t\pe of radar scanner was invented which I 
shall describe briefly, mainly because it represents a translation of 
extremely simple ideas into an effective device. 

II one stands in a parallel beam of radiation with a reflecting 
mirror then by rotation of the mirror the reflected beam may be 
swept over a limited angular range. The solution to be described 
uses this principle to produce a saw tooth scan of a parallel beam 
through a pre-determined angle at high speeds hy steady' rotation. 
In practice two coaxial conical conducting surfaces are set up with 
small separation. The inner one is rotated while the outer one is 
stationarx’. By a suitable device, a parallel beam is emitted from 
within the inner surface and emerges across an element of the cone 
to travel round the space between the two surfaces. A barrier 
attached to the outer surface picks off the radiation and takes it out 
to supply a line source at the focus of a parabolic cylinder. If one 
develops the conical scanning space on a plane one sees that in the 
best arrangement the wave fronts bisect the angle of the sector and 
that the barrier (mirror) which picks up the radiation rotates uni¬ 
formly about them. On looking into this one finds (1) that owing 
to the simplest optics with a parallel beam, there is no coma or 
other optical troubles; (2) the device is insensitive to frequency; 
(3) the length of the wave front is the same throughout the scan with 
the result that side lobes do not change; (4) owing to the simple 
rotation, the scan can be very’ fast and the presentation gives a motion 
picture of proceedings on an ordinary cathode-ray tube. 

By actual test this device had a higher efficiency than any other 
comparable scanner made during the war. The principle can be used 
in a great variety of applications and the development is still going on 
at McGill. 

Radiation Laboratory and Cyclotron 

In the fall of 1937 the Governors of McGill University voted 
money for a Radiation Laboratory and cyclotron, and the following 
two years were spent on the plans with the help of Dr. McRae and 
Professor Terroux. The war broke out just as the plans were com¬ 
plete. The university authorities considered it unwise to proceed 
with the project. Dr. McRae, who was a highly trained man and 
so-to-speak the personification of intellectual integrity, died suddenly. 

Towards the end of the war in which the value of nuclear research 
was amply demonstrated, the project was revived by the McGill 
Governors on a much larger scale. The plans for the building and 
for the cyclotron were completely changed and developed with great 
care to ensure a well-balanced unit. The Laboratory, designed with 
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the help of Professor Terroux, is a complete unit built into a side hill 
so that the cyclotron room may be covered with, at least ten feet of 
earth for adequate protection, while the three-storey laboratory 
itself is well lighted. The connection between the two is by an 
underground tunnel with two right-angle bends to prevent radiation 
from entering the laboratory. Here on three floors there is very 
attractive laboratory space for twenty-seven scientific workers as 
well as machine shop, seminar room, glass blowing room, dark room, 
and a penthouse for the radar development. Good ventilation is 
provided for certain rooms including a very good chemical laboratory, 
built up by Dr. Lloyd Thompson, the glass blowing room, and a few 
rooms where the stronger sources of radioactivity may be handled. 

The three hundred ton s\mchro-cyclotron uses a minimum of iron 
to get a proton beam of 100 Mev energy. This is excited by a grounded 
grid oscillator coupled to a half wavelength line. Distinctive features 
include magnet coils of extruded aluminum strip containing water 
cooling; relatively small magnet gap and thin dee electrode; top and 
bottom of square vacuum chamber welded directly to pole pieces; 
ceramic axle to keep radio frequency powder away from bearings of 
variable condenser at end of half wavelength line. 

The large vestibule entrance to cyclotron room—^necessary for 
installation of magnet—is now closed, front and back, by water¬ 
tight doors and turned into a water tank in which automobile type 
radiators are immersed to cool water from the cyclotron by circulation 
in closed systems. The tank water itself is sprayed in an overhead 
cooling tower. Since the tank is twelve feet thick, the water provides 
good protection from neutrons. 

For initial operation of a large cyclotron, it is essential to use a 
d.c. bias to sweep out ions as they appear above and below the dee— 
otherwise the oscillator is overloaded by the ions and fails. The 
McGill cyclotron ran on the first day of its trials—^June 4, 1949— 
after a record of three hours spent in outgassing metal parts. 

This research unit is not large, but it is exceptionally well balanced. 
It represents more capital investment than any other university has 
put into such an undertaking. We are therefore most grateful first 
and foremost to the Governors of McGill University. We have also 
to express our sincere thanks to the government officials and agencies 
for expressions of goodwill as well as for vital research equipment 
and assistance. 
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1 . If the analytic function <<>{u) satisfies certain conditions, the series 
^( 0 )— x^{l)+ —. . . 

converges for small values of x and defines a function $(v) which is 
regular for all real positive values of x. The Mellin transform of 
is then given h\ the formula 

I x"''~^^(x)dx — c?(*“ $} 

J 0 sin ITS 

which was stated by Ramanujan and proved Hardy.^ 

The object of this paper is to extend this formula to include the 
case where the function ^{x) is defined by a power series in x where the 
exponents are not necessarily integers. 


2 . The result that A\ill be proven is the followmg, in which the 
notation u ^ v + iw will be used. 

Lei the infinite sequence {X«| he such that 0 < Xi < X 2 - . • and 
An<X„<Bn where A > Q and Jet 

( 1 ) CCa) = n (l - 4 )- 

n 1 \ X/r / 

Let be regular^ and let 

(2) o(r + iw) = O - Q ^ I 


for > — 5 where 5 > — Xi, and Q < t/B. 


Then, if x is real and small enough, some sub-sequence of the partial 
sums of the series 


( 3 ^ 




converges to an analytic function ^(x) which is regular for all real positive 

X and ___ 

*See Ramanujan by G H. Hard\, Cambridge University Press, 1940 chap. XI, 
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j* x'* ^^(x)dx = - “ 

! 0 ^ ' ds) 

for — Xi< R{s)< min (Xi, 5). 

If the further condition 

(oj lim (X,,+i~X«) > 0 

JJ CO 

is imposed on the sequence |X„j , then the series (2) converges in the 
ordinary sense for small x. 

The following information about the function C(u) must first be 
derived: 

{a) C{u) is an integral function such that 

(6) C(v + iw) > e^^ 

for any positive e if \w\ is large enough and |z£/l > lt;|. 

(6) C{rn+iw) > 

for some constant K and for an unbounded sequence of real positive 
values rn. 

For (a), 2 1 Xn^ < S \IA^n- and so the infinite product defining 
C(t^) is absolutely and uniformly convergent for all finite u and C{u) 
is an integral function. Also, if \w\ > |i'l, then 

\C(p + iw)\ 


= n a+- 

»*i t 


V- vw 

— — 2 ^ — 

x„* 


>n 

7»-*i jBV 


^ ' sin \v(v + iw)/B} j ^ 

! v(v + iw)/B j 

for anj' positive e if lw| is sufficiently large. 

In order to prove (6) it is sufficient to show that for fixed positive 
numbers F and G with F < G and anj* positive number F > T’o for 
some positive Fo, there is a number v in the interval (F V, G\^ such that 

C(iO > e“^'’ 

where K does not depend on I* or v. For if T' takes the values T"o+ 1, 
T’o+ 2, Fo+ 3 . . . the corresponding values of v form the desired un¬ 
bounded sequence since |C(e ■+• tw)] > |C(!))] for any w. 

Let FT’ < n < GV and let 

C(a) = ^^S.S 

n’"l\ Xn** / «“1 ni \ Xn" / 

= Cx(f>)C 2 (v)C,(v) 
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where «i is the largest integer such that Bni< IFT' and ns. is the 
smallest integer such that An 2 > 2 GV. Then for the range of n in 
Ci{v) 

^>zii> zr >2 

Xn Bn Bni 

and ICiCz^)! == H I -> n3>l. 

?*=»1 X|i“ 7* »= 1 

For the range of n in C^iv) 

1 ® / 

and so - = n ( 1 + 

Cz(v) ?i 2 - 1 \ Xn“ ■“ 

< S f 1 + 

«2 +1 \ 3-4 / Xizz; 

= 0 ( ) 

for some JCi independent of T” and v. Therefore 
Cs(v) > De-^'\ 

If in Cj(v) the transformation 


An- - 
4v^ \ 


sin Kiiv 


. = (: 


G + F G - F 
2^2 


is made, then 


»j / 

= n ( 

»ia*m \ 


~ «) r- (L + .vi))r 

Xn" / 


where, corresponding to FV < v < GV, the range of 6 is —l<ff< +1. 
Thus, Cs{v) = P(fl) is a polynomial in 6 of degree d where 

d < 2 ( ^ -+ 6 < K.V < Ksv 

\ A 2B J 


+ 6 < KiV < Kzv 


for some K 2 and Kz independent of T" and z» if T" > T"o for some con¬ 
stant Vq, If the leading coefficient of this polynomial is a, then 

|a| = n n ^ 

n»fii Xn" «i j5“?7^ 

>t3 T’’2 1*3 T'rg 

> n —— > n - - -r 

«I ». B*{H-(2Gr/-4)(2 

m AS 

= n-:— -5- 

« 4B»GH1 +iA '2TG)}s 

«i V 4BG) I 8 SG * 
for T' > A/2G, if M =(G - F)/2<1. 
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IS 


Thus Pi^d) is a poh nomial in 6 of degree d < K,v with leading co¬ 
efficient a ^^here \a\ > Mi^- 

But the properties of the TchebAcheff pol} nomials^ show that a 
poh nomial in d of degree k with leading coefficient unit\ must attain 
an absolute value greater than or equal to for some value of 6 in 

the range — 1 < 0 < + 1. 

Therefore, for some value ot v in the interval (FT, GV) 

CM , ^ ^ > 2-^-^ 

1 a I a 

or 'Ci{v)\ > 2(J/i/2)^^a' 

since Ml 2 ^ A(G - F)/l&BG = \A/B] [(G - F)/16 G\ < 3. 
Collecting these results 

\C(v)\ > (Ml 

for some constant K and some value ot v in the range FF < < Gl" 

if r > T^o. 

Now consider the integral 

_1l_ f 

2iri J C{u) 

taken in the positive direction about the rectangular contour with 
corners n — (t + iW, — r + ilF, — r — iW, Here 0 < r 
for any IT > r, — Xi< <r < min (Xi, 5), and x is real and positive. 

The contributions to the value of the integral from the parts of the 
contour parallel to the real axis are 

0 


as TT' tends to infinity, since ?>(— ii) = and C{ii) > ^ 

on these parts of the contour. But a.sQ < tt/B and € can be as small 
as we please this tends to zero as IF tends to infinity. 

Therefore, applying the Cauchy residue theorem 




2wi 




*00 

C(») 


C{u) C'{'-‘ \n) 2iri 

a—*co —^—,00 

Now let r take one of the values rn for which {b) is satisfied, and let 


®Set; R. Couratit and D. Hilbert, Metkoden der Mathematuchen Fhysik, Berlim 
1931, vol. I, p. 75 
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<p{- u) 

q«) 


x~'‘du 


— > —» —/—too 



— J — too -y — I, 


= /l + ^2 + /*». 


Then / 2 == + '') as r > co through the sequence of 

values Tn satisfying (i). Therefore, if log .v < --iP + Q + K) or 
X < I 2 will tend to zero as r » through this sequence. 

Also, for some constant E 


'Jal < eJ dw 

r 

= J e“(5 


Thus, since Q < v/B and e can be chosen so that e < (v/B) — Q, the 
integral in the last expression is bounded and Jj > 0 as r ->- « if 
X < e~^. 

Therefore, if x is real, positive, and small enough, the sequence 
= S = - S 


converges to the integral 


( 7 ) 

as 00 * 


O'4- *00 

1 r y(- «) 

2iri J C(u) 

<y- »c» 




But if X = the int^rand of this integral is 

o ^ 

and so, arguing as before, the int^ral is absolutely and uniformly 
convergent for |^j < (tt/B) — Q and any p. Therefore (7) represents 
an analytic function $(.r), regular for .anu*! < (t/B) — Q and, in par¬ 
ticular, for X real and positive. 

Finally, apply’ing the Mellin inversion formula^ 

for — \i< R(s)< min (Xi, s). 


•E. C. Titchmarsh, Fourier Inlegrais, Oxford Univenitj Press, 1937, Theorem 29. 
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It the additional condition 

lim X„) > 0 

»->- CO 

is imposed on | Xn j, a general theorem'* on functions ot the tj pe ot C{u) 
shoMs that lC(t' + iw)\ > for some K and v =(X„+i4-Xn)/2 for 
all n. It then follows that the series (3) converges in the ordinary 
sense for x small enough. 

^See V Bernstein, Sirtes de Dmchlet, Paris, 1933, p 276, Theorem 2 This 
theorem does not allow u to be real, but it is a trivial extension to include this case. 
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The Limit Points of Riemann Sums 

By R L. JEFFERY, FRSC and C X ROWSE 

L et f(x) be a bounded function on the linear interval [a, &]. Let 
Xi) be the intervals of a finite subdi\dsion of [a, &], and $ any 
point \\ith Xt^i^ Xi, It has been shown by R. S. Sastr\ Q940* 
that as w —> CO the set of limit points of the sum 

(1) iz x^^l) 

in every point of the closed interval [m{b — aj, — a)] where m 
and M are respectively inf sup/(;0, a ^ x ^ b. If in (1) it is 
required that max (Xt— 0 as ^ «» then the set of limit points 

of (1) is the closed interval (L, U) Vk here 



This can easily be shown by taking two sequences of sums 

x,^i) 5Z /(?'*)(«*“ L\ 

t»i f=i 

and then taking an appropriate combination of terms from each sum. 

In the present note we are concerned \yith a generalization of these 
ideas. Let 

Fix) = \fiioc)j2ix), . . . ,/;Cv)] 

be a bounded vector function in the i-dimensional Euclidean space, 
fj defined on [a, b], j — 1, 2,. . ., k. We shall consider the set of 
limit points as w and max (asr*-- 3c,~i) —0 of the vector 

(2) Fn - [Sn\Sn^,..,, Sn^]. 

where 

Sn ^ l)j J “ 1, 2, . . . , ife. 

We show as a principal result that these limit points form a convex 
set. As we were completing this study it came to our notice that this 
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has also been shown b} P. Hartman (1947). Hartman's methods are 
quite different. Furthermore, our work contains incidental results 
which would seem to be of some interest. 

Theorem L Let E and E' be two everywhere dense sets on {a, b\ 
which are such that 

(3» S 

««i 

^ any point of E on [x,--!, x\] 1'^ any point of E' on Xi]. Then if P 
is any point on the line joining the points Pi = (i\ . . . , P 2 = 

, U^) there is a sequence Vn— [‘S'„^ ...» 5/] tending to P. 

Let p be an\ real number with 0 < p < 1. Let Xt) be a 
subdivision of [a, 6], and let Xi^ be a point on [3Ci— 1 , rrj which is such 
that Cyi”— p(a\-.v,^i). Choose e£, on xp]. Then 

fji^i) (•''*?*’"" ~ P 2 ‘Yi—i), 

*«1 * 1 

and the right side tends to as k —^ . Let be any point of E' 

on .vj. Then 

E (v%- .V,°) = (1 - P) E /;(?',) (x,- 

and the right side tends to (1 — pjL^ It then follow^s that 

(4) E m^) {xp- +1: M\) (X- xp) 

tends to pt'-' + Cl - p)i’= V+ p{V'- i0» and is arbitrarily near 
this limit for max sufficienth'^ small, j = 1, 2,...» A. 

Let Ej^ be the points x on [a, h\ at which the saltus oi fj{x) over 
E and over £' is not less than ??, j = 1 , 2,... , fe. The set £„ is closed. 
It follow's from the existence of the limits in (3) that the content of 
Ert is zero. Now let (.Ve^i, Xi) be am’ subdivision of [a, b] [.vv, .r/,] the 
closed intervals of this set containing no points of E^ and on which 
the oscillation of fjix) over E and £' is less than r)t {Xki x\) the re¬ 
maining intervals of this set. Let max (xj— Xj-i) be so small that 
the sum ( 3 ) does not differ from its limit by more than 77 , j = 1 , 
2,. . . , and such that S(x'jl — xf) < 77 , and let xP be defined as above. 
Let (/,_!, /i) be any subdivision of [a, b], (fpj /p®) the inter\’als of this 
subdivision contained on the intervals (x?, xp) of (4), tf) the inter¬ 
vals contained on {xp, x'zL Let be any point of E on (tp, tp^), 
be any point of E' on (/q°, As the maximum of (^— /i-i) —^ 0, 
lp)'-^(xp'- xi), 2g(t^— /g®) (xi— xp). If I, is any point of 
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L on {xjy xi^) then I//?*; — fj(^p) | is not greater than rj, and if is any 
|X)int of £' on CvA x'?) then j/jCf'i) —/U%), is not greater than rj. 
Hence for max (/, — /,_i) sufficient!} small 

HM^p) (tp^- + LiCr.) Uo- /, I 

P a 

does not differ from //I,) (jc?® — x/) +/($'j(x? — .v?®) by more than 
xz_i)+ Tjz where Si7z< 77. Hence if f; is an\ point of Uu /';) 
for the inter\'als {tu t\) of the set /J not included in the intervals 
(/y, and t^) for all the intervals xi), the sum 

ZfMi) h)+ UfAkp) {i^p- tp)+ a.- f.®) 

does not differ Irom the sum (4) bx more than rjM + 7 ?(Z> — a) + vj 
where < M, j ~ 1, 2,. . . , k, it being understood that the 

second and third sums are taken for all the interx’als (vz, a:'z). The 
number 77 is arbitrary. Hence we conclude that if (.Vt-i, a,) is an 
arbitrary subdivision of [a, b] there is a choice of on x,) for 

A^hich Z/(r.) (A-.- L^+ p(P- L>) 

as max (.v^ — .Vi-i) 0, J = 1, 2, . . . , If now P is any point on the 
line joining Pi and Pi p can be so chosen that 

[L'+ p(r'- LO,. . . , L^+ L*)] 

is the point P. Hence the theorem. 

If \{f7(x)\ < then there is a choice of and of g't on xd 
for which 




.v,_i) -+ t''= L/j(l'») (a%-.v.-i) -»i’ 



However, we have not succeeded in showing that there are every- 
w here dense sets of E and £' such that f, can be any point of E and 
f', any point of £'. In order to determine the distribution of the limit 
points of (2) for the general case we make use of the following well- 
known results of the real variable theory. 

Let C be a closed set on [a, 6] and let/(.v) be continuous over C, 
Let (.Vi-i, :\:ij be a sequence of sub-divisions of [a, J] for which max 
(x,— .v,_i) tends to zero. Let (xk, x'k) be the intervals of this sub¬ 
division which have points of C on their interior. Then if is any 
point of C on (xai x'i) the sum S/(€a)(a''a— xk) tends to a limit which 
vv'e shall call the Riemann integral of f{x) over C, The proof of the 
existence of this limit does not differ in any essential way from the 
proof of the existence of the ordinary Riemann integral of a function 
continuous on [n, &]. It can also be easily shown that this integral 
over C is equal to the Lebesgue integral of f{x) ov^er C, 

pj f(x)dx = L^^f(x)dx. 
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Xow let fix) be bounded on [a, &] and measurable. Since/(») is mea¬ 
surable there is a closed set C on [a, b] with Icl. the measure of C, 
satisfying b — a — , < « where e is arbitrart-, with f{x) continuous 

on C, and with 


L 


f{x)dx — L 

a 


f{x)dx 

C 


< €. 


Let the functions/^(x) be such that \fj\ < J/, j ~ 1 , 2 ,...,^. Let 
Xi) be a subdivision of [a, &]. Suppose there is on (xi^i^ Xt) for 

[S„\ SJ, .... w^]. 


and a point for which 

[Sn\ Sn^ . Sn^] [L\ , L,/]. 

Let on ^ rc < i = 3, 2,. . . , « - 1, = 

/;(!«) on Xn^i ^ -V ^ Xn- ypn^ IS a step-function and consequently sum- 
mable. Furthermore, 


yptJdx —> UK 


J a 


Hence, by the Mean Convergence Theorem there is a function ^{x) 
for which 

I I dx -> 0 


and a subsequence ^ni{x) which tends to for almost all ^con [a, &]. 
This subsequence ^niix) evidently can be so chosen that the conver¬ 
gence is independent of j. It is then possible to find a closed set C on 
[a, b\ with & — <z — jc[ < €, with ^ continuous on C, j = 1 , 2 ,. . . , jfe 
and with ^(x) uniformly on C, 7 = 1 , 2 ,. . . , 

Let (x,-i, Xi) be any subdivision of [a, J], and let (xu x'l) be the 
intervals of this set for which 


(5) lC(.ri,.v',) 1 > (I - 6j(.v'r-.vO. 

If max (»,— A*,_i) is sufficiently small then 
(i) 13 (x'l— xi) > b — a — 2e, 


(H) 


{x'l- xi) - 


■t/f’dx 


< e 


where is any point of C on {xj, x'i), and 
(iii) 1 ^(») — 4^{x') I < e 


where x and x' are any two points of C on (xi, x'i) j = 1, 2,, k. 
(iii) follows from the fact that ^{x), being continuous on C, is uni¬ 
formly continuous on C. 

Now let p be any number with 0 < p < 1 . Fix vo so that 
(6) 1 f^«,{x) — ^(x)l < e, J = 1, 2,. . . , k, p>vo, 
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for .V on C. Let (/ tp, t ip") be the intervals of constancy of the function 
on (xi, xi") where — xj = p(x'i— xt), v > vo, and where (/z, , 
/ip®) contains points of C. Let Jp be any point of C on {txp, and 
let Ip be the point of this interval for which Then (6) is 

satisfied for x = ip and if'nliip) = /)(!;.'• Consequently 

I - Ml\ < 6, 

and if ii is any point of C on (xi, x'l) it follows from (iiij that 

1 < 26 , 

this relationship holding for everj’ interval (tip, ti^P) on (.t/, any 

point of C on (.vz, v'zi, j = 1, 2,. .. , A. Then 

tip) = [v^'(«o+ u] tip) 

where ei< 2€. From (o) it follows that 

tjp) = Xi^ Xi r)^I 

w'here 0 < !?'< €{x'i— xi). We then have 

tip) = [^(?z)+ 6/](ac2”— xi— Tj'i) 

= [^{^i)+ ei][p(rv'z- .v;)- v'll 
Summing over I gives on the right side 

pS/ ^i) ■" Hi — Hi 

It then follows from (ii) and the restrictions on 6/ and that 

HiHp fji^p) tip) and p 4^{x)dx 

Jc 

do not differ by more than r*I/{6 — a)+ p€(6 — (i)+ e^{b — a), where 
V’ < J/, 0 < p < 1, and € is arbitrar\% j = 1, 2, . . ., ft. We note 
that the difference betw^een 

* rb 

p \p^{x)dx and p == pU^ 

Jc Ja 

can be made arbitrarily small by taking C with jcj sufficiently close 
to b — a. 

Setting on x < x,, i < n, ^n^(.v> =:/,(f'„)on 

^ X ^ Xn and proceeding as above, we arrive at a set of intervals 
(tiq\ tiq) belonging to the subdivision /;) of (fl, 6), tvith (/z,®, ti^ on 
{xu and with 

S? Hafji^q) Qig tiq)^j = 1, 2,. . . , ft, 
arbitrarily near to (1 — p)D provided the subdivision (/f-i, /,*) of [a, 6] 
has max sufficiently small. Now let (/«, be the intervals 

of the set /»■) which do not belong to either of the sets (/zp, /jp®) 
or tiq^), and let km be any point on Then 

H {t^m tm) 

which is arbitrarily small if the sum of the lengths of the intervals 
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tji/), tiq) is sufficienth close tob — a. We can now conclude 
that there are sums 

l) “ {fjn t/n) "t" HlZlpf{hp ^— tjp) 

“ 1 “ {hr2 Uq^) 

w hich are arbitrarily near to 

1 , 2 ,...,^. 

Hence this point is a limit point of Vn= . . . , Since p 

is any number with 0 < p < 1 it lollows that ever\’ point on the line 
joining 

Pi= [U\ U\ . . . , r ] and P 2 = [L\ , L^] 

is a limit point ot The points Pi and P> are any two points in the 
set A of limit points of T^j. Hence we have established 


Theorem 11. Let F{x) be a vector function ^ 

F'{x)= [Mx),fsix) . Mx)] 

a ^ X ^ b in k dimensional Euclidean space. Let I/,] < M, j = 1, 2, 
. . . , Let (:!Ci-i, be a subdivision of [a, &], any point on Vj]. 
Then the set A of limit points of 

Z {x,- x,-i), . . . , Z /id.) (a-.- V,_i) 

as max is a closed convex set. 

If all the functions fj are Riemann integrable 4 is a single point. 
li fi= fz- • . .=At -4 is a linear segment. If all the functions are 
Riemann integrable save one, 41 is a linear segment. In general the 
set A can be of any’ dimension less than or equal to k depending on the 
nature of the tunctions /i,. . , 

The following theorems on the Lebesgue integral of a function are 
a consequence of the loregoing proofs. 


Theorem III. LetfAx),j = 1, 2 ,..., measurable and bomided 
on (a, b). Given € > 0 there exists a set Eon {a, b) such that if x^) 
is any subdivision of (a, b) with max (x,~ x^^l) sufficiently small then 


nm.) - 




fj(x)dx 


Cy J ly 2, . • . y 


where S* is any point of E on (.v»-i, x^) provided there are points of E on 
this interval. Otherwise is any point on (.Xi-i, .v,). 
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PRESIDENTIAL ADDRESS 

The Atmospheres of the Early Type Stars* 

By C. S BE\LS. F.R S C. 

T hose of us who were responsible for planning this s\Tnposium 
almost a year ago probably did not fully realize what a large part 
of astroph^’sics our subject took in. A glance over some of the major 
publications devoted to the physics of the stars during the past two 
decades reveals the fact that well over half the titles deal either di¬ 
rectly or indirectly with the atmospheres of the stars and the planets. 
Under such circumstances, it is scarcely necessary" to sa\ that we 
cannot undertake anything like a complete summary of this field. 
Instead, the papers presented will stress a few major developments in 
this part of astrophysics and where possible endeavour to link them 
with interesting aspects of terrestrial physics. In so far as my own 
contribution is concerned it has serwed to emphasize again something 
that scarcely needs emphasis, namely, that physics and astrophysics 
are one subject and that there is no dividing line between them. 

WTiile this paper deals with the atmospheres of the early tjpe stars, 
it is scarcely possible to discuss stellar atmospheres without making at 
least some reference to the structure of a star as a whole. It is very’ 
pleasant, in fact, to have an occasion to refer to some of the results 
which have been achieved in the study of stellar interiors since this is 
one of the brightest chapters in the whole history of modern science. 
While the interior of a star is not susceptible to direct observation, the 
application of the methods of mathematical physics to gas spheres of 
appropriate mass and chemical composition hy Lane [1], Emden [2], 
hiddington [3], Jeans [4], Chandrasekhar [5], and a host of others has 
led to a reasonably logical and consistent picture of both the inside 
and the outside of a star. As a result of these studies combined with 
the results of observational astrophysics, we may now speak with some 
confidence of the following broad facts concerning stars. 

(1) The stars range in diameter from around 500,000,000 km. to 
about 20,000 km. 

(2) The masses of the stars show a less drastic variation from the 
mean. The most massive stars are from 100 to 200 times the sun while 
the so-called white dwarfs are from 1/ 5 to 1/10 the solar mass. 

*Part of a sj mposium on the Atmospheres of the Stars and the Planets. 
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(3) While the densities of the outer layers are of the order of 
atmosphere or less, the density of the deep interior is always quite 
large. A good mean value of the central density would probably be of 
the order of 100 g. per c.c. but for the white dwarfs it may be as great 
as 10® g. per c-c. 

(4) In spite of these great densities, the temperatures in the deep 
interiors of stars are so high (of the order of 30,000,000°K.j that the 
stars are believed to be gaseous throughout their volumes right to the 
centre. The term gaseous means that the material of the stellar volume 
behaves approximately as a perfect gas and, as you are well aware, 
this is possible because the atoms are highly ionized so that the electrons 
and the atomic nuclei together constitute the molecular units of the gas. 

(o) The central temperatures which, as already mentioned, are of 
the general order of 20 to 30 million degrees, not only make possible 
the existence in a gaseous state ot matter at great densities but the 
pressure of radiation is so great as to be an important factor in main¬ 
taining equilibrium and preventing the star from collapsing by its 
own weight. 

From the point of view of the present discussion, the most im¬ 
portant fact of this brief summary is that stars are completely gaseous 
bodies with no such sharp distinction between atmosphere and inner 
surface as is found, say, on the earth or the other planets. In a certain 
sense it might be correct to say that a star is all atmosphere, although 
it is necessary to distinguish between the different layers in any" quan¬ 
titative discussion of observed phenomena. For purposes of clarity", 
we will, therefore, arbitrarily- restrict the atmosphere to that part of 
the star which is susceptible to direct observation by" optical methods. 

Consider the optical thickness r of a 'stellar atmosphere as defined 
by the equation 

(IJ Ix= Ioxl0“^>. 

Here lo is the intensity" of stellar radiation at optical depth t, and Ix 
is the intensity" reaching the obser\"er. It will be noted that increasing 
values of r lead to smaller and smaller values of Ix though there is 
theoretically" no limit bey"ond which observations cannot penetrate. 
Most actual astrophy"sical observations, however, will be concerned 
with optical depths less than 3, and for most practical purposes the 
depth of the stellar atmosphere may" be defined in this way. Since r is 
a function of X the linear extent of the observable atmosphere will 
depend upon the wave-length of the radiation involved. 

The actual linear depth of a stellar atmosphere is thus never known 
with any- degree of certainty- though we are accustomed to think in 
terms of depths of thousands or even hundreds of thousands of kilo- 
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metres. Of one point, however, we may be reasonabh certain; for an 
ordinary absorption line star the depth of the obser\"able stellar atmos¬ 
phere is an insignificant fraction of the radius of the star as a whole. 

Classification, Since this contribution is restricted to the hotter 
stars it seems well to make a brief reference to the subject of classi¬ 
fication. The Harvard system divides the stars into the classes \\\ O, 
B, A, F, G, K, M, N, R, S, representing, as we shall see later, a tem¬ 
perature scale ranging from approximately 100,000®K. to 2,000®K. 
Roughly speaking the hotter stars may be placed in the range having 
temperatures greater than 10,000®. This ^\ill include the early A’s and 
all stars of earlier spectral class. 

Stark effects in stellar spectra. One of the most interesting phen¬ 
omena of stellar spectroscopy is the tremendous width of hydrogen 
lines in certain A type stars, especially when these widths are con¬ 
trasted with narrow metallic lines observed in the same spectra. Fig. 1 
shows the line H7 of a- Geminorum which has a width of 200 angstroms, 
while clearly visible on the same spectrum are numerous metallic lines 
which are relativeh’ fine and narrow. Another type of observation of 
almost equal interest is found in the fact that not all hydrogen lines 
of A t3"pe stars exhibit the phenomenon of broad lines. Fig. 1 also 
shows profiles of H7 for B Aurigae and H.D. 223385 as well as Gemi¬ 
norum. These three stars are all of early A t^’pe and 3'et the line widths 
show a progressive decrease in passing from 0 ? Gem. to H.D. 223385. 
R. !\I. Petrie [6] has discussed this phenomenon and has shown that 
the h\"drogen line width is closeh’ correlated with the intrinsic lumin- 
osit\’ of the stars, wide lines being associated with stars of low lumin¬ 
osity and vice versa. The ver^" luminous star H.D. 223385 is approxi¬ 
mately' 900 times as bright as or Geminorum and 175 times as bright 
as 6 Aurigae. 

There is now little ambiguity' attaching to the nature of the wide 
hy'drogen lines of A ly'pe stars. A logical explanation is found in Stark 
effect due to the electric fields which are present during the close 
approaches of radiating atoms to charged ions in a highly' ionized 
stellar atmosphere. 

The dependence of the absorption coefficient on the temperature 
and electron pressure is illustrated in Equation 2 due to Unsold [7] 
and Holtzmark [8]. , 


( 2 ) 


CFo« 

AX^ 3 


Here Fo, the average field, has the following dependence on the 
electron pressure 





Fig 1 . Stark etfect in A t\ pe stars Spectra and intensU v records of the region 
of H 7 m three t> pical t\ pe stars The remarkable increase in H> drogen absorp¬ 
tion, from the supergiant H D 223385 to the d'warf Geminorum, is due to the 
extensive hne-wings topical of the Stark effect The H 7 line in a* Geminorum is 
definitely stronger than that in 6 Aungae as shown by the intensity records 'This 
difference is difficult to appreciate from a visual inspection of the spectrograms. 
(Figure kindness of Dr R M Petne) 
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Here AX is the wave length measured from the centre of the obser\ed 
hydrogen line, Pe is the electron pressure, and T is the temperature. 

The observed correlation between line width and absolute magni¬ 
tude IS thus readily explicable in terms of Stark effect. In a dwart star 
of low absolute magnitude, the value of surface gravity is relati\eK 
high. The gas pressure and electron pressure are correspondingh high 
providing conditions favourable for the close approach of atoms and 
ions during radiation and absorption processes. For a star ot large 
absolute magnitude, the reverse is the case, the density and electron 
pressure are lower and the average field strength is smaller due to less 
frequent encounters of atoms and ions. 

Of the atoms other than hydrogen, the onh one likel> to exhibit 
Stark effect of observable magnitude is helium. The line displacements, 
however, are in general only half those expected for h^ drogen and since 
the abundance of neutral helium in the B t>pe stars is very much 
smaller than that of hydrogen in the earh A’s, the effects are more 
difficult to observe. Three general types of effects may be expected 

(1) For stars where the lines are sufficiently narrows it ma\ be 
expected that Stark effect wall w iden or distort the profile in a more or 
less predictable manner, usually in an uns\mmetrical way. 

(2) The existence of electric field may be expected to result in the 
appearance of certain forbidden transitions knowrn as electric com¬ 
bination lines, the position of which may be predicted from atomic 
theory. They should in general be immediately to the violet of the 
normal line position. 

(3) For stars where the detailed line profiles are obscured by rota¬ 
tional broadening, the Stark effect ma\ show itself by an anomalous 
distribution of intensity in the various helium series since the effect ot 
electric fields is not the same for lines of different series numbers. 

Since for a number of reasons it is more difficult to draw' general 
conclusions from (3), our present discussion will be confined to (1) 
and (2). 

In actual observations (1) and (2) ordinarily act together, the Stark 
effect on the normal line producing a line uns^, mmetrically extended 
to the red, while the electric combination lines which appear imme¬ 
diately to the violet of the normal line are uns> mmetrically extended 
to the violet. The net result may be a stellar line which approaches 
symmetiy' quite closel}’' and which su^ests a miniature of the broad¬ 
ened hydrogen profiles. For a few stars wdth lines sufficiently sharp, 
how'ever, what appear to be the electric combination lines are present 
as definitely observable minima to the violet of the normal line position. 
This was at first hailed [9] as indisputable evidence of the presence of 
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helium Stark effect in stellar spectra; but later studies by Foster and 
Douglas [10] and by Underhill and Petrie [11] showing that their 
minima did not appear in the predicted position have introduced a 
considerable element of uncertainty. These effects are clearly shown 
in the above-mentioned paper by Foster and Douglas and in a more 
recent article describing the helium line profiles in B type stars by 
Underhill [12]. The present position with regard to helium Stark effect 
in stellar atmosphere is, therefore, not entirely satisfactory. Few astro¬ 
physicists would doubt its existence, but the observed phenomena have 
not been completely explained and it is possible that further astro- 
physical studies of this phenomenon will lead to new knowledge con¬ 
cerning the effects of electric fields on radiating or absorbing atoms. 

Motions in stellar atmospheres. Apart from temperature agitations 
common to all assemblages of atoms or molecules there are several 
types of motions in the atmospheres of stars which are revealed by 
studies of stellar spectra. The first of these is rotation of the star as a 
whole. The existence of rotation among bodies of stellar and planetary 
character seems well nigh universal and has numerous examples in the 
solar S3’stem. The existence of spectroscopic and visual binary stars is 
another clear indication of rotation among celestial bodies. Further, 
a close examination of the phenomena of eclipsing binaries shows 
clearly that in some instances the rotation of the component stars is 
more rapid than that indicated by the period of the binary sj^stem as 
a whole. 

Quite apart from studies of binaries there is very good evidence 
from the spectra of individual objects that most earh^ t^^pe stars are in 
a state of rapid rotation. This is indicated b\" a broadening and flat¬ 
tening of the stellar line profiles which is more marked as the rotation 
increases. 

The velocity in the line of sight of an}" point on a stellar disc is 
given b\’ the formula: 

(4) X"" ~ cori sin i 

where w is the angular velocity of rotation, ri is the projection on 
the disc of the distance from the point considered to the axis of rotation 
and i is the inclination of the axis of rotation to the line of sight. 

The effect which rotation of the star will have on an absorption 
line may be found by integrating over the disc on the basis of an 
assumed initial form of the line. Such calculations have been carried 
out by Struve [13] and Carroll [14], who have shown that the broadened 
forms of many stellar lines are due to rotation. The velocities in the 
line of sight due to rotation may range from a few kilometres per second 
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to several hundred km./sec. depending on the velocity of rotation and 
the inclination of the axis of rotation. 

The rotational broadening approaches zero for small values of the 
angle i and it is generally supposed that early type stars with sharp 
lines have their axes of rotation closely coinciding with the line of sight. 
On this assumption the proportion of narrow lined stars is readily 
calculable and the observations are closely in agreement with pre¬ 
diction. For the most part, relatively little attention has been paid to 
rotation as a major influence on the pht'sics of the stellar atmosphere, 
bur there may well be some instances where the centrifugal force of 
rotation is sufficient to upset normal equilibrium and cause the stream¬ 
ing out of matter from the equatorial plane. \"arious phenomena of 
stellar emission have been attributed to this cause by Struve and it 
may well be that it is in part responsible for the existence of the large 
group of B type emission line stars. 

Another type of motion in stellar atmospheres which is known to 
exist but which depends on somewhat less clear-cut obser\'ational 
evidence is turbulence. Turbulence, as distinguished from temperature 
motions of individual atoms, may be defined as the motion of groups 
of atoms which may in some instances constitute quite large volumes 
of the stellar gas. As might be expected, line profiles due to turbulence 
have an exponential form of the general character of equation (5), due 
to Struve [15]. 


(5) 


O’ = const, e 




where o* is the absorption coefficient corresponding to a particular 
velocit}’ displacement v in the line, and vo is the mean velocity due to 
turbulent or temperature motions of the gas molecules. 

It is somewhat difficult to distinguish effects due to turbulence from 
those caused by rotation. They both lead to a broadened and flattened 
character to the centre of the line and, although the wings are different, 
the distinction may be observationally none too clear especially where 
both effects may be present in a single star. 

For various late type stars the presence of turbulence has been 
inferred from studies of the curve of growth, the Doppler portion of 
the curve being extended beyond that Tchich could be due to temper¬ 
ature motions alone. So far such methods have been less used for early 
type objects, and so present ideas on turbulence in these stars are 
based on such evidence as is available from line profiles and on the 
conviction that high surface temperatures provide favourable condi¬ 
tions for the development of turbulent motions. 

Both stellar rotation and turbulence are a nuisance to the stellar 
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spectroscopist who is tx^^ing to carry out a detailed analysis of a stellar 
atmosphere. They cause widening of the lines and make it difficult to 
detect the details of structure due, say, to electric or magnetic fields. 
This is particularly the case for studies in the very interesting field of 
stellar magnetism [16] and the number of early type stars with lines 
sufficiently sharp for studies of this kind is very few. Fortunately, the 
almost universal existence of rapid rotation in early type stars makes it 
possible to be reasonably sure of the orientation of the axis of rotation 
for those objects which do have fine lines. 

The t>’pe of stellar atmospheric pulsation affecting the volume of 
he atmosphere as a whole and known as Cepheid variation [17] is well 
known to all, and it is not proposed to discuss it in any detail in this 
review. This type of atmospheric motion is mainly characteristic of 
the later type stars. The periods of such pulsations vary from half a 
day to 100 days, and the magnitude of the velocity variations is usually 
of the order of 120 km./per sec. There are a few early type stars which 
exhibit this type of motion, the best example being H.D. 199140.* 
In this star tihe magnitudes of the velocities involved are zb 60 
km./sec. which in anything but a star would be considered to be a 
phenomenon of explosive violence. 

In addition to rotation, turbulence, and pulsation, another very 
important type of motion in stellar atmospheres is the actual large 
scale ejection of material from the stellar surface into outside space. 
Even though the evidence is for the most part indirect, most students 
of the sun and its effects on earthly conditions now believe that at 
times there is fairly large scale ejection of atoms from the solar surface. 
The agency involved in the main is believed to be radiation pressure 
augmented by the existence of hot spots on the sun^s surface. Since 
this phenomenon is reasonably well established for the sun, it would 
appear logical to suppose that the high surface temperatures of early 
type stars would give rise to effects similar in kind but of a more 
Axolent character. 

The first definite spectroscopic evidence for the ejection of gases 
from a stellar surface was found for the novae [18] where it has been 
established that the tremendous increase in brightness is accompanied 
by the throwing off of gaseous layers from the surface with velocities 
which are sometimes as great as three or four thousand kilometres per 
second. Evidence for these velocities is found in the positions of the 
absorption lines of the Balmer series which are sometimes displaced to 
the \’iolet by as much as 60 angstroms corresponding to a Doppler 

*UnpubIished work of R. M, Petrie. 
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effect of 4,000 km./sec. The effect is illustrated in Fig. 2 showing the 
spectrum of Nova Herculis on February 3, 1935. 

It will be noted that there are no corresponding absorption lines to 
the red and that numerous atoms in the spectrum in addition to the 
Balmer series are similarly affected so that the interpretation of the 
observations is scarcely in doubt. To make the matter more certain 
actual increases in the observed diameter of the star in agreement with 
the velocities derived from the spectra have been observed for certain 
novae whose distances are known. 

Spectroscopic evidence of an essentially similar kind indicates that 
large scale ejection of material takes place from the atmospheres of the 
Wolf Rayet [19] and P C>gni Stars [20] also. For the Wolf Rayet Stars, 
the displacement to the violet of the absorption lines corresponds in 
general to velocities from 1,000 to 4,000 km./sec. For the P Cygni 
stars the ejection velocities are generally a few hundred km./sec. These 
displaced absorption lines are commonly interpreted as due to the 
ejection of gases and the bright lines which accompany them are be¬ 
lieved to arise in the envelope of ejected atoms which surrounds the 
star. For most early t>pe stars which exhibit this phenomenon the 
velocity of ejection exceeds the parabolic velocity of escape so that the 
material is eventually lost to the star. 

Although only for the types of stars mentioned above is the fact of 
ejection established by direct spectroscopic evidence, it is probable 
that it is a feature of all early type stars. While, as has already been 
suggested, the process ma^’ be assisted in some instances by the centri¬ 
fugal force of rapid rotation, the major accelerating force probably has 
its origin in the high temperature of the stellar surface which acts 
either through direct radiation pressure or in some other manner not 
now fully understood. 

Temperatures of Absorption Line Stars 

The contimioiis spectnim. So many of the characteristics of a stellar 
atmosphere are dependent on its temperature that determinations of 
this quantit3’ by direct or indirect means are of major importance in 
this branch of astrophysics. The initial approach to the problem of 
stellar temperature is to regard the star as a black body which radiates 
according to Planck’s formula as expressed in the equation: 
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where Cl = 3.71 X 10“®,C2= 1.435, X expressed in centimetres, e = 
base of nat. logs., and Ex = radiant energy in ergs per cm A per sec. 
in the wave-length range. 

Making use of this formula it is possible to derive Wien’s law for 
the w’ave-length of radiation of maximum intensity 


( 7 ) 


Xm — 


0.289 

T 


cm., 


and also Stefan’s law for the total quantity of radiation in all wave¬ 
lengths emitted by a star of given diameter and temperature 

(8) E = 5.72 X 10-^T'* 

where E = ergs per cm.^ per sec. While theoretically either of these 
tw^o quantities can be used for the determination of temperature, 
actually for the early type stars most of the radiation is in the far ultra¬ 
violet which cannot be directly observed. As a consequence, Wien’s 
law^ becomes impossible of application. 

It is possible to make an estimate of the total radiation corres¬ 
ponding to the so-called effective temperature but the fact that most 
of the radiation is in a region inaccessible to observation makes this 
difficult, and the matter is further complicated by uncertainty in the 
distcinces and intrinsic luminosities which are necessaiy- for this method 
of estimating temperature. 

In general, therefore, the application of Planck’s law to studies of 
the continuous spectrum is limited to comparisons of the slope, ex¬ 
pressed in suitable units, of the energy curve in the observable region 
of the spectrum with that of a body of known temperature. For rela¬ 
tive values, standard stars ma\ be used but for absolute determina¬ 
tions of temperature a terrestrial source is necessary\ Unfortunately 
there are a number of difficulties in applying these methods to stars 
and they ma 3 ^ be listed as follow^s: 

(1) Owing to the presence of absorption lines and of absorption at 
the limits of optical spectral series such as the Balmer series of hy¬ 
drogen, it is known that stars show' deviations from black bod^' radia¬ 
tion, and these deviations from black body laws ma\’ introduce con¬ 
siderable errors into temperature determinations, 

(2) For earl^’ t\’pe stars with temperatures in excess of 20,000°K. 
the change of slope of the energy- curve with temperature is so small 
as to make the method difficult of application. 

(3) In comparisons with a terrestrial source and to a lesser extent 
for inter-comparisons of stars the variable absorption of the earth’s 
atmosphere is difficult to allow for with precision. Atmospheric ab- 
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sorption not only varies with altitude, but it also varies from night to 
night and even from moment to moment, introducing an unavoidable 
source of uncertainty’ into gradient measurements. 

(4) Finally for the early type stars, which are mostly fairly distant, 
a major disturbing factor is found in the differential absorption of light 
by interstellar matter. General absorption by interstellar material is 
believed to be due to small particles of the order of 10 ® cm. diameter 
and it has been shown that the law of absorption varies with wave¬ 
length according to a law which is expressed in the following equation: 

(9) (T = const. X X““L 

\V. Petrie [ 21 ] has recently made an attempt to derive stellar grad¬ 
ients for a number of early type stars by eliminating the absorption of 
interstellar matter on the basis of distances derived from interstellar 
line intensities. He concluded that insterstellar material, whether gas 
or dust, is too irregularly distributed for such a method to be successful 
and that only nearby stars can be dealt with in this way^ 

It will be understood of course that in spite of the above-mentioned 
difficulties there have been many determinations of temperature by 
the observation of gradients and a temperature scale has been worked 
out which indicates temperatures of 10,000° to 14,000° for the early 
A stars to 30,000° for the hotter O’s. It is questionable, however, on 
the basis of the direct application of Planck's law to the observable 
continuous spectrum whether we know the temperature of the AO 
stars, which form the reference point for the early type stars as a group 
to an accuracy of better than 3,000° to 5,000°. It is, therefore, necessary’ 
to turn to other methods if we wish to have values of temperature in 
which we can place full confidence. 

Ionization in stellar atmospheres. A very superficial examination of 
the spectra of the early’ ty’pe stars will reveal the presence of absorption 
lines due to atoms of high ionization potential such as Hel, Hell, 
on, OIII, Nil, NIII, NIY, NV, CII, CIII, CIV and many others. 
The general type of relationship which exists between temperature, 
density’, and state of ionization in a normal star is expressed in the 
following equation due to Saha [ 22 ] : 

( 10 ) Log— = — rp (I.P*) + 2.5 Jog T — 0.48 + log *“ 5 ’^ ” log Pe- 

aNO 1 l50 

No and Ni are number of atoms in neutral and ionized states respec¬ 
tively. B is the partition function, while Pe is the electron pressure 
which depends largely on the density’’ of the atmosphere. I.P. and T 
are of course ionization potential and temperature. 
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It is of some interest to point out that formulae of this general 
character were first used in studies of the state of ionization of chemical 
solutions. The problem of using formulae of this t\ pe to deduce the 
temperatures of stellar atmospheres is quite an old one. In the earh 
studies by Saha [22], Fowler and Milne [23], Paj ne [24], and others, 
only e\e estimation of line intensities were available and efforts were 
directed towards finding a suitable relationship between the temper¬ 
ature of the star and the appearance of a certain atom or ion either at 
maximum intensity or marginal appearance. Both of these points were 
difficult to determine accurately and the latter especially was very 
dependent on the quality and dispersion of the available spectra. 

Many of these difficulties have been avoided in a recent investiga¬ 
tion by R. M. Petrie [25], who has utilized precise spectrophotometric 
measures of the intensities of lines of Hel and Hell as his obseiwational 
data. He has showm that by suitably combining Boltzmann’s formula 
for the distribution of atoms in excited states 


(111 


Na _ W 

No Bo(T) 



(No, total number of atoms; Na, atoms in excited state; excitation 
potential; Bo, partition function; w, statistical wreight) with the pre- 
\'ious Saha equation, it is possible to e.xpress the stellar temperature 
in terms of the ratio of intensities of lines of Hel and Hell in the spec- 
rum. The relationship is shown in equation (12): 

(12) log R = log^ d-log^- 


Xa and Nb are proportions of neutral and ionized atoms respectively in 
excited states producing lines. 

Petrie has made use of the line X4471 of Hel and X4542 of Hell 
since these lines are situated relatively close to one another in the 
spectrum and their relative intensities are easy to obtain with the 
necessary precision. The principal difficulty is in relating the actual 
observed line intensities with the numbers of atoms producing the lines. 
This difficulty has been at least partially overcome by studies of the 
curve of growth for helium by Goldberg indicating the numbers of 
atoms producing lines of known intensity. On this basis R. M. Petrie 
has derived the numbers of atoms producing the lines of Hel and Hell 
and utilized equation (12) to determine temperatures for the O and 
early B type stars. His values of 28,600 for BO and 36,300 for Oo are 
probably the most accurate now available for stars of this class. 
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Temperatures of the Emission Line Stars 


Turning now to the emission line objects it may be pointed out that 
they offer a new approach to the problems of the temperatures of very 
hot stars. The first studies of stars of this type were made by Zanstra 
in connection with the planetary nebulae. A planetar}^ nebula consists 
of a great globe of gas of as much as several light years in diameter 
illuminated by a star in its centre which appears always to be of very 
high temperature. A study of the spectra reveals the fact that in 
general, the spectrum of the star is continuous while that of the gaseous 
envelope surrounding it consists of bright lines due to atoms of high 
ionization potential. Among prominent lines in the spectra of planetary 
nebulae are those due to H, Hel, Hell, OIII and NHL 

A striking feature of the planetary nebulae as illustrated in Fig. 3, 
which shows the Ring Nebula in Lyra, is the large value of the inte¬ 
grated luminosity of the nebula as compared with that of the central 
star. A quantitative study of this phenomena by Zanstra showed that 
this could be explained as a fluorescence process in which the ultra¬ 
violet light from the hot star was absorbed by the nebula and converted 
into visible luminosity. The mechanism of absorption is considered to 
be photoelectric ionization by the atoms of the nebulae of that portion 
of the continuous spectrum beyond the ionizing frequency of the atom 
concerned. For hydrogen this is at wave-length X912 and for atoms of 
higher ionization potential, it will be of correspondingly shorter wave¬ 
length. In a steady state the number of captures will equal the number 
of ionizations and those electrons captured in upper states will sub¬ 
sequently cascade to lower levels giving rise to observable emission. 

The amount of radiation available for ionization will depend on the 
temperature of the central star and the numerical relations may be 
expressed in terms of the following equations due to Zanstra [26]: 


a3) 




A;., 


where x — ^ ; xo «; and Av is an observed quantity depending 
kT kT 

on the observed strength of the line. The left-hand member of this 
equation represents the number of quanta of ultra-violet starlight 
absorbed by the envelope, while the right-hand member represents the 
number of quanta emitted as observable emission lines. 


Zanstra’s theory of nebular luminosity, embodied in the above 
equation, represents a very important advance in our knowledge of 
«arly type stars since it makes possible estimates of the temperatures 



Fig. 3. The **Ring” Nebula in L>ra, photographed with the 73-inch Victoria 
Telescope. This ring-like object is composed of a number of shells of gas, of exceed¬ 
ingly low’ density, surrounding a very high-temperature star. The gaseous shell 
shown is made luminous by the absorption of energ\ radiated by the central star. 
The shell seen in this photograph is so vast that it would take light nearly a vear 
to cross it. 4 
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of the nuclei of planetar^" nebulae, objects >Ahich cannot, in general, 
be successtully studied by other methods It will be noted that equa¬ 
tion (13) involves the stellar temperature and that it can easily be 
solved by trial yielding the temperature ot the central star. 

Results of the study of a number of these objects b\ Zanstra and 
others have indicated that the planetary nuclei range in temperature 
from 30,000° to 140,000°K. 

In addition to the planetary nebulae there are man\ other stars 
^\hich show emission lines but which are not accompanied b^ shells of 
gas large enough to be directly observed. Among stars ot this t^pe are 
the novae or new stars which are actually old stars which suddenly 
attain a new lease of life and blaze up brilliantly tor a relatively brief 
period only to subside to their tormer low luminosity after a few 
months or years. One of the phenomena associated with a nova’s rise 
to brightness, as has already been pointed out, is the displacement of 
its absorption lines to the violet by amounts corresponding to velo¬ 
cities of several thousand kilometres per second. Since these velocities 
are larger than the velocity^’ of escape, the gases at the surface must 
be escaping from the star to form around it an envelope ot outward 
moving gases which has some of the characteristics of a planetary 
nebula. Actually in a few cases novae have been near enough for an 
actual disc to be seen, giving ample confirmation to this interpretation 
and it might reasonably be expected that if the temperature of the 
central star is sufficiently^ high, emission lines would be observed. 

Actually’ emission lines are a conspicuous feature of all nova spectra 
and they increase in intensity after maximum light when the nova is 
known to increase in temperature. There now appears to be no question 
but that the origin of these lines is similar to those of planetary^ nebulae 
and the relation between line intensity and the temperature of the 
exciting star can be derived by^ Zanstra’s equation quoted above. The 
use of this equation makes it possible to follow the temperature of the 
nova from around 20,000° near maximum light to 100,000° when the 
emission bands reach their maximum intensity. 

In addition to the novae there are numerous other stars which 
exhibit emission lines or bands but which do not exhibit major changes 
in luminosity of the kind shown by the novae. The Wolf Ray’et stars, 
spectra of which are shown in Fig, 4, are characterized by’ broad emis¬ 
sion lines of great intensity due to highly ionized atoms and the 
emission bands are accompanied by absorption borders on their violet 
edges. It appears, therefore, that these stars also are surrounded by 
•envelopes of ejected gases and that their temperatures may' be derived 
by the methods already mentioned. Such determinations indicate 



EMISSION BANDS IN TWO WOLF RAYET STARS 



1 Tliesfc envelopes die not unifoi m in chemical composition, some 
of cciihon and oxygen while others show nidinlv nitrogen 
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temperatures for the Wolf Rayet stars ranging from o0,000°K. to 

100,000°K. 

The P Cygni stars, profiles of which are illustrated in Fig. 5, are in 
many ways similar to those of the Wolf Ra\’et type except that the 
displaced absorption components are more intense relative to the 
emission, and the velocities of ejection are much less, of the order of a 
few hundred kilometres per second. The application of Zanstra’s 
equation to the emission line intensities leads to values of temperature 
ranging from 10,000® to 42,000®. 

In addition to the types of stars mentioned above whose spectra 
give definite evidence of the type of motion required to produce an 



Fig. 6. Intensity profiles of P Cygni lines. In this figure intensity is plotted 
against velocity for a number of lines in the spectrum of the star P Cygni. The 
figure illustrates the relative intensities of absorption and emission components and 
the difference in the ejection velocity from line to line. 

envelope of gases around them, there are numerous other early type 
stars which also sho'w emission lines, and spectra of two stars of 
this ty’pe are illustrated in Fig. 6, Mainly by analogy’ with the emission 
objects already described, it is now generally believed that the emission 
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lines in these objects also arise in an envelope of diffuse gases sur¬ 
rounding the star. Fortunately in one or t%vo instances of eclipsing stars 
there is independent evidence supporting the view. For the star R. \V. 
Tauri, Joy [27] has observed that the spectrum is ordinarily of absorp¬ 
tion type, but at times of total eclipse of the brighter component by a 
cooler companion, emission lines appear conspicuously indicating the 


H.D. 31293 Hp 



Fig. 6. Emission lines in stars. These spectra show two of the characteristic 
features of emission lines of this type, e.g., the appearance of an emission line super¬ 
imposed on broad absorption (H.D. 31293) and a relatively broad emission line cut 
by sharp absorption (yCaseopeia), 

presence of a gaseous envelope of considerably greater diameter than 
the primary" star. In addition, certain of these objects during the pas¬ 
sage into or out of total eclipse, exhibit rotation effects associated with 
the emission lines which are consistent with the idea that the emission 
lines originate in a diffuse envelope which rotates with the star. 

For many years, the origin of emission lines in early type stars was 
an unsolved mystery and the recognition that such lines are due to an 
extended gaseous envelope illuminated by a hot star is in itself an 
interesting development in astrophysical science. Of considerably 
greater importance, however, is the possibility of shedding additional 
light on the nature of absorption line stars. The main effort in astro- 
physical research has always been concentrated on these more normal 
objects since they outnumber the emission line stars by approximately 
one thousand to one. The emission line stars have sometimes been 
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referred to as pathological cases with the implication that astroph> sical 
results derived from them are of less general validity or application 
than for the more normal absorption line obiects. 

While this may be so, it may be pointed out that the study ot 
abnormal psychology has often led to advances in knowledge con¬ 
cerning the mental processes of normal human beings. Similarly with 
stars, the study of the abnormal emission line objects may lead to 
valuable information concerning the stellar sequence as a whole, and 
I should like to conclude this discussion by drawing your attention to 
an instance of this character. 

A good many otherwise normal absorption line stars have a few 
emission lines associated with them while others, especially among the 
P Cygni stars with conspicuous emission, have sufficiently well-de¬ 
veloped absorption line spectra to place them with reasonable definite¬ 
ness in their proper place in the Harvard system of classification. For 
these stars as well as for others of more completely developed emission 
line characteristics, it is possible to utilize measured emission line 
intensities to determine stellar temperatures on the basis of Zanstra’s 
equation. Since sporadic emission lines are found in all the early type 
classes down to and including the early A’s, it is possible to draw up 
a scale of temperatures for the entire range of early type stars based 
on emission line character alone. 

Such a temperature scale is shown in Table I. Here Zanstra’s 
temperatures are used for the planetary nebulae, the results of Beals 
are used for the Wolf Rayet stars, while values derived by Beals and 
Hatcher [28] are used for the P Cygni stars which cover the O, B and 
early A stars. For purposes of comparison, the table also includes the 
ionization temperatures derived by R. M. Petrie for the absorption 
O’s and the colour temperatures of the B's and early A*s by the 
Greenwich observers [29]. The agreement is generalh^ very good and 
suggests that w^e now have for the early type stars as a whole a tem¬ 
perature scale in which we may have reasonable confidence. 

One of the aspects of this table which cannot fail to attract atten¬ 
tion is the position occupied by W stars and the planetary nebulae 
relative to the other early type stars. Considered on the basis of tem¬ 
perature alone it would appear that these interesting emission line 
objects simply represent an extension towards earlier spectral types of 
the normal Harvard sequence of absorption line stars. The possibility 
that this may actually be the case receives support from the fact that 
no absorption line stars have been definitely observed in the temper¬ 
ature range from 40,000'' to 100,000®K. It is also well known that the 
tendency for the stars to exhibit emission line spectra is greater for 
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TABLE I 

Tempera rtRE Scale 
Earl\ Tape Stars 


Class 

Temperature 


Absorption Linet> 
and Continuous 
Spectrum 

Emission 

Lines 

1 

Adopted 

Planetary 


1 140,000 

140,000 

nebulae 

1 

to 

to 


1 

' 30,000 

30,000 

\V 5 

1 

1 

110,000 1 

110,000 

\V 8 

1 

60,000 1 

50,000 

0 5 

36,300 

40,000 1 

1 38,000 

0 9 

30,700 

' 34,000 

32,000 

B 0 

25,000 

32.500 

28,000 

B 9 

13,600 

1 17,000 i 

' 16,000 

A 0 

14,000 

1 16,000 

14,000 

A 4 

11,000 j 

, 11,000 1 

1 

11,000 


increasing temperature. Although the absolute number of emission 
line objects is greater for the B*s, the proportionate number is greater 
in the O class. If this proportion of emission to absorption line objects 
changes with sufficient abruptness at about 05 in the sequence, then 
it may be permissible to regard the \V stars as a normal part of the 
Harvard sequence and their emission line character as a consequence 
largely, if not entirely, of their higher temperatures. 

For temperatures above 50,000°, therefore, it is suggested that the 
normal type of stellar spectrum may be of emission type just as for 
lower temperatures the normal spectrum is of absorption line character. 

As for the planetary" nuclei it may be pointed out that some of them 
appear to be ordinary" 0 type stars, while others exhibit Wolf Rayet 
bands in no way different from other W stars. There are, however, 
a number of the hotter planetary nuclei which, in so far as the writer 
is aware, have neither Wolf Rayet bands or absorption lines in their 
spectra. The strong emission lines which characterize the spectra of 
the gaseous nebulae which surround them make it difficult to be 
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certain of the presence or absence of absorption lines, but present 
indications are that they are either not present or are of very low 
intensity. 

Little that is definite can be said at present about the interesting 
question as to their relation to the Wolf Rayet stars. It appears, how¬ 
ever, that the two types of objects are roughly parallel as regards 
temperature and it may be that the relations between them are in a 
general way similar to those existing between the absorption and 
emission line objects in the O and B classes. The writer believes that 
the most helpful approach to the problem at the present time is tenta¬ 
tively to regard the entire group as a normal extension of the Harvard 
sequence and to see whether the methods of theoretical astrophysics 
may not give an indication of the types of spectra to be expected for a 
reasonable range of masses, diameters, and chemical compositions. 
Some interesting suggestions along this line have recently been given 
by Miss Anne Underhill [30], who has indicated the probability that 
the effects of radiation pressure will render unstable the atmospheres 
of most stars of temperature greater than 50,000^. It seems possible 
that a further application of the same methods might shed some light 
on the origin of the observed differences between the spectra of the 
W stars and the nuclei of the hotter planetaries. 
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The Action of Hydrogen Peroxide—Nitric Acid 
Mixtures on Ketones’* 

B> G. H BJORKLUND and W H. H \TCHER, F R S C 

T he observations here recorded are a direct result ot researches 
conducted on the action of hydrogen peroxide with and without 
the presence of mineral acids Holden [5] found that traces of these 
acids (w'hich in quantity produced considerable side-reactions; were 
mainly catalytic. Sturrock [15] and Mueller [11] demonstrated that 
h\ drogen peroxide and various organic acids formed first a complex, 
which might give rise to a peracid or decompose into simpler products. 

The researches of Maass and coworkers [6], [7], [8], [9] and of 
MacLauchlan [10] correlated the effects of conductivity and concen¬ 
tration and set limits beyond w’hich the latter produced serious decom¬ 
position of the peroxide. In this connection the work of Caro [2] and 
Raschig [13] takes on added significance. Eventually it became neces¬ 
sary to study the oxidative reaction of nitric acid-h^ drogen peroxide 
mixtures on some well known carbon compound; that chosen w'as 
acetone, w^hose reaction with hydrogen peroxide alone had been inves¬ 
tigated by Wolffenstein [17] and by Baeyer and Villiger [1]. The results 
obtained suggested extension of this reaction to other ketones. 

Reagents ,—The acetone used was of research grade and showed no 
decolourization with neutral permanganate solution. The nitric acid 
was of C.P. grade, nitrite-free and of 70.0 per cent by weight. The 
hydrogen pieroxide was specially prepared without inhibitor and origin¬ 
ally 30 per cent by weight. 

Experimental ,—Considerable time was spent in discovering in what 
concentrations the reagents could be mixed so that the subsequent 
reaction could be controlled. For example, a solution showring the fol¬ 
lowing molar concentrations—^acetone 0.23, peroxide 0.23, nitric acid 
0.65, w^ater 2.10—got out of hand at room temperature and exploded 
with great violence; whereas the same concentrations, carefully con¬ 
trolled as to temperature, gave a 98 per cent yield calculated on the 
amount of acetone used. 

The procedure finally adopted w'as as follows. Aqueous solutions 

““Presented as partial fulfilment of the requirements for the degree of Ph.D., 
AIcGill Universit}. 
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of hydrogen peroxide (27.5 per cent) and nitric acid (70.0 per cent) 
were cooled to 5®C. and then mixed in desired proportions. This mix¬ 
ture w’as kept at 50°C. until all heating effects had subsided; to this 
w’as added the appropriate volume of acetone, also at 5®C., and the 
bath kept at 5®C. Under these circumstances a satisfactory yield of 
solid was obtained immediately and the reaction temperature could be 
kept as low as 33®C. If the temperature exceeded 50®C. at this time 
the reaction was very liable to progress rapidly to 90®C. with violent 
evolution of heat and loss of reagents. Small beakers were found to be 
the most suitable containers. The molar concentrations studied ranged 
as follows: acetone, 0.23 to 0.52; hydrogen peroxide, 0.23 to 0.43; nitric 
acid, 0.25 to 0.65; water, 2.1 to 2.5. A mixture containing more than 
40 per cent by weight of nitric acid is potentially dangerous. The 
above concentrations were those which offered the least hazard. 

In general it may be said that the yield of product increased as the 
concentration of nitric acid present. Also, a higher yield was obtained 
by keeping the temperature low at the same time. 

Two different solids were obtained from these mixtures. Under a 
given set of conditions, only one product appeared rather than a 
mixture of the two. Where the acid and hydrogen peroxide were added 
first, the subsequent addition of acetone favoured the formation of the 
product of high melting point. When the acetone and peroxide were 
mixed first and the acid added later, the other product tended to form 
first. Further, a low temperature under either mode of addition fav¬ 
oured the formation of the low melting product, whereas an excess of 
acid favoured the high melting product. In any case, precipitation was 
immediate. 

In both cases the product when first formed is white and appar¬ 
ently amorphous. One melted at 95®-97®C. and corresponds in every 
w’ay to the tricyclo-acetone peroxide of Wolffenstein. 

The other product had a melting point of 131®-132®C. and resem¬ 
bles the dicycloacetone peroxide of Baeyer and Villiger. 

Both compounds are insoluble in water, dilute acids, and alkalies; 
but hydrolysis in dilute sulphuric acid proceeds slowly to regenerate 
acetone and hydrogen peroxide. They explode violently under impact, 
when quickly heated and when mixed with concentrated sulphuric 
acid. In this respect the lower melting compound is the more violent. 
Both evaporate slowly when exposed to the air. They are insoluble in 
alcohol but soluble in ether, ethyl acetate, and petroleum ether. 

Because of this sensitivity, it was not deemed advisable to perform 
a combustion analysis. But ciy-oscopic results from benzene showed 
the following molecular weights: 
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I. (C3H0O2)3 of m. pt. 95®-7°C.; found 216, 227; 

Calc. 222. 

II. (C 3 H 602)2 of m. pt. 131®-2®C.; found 142: 

Calc. 148. 


To I, discovered by Wolffenstein, Baeyer and Villiger had assigned 
the formula 

CH, CHs 


CHj-C-O-O-C 

\ 0/ 

V 

ch;^\:h, 


CH, 


They suggested for II: 


CHs^^ ^CH. 


C C 

ch/^ ^ 


CH, 


which they had discovered. 

The dose similarity in chemical properties suggests a similar struc¬ 
ture, of which more will be said later. 

Other ketones —Methyl ethyl and di-ethyl ketones. Baeyer and 
Villiger [1] had treated the former with Caro’s acid and found an 
explosive peroxide. 

Solutions of each of the above were made up to contain 0.1 mole of 
ketone, 0.14 mole of hydrogen peroxide, and 0.44 mole of nitric acid, 
the usual precautions being taken. After a slight rise in temperature 
an oily layer separated out on top of each liquid. These layers were 
taken up in ether, neutralized with sodium bicarbonate, dried over 
anhydrous sodium sulphate and recovered by evaporation of the 
solvent. 

Both oils were colourless and of not unpleasant odours; they were 
highly sensitive to shock and sudden heating. Their solubilities are 
similar to those of the acetone peroxides. 

Di-isopropyl ketone ,—A similar treatment of this ketone showed no 
reaction whatever over a period of three months. 

Cyclopentanone ,—^This ketone reacts wery vigorously with the acid 
mixture. Ketone, 0.3 mole, was added to an acid mixture made up of 
0.58 mole of hydrogen peroxide and 0.7 mole of nitric acid and the 
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mixture cooled well below 10°C. A large quantity of white amorphous 
material was precipitated, which, after about five minutes, produced a 
series of small explosions. This was arrested by adding a large volume 
of cold water, and immediately filtering and w'^ashing the solid. 

Cr^’stallizatioii w^as effected from ethyl acetate, and the compound 
decomposed at 166®-167®C. This peroxide is very sensitive to shock, 
slight friction, and quick heating. It explodes very violently. 

A molecular weight determination was made as previously de¬ 
scribed : 

(C5H802)3 Found 275 Calc. 284. 

Cyclohexanone ,—Cyclohexanone produced rather inconsistent re¬ 
sults. In some experiments a resinous product was accompanied by a 
small amount of a solid, both explosive. Other experiments gave rise 
to a viscous oil, also explosive, but to no precipitate. This oil w^as 
removed and treated with methyl alcohol, when a solid was obtained. 
This crystallized from ethyl acetate, and gave a melting point of 
120°-127®C. Its explosive properties are similar to those in the previous 
case, although, in general, not quite so vigorous. 

A molecular weight determination showed 

(C6Hio 02)2 Found 232 Calc. 228. 

m-Methyl cyclohexanone ,—This ketone, when treated with a hy¬ 
drogen peroxide-nitric acid mixture, gave rise to an oil which could not 
be ciy^stallized. It, too, proved to be explosive. 

Aceioacetic ester ,—^This was easily soluble in the acid-peroxide mix¬ 
ture and after 25 days gave rise to a product identified with dicyclo- 
acetone peroxide. 

Urea and thiourea ,—Though the former showed no noticeable re¬ 
action, the latter, when dissolved first in glacial acetic acid, produced 
a considerable precipitate. This, on drying in the air, decomposed like 
miniature volcanoes, evolving sulphur dioxide and scattering free 
sulphur about. 

Benzil ,—Pastureau [12] claims that hydrogen peroxide in sulphuric 
acid cleaves benzil. Weitz and Schaffer [16] observed that alkaline 
hydrogen peroxide cleaves 1, 2-diketones very readily. 

Benzil reacted very slowl^^ with the acid mixture. After a period 
of seven days a small amount of solid separated out; this was identified 
as benzoic acid. 

Beta naphthoL —^This reacted slowly to produce a series of coloured 
solutions, the only identifiable product being probably o-carboxy cin¬ 
namic acid or a rearrangement of it (Roth [14]). Its amide melted at 
198^-199®C. and its silver salt was dark red. 
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Hydrolysis of ketone peroxides. —AIan\ tests were made allowing 
these substances to stand in dilute sulphuric acid. In each case hy¬ 
drogen peroxide was regenerated but at a ver\^ slow rate, probably 
because of their relative insolubilities. 

Addition of peroxides to aqueous potassium iodide produces iodine 
very slowly. Some tests were followed over a period of weeks by means 
of N/50NajS2O8. Since soluble peroxides usually liberate iodine much 
more slowly than peracids, such rates as shown here may be caused by 
insolubility and rendered unreliable by virtue of the simultaneous 
evolution of hydrogen peroxide. 

Conclusions .—^The normal reaction of hydrogen peroxide with 
water-soluble ketones results in the formation of compounds where 
tw o or more molecules of ketone unite with ox\’gen atoms in the ratio 
of 1 : 1 . The presence of controllable amounts of nitric acid greatly 
accelerates such addition, provided that the temperature of the mixture 
is held below 40®C. 

The formation of such compounds is undoubtedly caused by some 
constituent which may be an isomer of nitric acid (Gleu and Hubold 
[4]) or a so-called pernitric acid HNO 4 (Raschig [13]) or nitrogen hept- 
oxide (Friend [3]). 

The results presented above are in accord with the reaction of 
hydrogen peroxide on acetaldehyde (Baeyer and Villiger [ 1 ]) and indi¬ 
cate that hydrogen peroxide in strongly acid solution is not a useful 
oxidizing agent when compared with its action in the presence of alkali 
w^here oxygen is liberated catalytically. 

Indeed it is possible to raise the question of the true identity of 
peracids. Most of these are obtained by the direct addition of hydrogen 
peroxide to the acid: their production may be immediate as in the case 
of Caro’s acid or slow^ as in the case of the organic acids. Perhaps they 
should be regarded as peroxides of the acids where the oxygen is more 
loosely held than in the peroxides, as determined by the evolution of 
iodine from potassium iodide. 

The peroxides, though isolable, are unstable to shock and sudden 
heating; the peracids are not isolable, apparently, nor are their salts 
capable of a separate existence. They do not resemble the stable, strong 
peracids such as HCIO4 or H 2 S 3 O 8 which are not oxidizing agents. 
Whatever the exact struc^-ure of peracids and peroxides, the prefix 
“per” is misleading. 

The formulae proposed by Baeyer and \Tlliger for the acetone per¬ 
oxides are unsatisfactory*, and such formulae are equally inapplicable 
to the other peroxides here studied. 
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The Steinitz^Gross Theorem on Sums of Vectors 

B\ IRA DAMSTEEG and ISRAEL HALPERIN 
Presented b> R. L. JEFFERY, F.R S C. 

1. Introduction. If a series of real numbers is convergent but not 
absolutely convergent, then under different ways ot ordering its terms 
the series can converge to different sums. Indeed, the set of such sums, 
as Riemann showed, consists of all real numbers. In a generalization 
to series of vectors, Steinitz [1] proved; 

00 

Theorem A. If the series of m-dimensional vectors S Vn is conver- 

gent but not absolutely convergent, then its sums {allowing all orderings of 
the terms) form a linear subspace. 

Thus, to take the 2-dimensional case, if a series of complex numbers 
is convergent but not absolutely convergent, then under rearrangement 
of the terms, either the sums are precisely all the points of some straight 
line in the complex plane or they include every complex number. 

Steinitz based part of his proof of Theorem A on essentialh the 
following theorem: 

Theorem B. If Vn—^ 0 as n oo and the infinite series (wi +• + 

. . . + + . . . + Vn^ + * * . converges, then within each 

bracket the terms can be rearranged so that the series will converge with 
the brackets removed. 

Theorem B was deduced easily from a theorem which can be stated 
as follows: 

Theorem C. For ^ 0, co ^ 0 and positive integer m there is a 
finite constant K,n{ci, cf) with the property: whenever, for any n, the m~ 
dimensional vectors Ui,Vi, . . . ,Vn,u^ satisfy [tti] ^ Ci, j 2 < 2 j ^ c^, ^ 1 

for all i, and . + ^n+ « 2 = 0 then by reordering the v* it is 

possible to satisfy 

h 

I H” I ^ Cs) for h ~ 1,2, 

In what follows, Kmici, cf) shall denote the least possible such 
constant. For given m, its finiteness for any particular cu C 2 obviously 
implies its finiteness for all Ci, C 2 . Also, Km{ci, c^) = Km(c 2 , Ci) as can 
be seen by reversing the order in each arrangement of the given vectors. 
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By a detailed analysis Steinitz showed that A"w,(0, 0) ^2m from 
which it follows immediately that 1) ^ 2{m + 1). Later Gross 

[2] gave a simple proof by induction which showed that 1) ^ 

2'”- 1. 

Gross posed the problem of determining Aw(0, 0), and 

Aw(l, 1) precisely and proved that ^2(1, 0_) = A2(1, 1)= ^2. First 
he showed by an example that ^ 2 ( 1 , 0)^ \/2 (and hence that A 2 (l, 1) 
^-\/2J- Then he gave two proofs, one that A 2 (l, 1) ^\/2 and the 
other that -^ 2 ( 1 , 0) Both proofs are involved but particularK 

so is the first one which gives the stronger result. In section 2 we give 
a simple proof that ^ 2 ( 1 , 1) ^\/2 which we obtained w’hen we knew^ 
Gross’s result but not his methods. It turns out that our method is 
related to his proof that 1 ^ 2 ( 1 , 0) ^*\/2* 

In section 3 we give examples to show that for all w, A^(0, 0)^ 
+ 3)^ and that for all 2, A^Cl, 0) ^ + 6)^ (and a fortiori, 

Km{li 1) ^ + b)^). These inequalities show that Theorem B is 

not valid for series of vectors in Hilbert space so that the methods of 
Steinitz and Gross do not serve to extend Theorem A to such series. 

2. In this section all points and vectors wdll lie in a fixed plane, 
w will denote the length of the vector w, all wdll be vectors wdth 
z/i ^ 1 and 0 will be the centre of a fixed circle C of unit radius. 
PQ will denote the vector from P to Q. 

We introduce the concepts of “special position” and “preferred 
vector” as follows: 

Definition 1. A point P© is in special position relative to vectors 
Vi, . , . ,Vn if 

(i) 1 < 1 OPo\ ^V2 

(ii) 1 OPo + »1 + . ■ . + »nl ^ 1 

(iii) there is a tangent TP^T' to the circle C, wdth T on the circle, 
such that none of the v, point from P© into the interior of the angle 
bounded by the vectors P©0 and P©r'. 

Definition 2, Let designate the angle betw’een the vector 
and P© 0 and its numerical, non-negative value wdth the convention 
that the zero vector makes zero angle with every vector. Then a par¬ 
ticular Vs is called preferred relative to P©, if j ^ | for 

i = 1,. . , , w. 

Under the assumptions that vi-P^Pt is preferred relative to P©, 
, ©ft and that | OP© + 1^1 + . . . + ^ 1 we shall prove below 

the following two lemmas: 



D\MSTEEG & HALPERIX STEIXITZ-GROSS THEOREM 


33 


Lemma 1. If P© is in or on the circle C then Pi is either in or on 
the circle C or in special position relative to i; 2 i. . . , Vn- 

Lemma 2. If Po is in special position relative to Vi, then 

Pi is either in or on the circle C or in special position relative to 
£'2, . . . , 

Suppose now that Ui= OP© and «?i,. . . Vn are given vectors with 
ui\ ^ 1 and I «^i + z/i + . . . + j/wj ^ 1 and let P* be defined by 
OP,= ui+ Vi+ , . , + Vi. Re-order the Vi so that each Vi is preferred 
relative to Pt_i, w,+i,. . . , iin. Then Lemmas 1 and 2 show, by in¬ 
duction on i, that each P* is either in or on C or in special position 
relative to some set of vectors. Hence [ 0P,\ ^ \/2 foi all i, showing 
that AVI, 1) ^ V2. 

Proof of Lemma 1. We may suppose that | OPij > 1 and need 
only prove that Pi is in special position relative to • • •, Vn- Since 
jPoPil ^ 1 it follows that P© 0 and we may choose rectangular .v, y 
axes with origin at 0, with positive x axis along OP©, so that Pi has 
non-negative y-coordinate. Let P© be (jc©, 0) and Pi be (xi^yi) so that 
0 < .r© ^ 1, 0 ^ yi. The inequalities | OPi| > 1, j PoPi] ^ 1 imply 
that xi > 0. 

Now 1 a;i1 =Xi^ 1 for if xi^Xo then .Vi^ac©^ 1; if xi>Xq then each 
tJjhas positive .r-component since vi is preferred, and hence 3 Ci = x-com- 
ponent of OP© + i»i ^ :x;-component of OP© + t^i + • . • + 1* Also 

I yi| ^ I P©Pi| ^ 1. Hence [ OPij ^y/2 so that condition (i) of Defi¬ 
nition 1 is satisfied. Incidentally, the inequalities jOPij > 1 and 
I .vi| ^ 1 imply that yi> 0. 

Condition (ii) of Definition I is satisfied since iOPi +^^ 2 +. - . + 

^\OPo+Vi + ...+Vn\^L 

Since 0 < ^ 1, 0 < yi ^ 1 there is a unique tangent line TiPiT\ 

with point of contact ri== (35i, j?i) such that xi ^ ^i ^ I and 0 ^ yi^ yi. 
Let PqO© be drawn parallel to PiO. Since jOPij > 1 P©Pi 1, the angle 
bounded by P©0 and P©Pi is greater than that bounded by 
P© 0 and Po Oo. Hence none of , Vn point into the interior of the 

angle bounded by P©Oo and PoPi since z;i was preferred relative to 
Po, vu , Vn. A fortiori, none of z? 2 , . . ., Vn point into the interior of 
the (included) angle bounded by P\T\ and P\0. This proves that 
condition (iii) of Definition 1 is satisfied. 

Proof of Lemma 2. We may choose rectangular x, y axes with 
origin at 0 so that P© has coordinates (1, y©) with 0 < y© ^ 1 and so 
that none of the Wj point from P© into the angle bounded by P© 0 and 
P© T'o where P© T'© is a vector with components [0,1]. Let Pi be (aci, yi). 
Since z'l is preferred, JCi > 1 is impossible, for this would imply that the 
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.^-component of every is positive and hence that the v-component 
of OPo + vi + ... + ?;« is greater than 1, which is false. Thus Pi must 
lie in the sector bounded by the ray Po 0 and the ray opposite to Po P'o. 
Now from [PoPil ^ 1 it follows that 0 < xi ^ 1, and — 1 ^ yi ^ 
y© ^ 1* We may suppose that | OPij > 1 and need onh show that P, 
is in special position relative to ^ Vn- 

Since | xi | ^ 1 and j yi j ^ 1 it follows that condition (i) of De- 
finition 1 is satisfied. 

Since j OPi+ + - . . + = | OP© + + • . • + v„\ ^ 1 it fol¬ 

lows that condition (ii) of Definition 1 is satisfied. 

Since | OPi| > 1 but | jci| ^ 1 it follows that |yi| 9 ^ 0. We ma> 
consider the two cases yi> 0, yi < 0 separately. In either case there 
is a unique tangent line TiPiT\ with point of contact = yi) such 
that .vi ^ ^ 1 and | yi I ^ |yi|- The angle bounded by the vectors 

Pi P'l and PiO is contained in the angle bounded by PqPi and PqT'o. 
Since none of 1 / 2 , ... , Vn point into the interior of the latter angle, 
condition (iii) of Definition 1 is verified. 


3. The examples in m-dimensional space discussed in this section 
give lower bounds for 0), isTwCT 0) and A'^Cl, 1) which show 

that these constants become infinite as m becomes infinite. 


Let € 1 , ...» be mutually’ orthogonal unit vectors, N > 


m - \ 
4 


a 



and define Vu 


as follow S' 




Vt = aCm 


gl + . . . + 

4N 


for 1 ^ i < m, 
for m < m + 2N. 


= — aBm 


gi + . ■ . + 

4.V 


for m + 2N ^ < 777 + AN. 


Then \vi\ = 1 for all i and ^>i -h . . . + 0* Yet for every' ar¬ 

rangement of the either the first partial sum which contains 2N of 
the vectors Vm, . . . , z';„+ 4 xV-i or the first partial sum w'hich contains 
2^ + 1 of these vectors has length not less than 




+ {m — 1) 


{2N - 1)2 ^ 



Since a is arbitrarily close to 1 for sufficiently large N, this proves that 

0 ) ^ 


1 + 


W — 1 _ 1 


= —Vm + 3. 


4 
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Now let fio, Cl.Cm be mutually orthogonal unit vectors in 

(w + 1) — dimensional space and let N, a, o, be as defined in the pre¬ 
ceding paragraph. Set k = m + 4iV — 1, let M be a positive integer 
and define vectors as follows: 


Ml = Co 


Wr, 



-- — for 1 ^ 4 < m 4 - 4N, I ^ r ^ M. 


Then [mi] = 1, jwnl = I for all r, i and mi -f Sr.iWn = 0. Yet for 
every arrangement of the vectors Wr, preceded by ki as first vector, 
one of the partial sums which contains less than k terms has length 
not less than the smaller of 


V 2 i^ and 





Since N, jV can be taken arbitrarily large and o arbitrarily close to 

1 it follows that A'„+i(l, 0 ) ^ /j/i + i 4 . Vm+7. This 

Y 42 

means that iirm(l,0) ^ — Vm 4- 6 for all w ^ 2 . In particular, 

A 

Ki{l, 0 ) ^ \VS = V 2 . 

£1 
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Examples of Integrals that are Discontinuous in 
Sets of Positive Measure’ 

By H. \V. ELLIS 

Presented by R L. JEFFERY, F R.S.C. 


1. Introduction. Definitions of integration in which the con¬ 
tinuity of the indefinite integral is replaced by the weaker properties 
of approximate continuity or of mean continuity have been studied by 
several authors.* We shall restrict our discussion to the four definitions 
outlined below. 

Definition. The function F{x) is Cesd,ro or M\-continuotis at the 
point X = xo if F{x) is integrahle in the special Denjoy sense in the neigh¬ 
bourhood of Xo and if 

1 r*.+A 

lim -f F{t)dt = F(xo). 

A 0 h J to 


Definition. The upper and lower two-sided Cesdro derivatives of 
F{x) at Xo, CDF and CDF are defined respectively as the upper and lower 
limits as h of 


liK 


- F(x)] dx, 

%0 


where it is implied that Fit) is integrahle in, the special Denjoy sense in 
the neighbourhood of xq. If these two limits are equal their common value 
is CDF, the Cesdro derivative of Fix) at xo. 

Definitions of BurkiU's Ces4ro-Perron (CP) [2] and approximate 
Perron iAP) [1] integrals are then obtained from the definition of the 
Perron integral by replacing ordinary continuity and derivatives in 
the definitions of major and minor functions by Cesdro continuity" and 
CesS.ro derivatives for the CP-integral and by approximate continuity 
and approximate derivatives [5, p. 220] for the -4P-integral. 

We next give descriptive definitions of Bidder’s jS-integral [4] and 
of the generalized mean integral of order one (GJ/i-integral) [3]. 

* This study was completed while the author was holder of a fellowship at the 
Summer Research Institute of the Canadian Mathematical Congress. 

^For a partial bibliography see [3]. 
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The function f(x) is fi-integrable (GMi-integrable on [a, b] if there 
exists an approximately continuous {Mi-continuous) function F{x) such 
that [a, &] can be covered by a denumerable sequence oj closed sets aver each 
oj which F(x) is absolutely continuous and such that ADF{x) = j(x) 
almost everywhere on [a, b]. The function F{x) is called an indefinite /3- 
integral {GMi-integral) of f(x) and the definite integral of f on [a, b] h 
F(b)-F{a). 

Examples so far given of functions that are indefinite integrals in 
the above senses have single points of discontinuity and no consider¬ 
ation has been given to the possible distribution of the points of dis¬ 
continuity. In §2 we define a class of bounded functions on [0, 1], 
discontinuous in sets of points of positive measure, that are indefinite 
AP-, jS-, and Gil/i-integrals on [0, 1]. In §3 we show that, although all 
of these functions are Cesliro continuous at every point of [0, 1] some 
are indefinite CP-integrals while others are not. Those that tail to be 
CP-integrals do so because the points at which their Ceskro derivatives 
fail to exist or fail to be finite have positive measure. In particular this 
last class gives examples of functions that are GJl/i-integrable without 
being CP-integrable. 

The following simple theorem and corollary are established in §2. 

Theorem. If F(x) is approximately continuous at x'o, measurable 
and bounded in the neighbourhood of Xo, then F{x) is both Cesdro and 
Mi-coniinuous at xq. 

CoROLL.\RY. If the bounded function F(x) is an indefinite ^-integral 
oj f{x) on [a, 6] then f(x) is GMi-integrable on [a, b] and P(\:) is also an 
indefifiite GMyintegral oj f on [a, b]. 

CO 

2. Let }X„} be a sequence of positive numbers with 2) Xrt< 1. Let 

« s= 1 

Jii be an open interval with centre coinciding with the centre of the 
interval [0, 1] and length Xi and let Jn, Ju denote the closed intervals 
complementary to In on [0, 1]. Proceeding inductively we define, for 
72 == 2,3,. . . , the open intervals Inn i = I, 2,. . . , 2”“^ each of length 
X„ ^2““’^ and wnth centres coinciding with the centers of the closed 
intervals n i = 1,2,... 2^*""^ and define i — 1, 2, . . . , 2^^ 

71 2^'“ ^ 

as the equal closed intervals complementary to 2 2) Irj. Let E de- 

00 2^-1 

note the perfect set of points of [0, 1] complementary^ to 2 2 J,j. 

CO 00 

Then mE = 1 — 2 X^ > 0 since 2 X,i < 1. Simple computations show 

1 
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that the length of each interval is — f 1 — 2 X. I and the 

CO 2” \ / 

ot the points of CE,Jni is— 2 

2"r-n+l 


measure 


Let iv > 1 be fixed and let [nn] be a sequence of positive numbers 
each less than unit> and with lim iin = 0. On each of the intervals - 
(cnu ^ni) for all n and i define a set Em of non-overlapping intervals 
such that: (i) niEm^iXm |/nil, (ii) are limit points of with 

the right density of Em zero at Cm. the left density of Em zero at 
(iii) there are only a finite number of intervals of Em on any closed 
interval contained in Im and 


(iv) 


max 

Cm < € dm 


'^EjiiiCniy 


< Kfim 


max 

tfn ^ ^ dm 


^m) 

dm-i 


< KlXm 


tor all values of n and i. 


Set = S Em and define F{x) « 0 at the points of CE^(0, IL 

«, n 

On each of the intervals of each set £«, as base construct an isosceles 
triangle with altitude unity. For x a point of the base of any of these 
triangles define F{x) as the corresponding ordinate to the side. Define 
/(v)== ADFipc) at the points where the approximate derivative exists 
and let f{x) = 0 elsewhere on [0, 1]. We shall show that f{x) is AP-y j5-, 
and GJl/i-integrable on [0, 1] and that F{x) is an indefinite AP-y j^-, 
and Gil/i-integral of f{x) on [0, 1]. Furthermore every neighbourhood 
of ever\ point x of E contains points at which E(-r)is zero and points 
at which F{x) is unit> so that F{x) is discontinuous at eveiy^ point of 
E where E has positive measure. 

We shall show that the density of E^ (i.e. ot the points at which 
F{k) 9 ^Q) is zero at every point of E, from which ir follows that F{x) is 
approximately continuous and ADF{x) — 0 at every point of E. For 
each of the equal intervals /«,= [a„„ bm] and all n let 


r« 


max 

dm ^ i ^ bm 


i ^ni 


max 

fln* ^ S bvi 


mCEi^y bm) 
bm S 


We shall show that lim r„— 0. Consider the point x = 0. This point 
is the left end point of the intervals Jni, tz = 1, 2,. . . . For 

bn-1, 1 
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mCEjO, g) otC£( 0, 6n_i. i) 

I ^ 6«_i. 1 


00 

2S Xr 


1 - 2 X, 
> -1 


n 

which approaches zero as w —> <», since S X, approaches a limit less than 

1 

unity. It follows that the right density of CE is zero at a; = 0. Since 
each interval with first subscript n is identical with Jni and the points 
of CE are distributed on the interval symmetrically with respect to 
its midpoint, (1) implies that 0 as n —» . For each interval J„i = 

{cnu rfni) there are relations similar to (1) for points of CE on the left 
at Cm and on the right at dm and, remembering (ii) above, it follows 
that the density of E^ is zero at Cm and at dm for all values of n and L 
Consider any point x ^ E that is not an end point of one of the inter¬ 
vals 7ni- There then exists a sequence Inq of the intervals Im approach¬ 
ing X with X contained in the interval Jnq— [o^nqi 6ng] contiguous to Inq 
on the right. Let J'n« = Wnq^ fe'nj be the corresponding closed intervals 
contiguous to Inq on the left. For a^nq ^ ^ 


niE^{^, x) ^ mCE{li, Vng) 


mEnq 

k««l 


7flCE(^(lnqi 
X dnq 


nq “H Mng* 


For { einq, 


mE^{^, x) 


^ ^nq) 

d'nq ? 


+ f'nq 


< K^nq + 


rnq- 


In both cases the right side is arbitrarily^ small for tiq sufficiently large. 
We conclude that the density of E* is zero on the left at x. It may be 
shown in the same way that E* has right density zero at .v. We have 
therefore shown that E* has density zero at each point of E, From (iii) 
in the definition of the sets Em it follows that F{x) is continuous at 
each point of CE and has an ordinary derivative at all except a de¬ 
numerable set of the points of CE, The function F(x) is approximately 
continuous at every point of [0, 1] and ADF{x) exists and equals f{x) 
at all points of [0, 1] except those of a denumerable set. Since F{0) — 0, 
F(x) serves as both a major and minor function to/(jc) on [0, 1] in the 
sense of the i4P-integral. It follows that f(x) is AP- and i5-integrable 
to F{x) on [0, 1] [4, p. 154]. 


Proof of the theorem. There is no loss of generality in considering 
one sided continuity ^tx ^ a. For b sufficiently small \F(x)\ < M on 
[fl, a + 5], Let € > 0 be given and for a < x < a + 5, let S(a, x) be 



ELLIS - INTEGRA.LS THAT ARE DISCONTINUOUS 41 

the set of points f of (a, x) with \F(i)- i?(a)l < e '2. The function 
F{x) is bounded and therefore Lebesgue integrable on [a, a + 5] and 

1 r 

F{a)\dt = -i_ - F{x}\dt 

X ^ J Sffl i) 

+ —f (F(O-F(v)lrf/ 

X — aJcs(a, x) 

^ mS(a, x) ^ mCS (a, x) ^ 

X — a X — a 

< €, 

for all X sufficiently near a since the densit\ of S is unit^ and the density 
ot CS zero on the right at x = a. We conclude that F(x) is both Ces^ro 
and 3/i-continuous on the right at a. That the converse of the theorem 

IS not true is shown by the function F{x) = sin — , x 0; F{0) = 0 which 

X 

is Cesiiro and 3/i-continuous at the origin without being approximately 
continuous there. The corollary’ stated in the introduction is an imme¬ 
diate consequence of the definitions of jS- and GAfi-integrability and 
shows that/(x) is G3/i-integrable to F{x) on [0, 1]. 

3. The theorem shows that the function F(x) corresponding to any 

pair of sequences {Xn} and {junj is Cesiro continuous on [0, 1]. We 

00 

next show that if these sequences are such that 2” S /xrXr—» as 

r * » + 1 

w —» w then f{x) cannot be CP-integrable on [0, 1]. 

If F{x) is an indefinite CP-integral on [0, 1] then CDF{x) must 
exist and be finite at almost all points of [0, 1] [2]. If F{x) is integrable 
in the special Denjoy sense, {Jk= [dk, &^]} a sequence of intervals 
containing x and converging to x and if F{ai,) = F{bk) == 0 for all values 
of kj the relation 



shows that when CDF{x) exists and is finite the limit as fe —> oo of the 
expression on the left exists and is finite. Conversely if the upper limit 
as jfe 00 of the expression on the left is infinite CDF(x) cannot exist 
and be finite at x. 




42 


THE ROY\L SOCIETY OF CANADA 


The points of Jm at which F(x) 9 ^ 0 have measure 


\\ hence 




1 


2" r=«+l 


iU/X, 


CLnt 


F(t)dt =- S M;X,. Then each point x that is not 

an end point of an interval /«, is contained in an infinite sequence of 
intervals Jm converging to x and 


{hni - CLmY] 


F{t)dt = 


2" S mA, 
_ « +1 _ 


<Zni 


[1 

1 


which increases without bound provided 2*^ 2 /zAr —» as » — 00 . 

w 1 

With this supposition CDF{x) cannot exist and be finite at more than 
a denumerable set of the points of E and therefore fails to exist at a set 
of positive measure. The function ^(jc) is then not CP-integrable. For 
k 

example if Xr = -----, 0 < A < 1, ju? = the correspond- 

(r + l)(r + 2) 

ing function F(x) is Ces^ro continuous at each point of [0, 1] but/(.v) 
is not CP-integrable. 

Finally a subclass of the functions in §2 that are indefinite CP- 
integrals may be obtained by imposing the added restrictions on the 

sequences {X*}, {/!»} that lim = lim ^—— = 0, 2" S juA, ^0 

w —tOO |Tni| X/i « + 1 

as w —» 00 , where now the intervals of the sets Em, must be so distri¬ 
buted that (iv) can be replaced by (iv') 


max 

Cju ^ i ^ dii 


TnErih ipnii f) 


(« - CmY 
where AT > 2 is fixed for all n. 


< Kixm niax 


({» dm) 


dm {,^ni 0 “ 


< Kflu 
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Limit Points of Riemann Sums* 

B> R. L. JEFFERY, F R S C. 

T his note is a supplement to a paper by C. X. Rowse and the 
present writer [1]. It was pointed out to us by I. Halperin that we 
were in error in assuming the mean convergence of the sequences of 
functions \I/J which are used in the proof of Theorem IL What is essen¬ 
tial for the proof, as w*e have given it, is to know that every subsequence 
of a sequence [j fixed], contains a convergent subsequence. How¬ 
ever, it is easy to construct sequences of such functions which contain 
no convergent subsequences. 

Divide [0, 1] in halves, then in quarters, and so on. At the nth. stage 
of subdivision the number of subintervals is 2”. Denote these by 
Xi)i ^ 1, 2 ... 2^^. Define fn(x) to be 1 on the intervals x») 
with i odd, and zero elsewhere. 

We now verify that the sequence ^pn contains no subsequence which 
converges on a set of positive measure. If some subsequence ypn^ were 
convergent on a set of positive measure, then its limit-function would 
take either the value 0 or the value 1 on a set of positive measure. 

Let En be the set on which ^nix) = 1. Obviously |£„1 ^ , and 

(1) \EnEn’^i • • • 1| = ^ ' 

A 

Hence, if £*p denotes the set on w’hich = 1 for all n > p, then (1) 
implies |JS*p| = 0. This contradicts the supposition that » I on 
a set of positive measure. But the same argument applies to the limit- 
value zero and this is obviously contradictory*. 

Thus the proof of Theorem II w^hich w*e have given holds only in 
special cases. We have, nevertheless, been able to arrive at the proof of 
this theorem by a different method. In this case, as in the case of the 
paper we are supplementing, the incidental results are of more interest 
than the main theorem, for, as noted in the former paper, this has been 
proved in a different way by Hartman. 

We first prove two results concerning functions of a real variable. 

* This study was completed at the Summer Research Institute of the Canadian 
Mathematical Congress. 
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(ij Let the function g{x) be summable on [a, 6]. Let x*) be a sub¬ 
division of [a, 6], and let be a point with < .r*, and such that 

X(.Vi— < X < 1]. Then 

rb 

S gdx — X\ gdx 0, 

JXt-i Ja 

as Max (Xj— Xi^i) —> 0. 

Since g is measurable there is a closed set C on [a, b] such that g is 
continuous on C, and such that both b — a — \C\ and 

rh r 

(2) gdx — gdx 

Ja JC 

are arbitrarily near zero. It is known [1] that if x^ is a sub¬ 

division of [a, 6] with Max {xi — sufficiently small, and if we 
denote by (x'a., x\) the intervals of this subdivision which contain some 
Izi of C as interior point, then 

(3) 1 S giik){x\ ~ xC) - j gdx \ 

is arbitrarily near zero. Now let e > 0 be p^iven and lake Max Xi) 
so small that if x and x^ are two points of C on any interval jCj), 
then [gCr)— g(jc')| < Take and to be points of C on (x^, x\) 
and (x/, x'l) respectively, then 

g(^k)(x\- XO = [g(^k)+ €i]{x\- Xk) 

= XS + €a][‘V'a — >^k] 

= X S ^({a) — Va) + XS€a (vT'a — Xk ) 

where €i < €. Hence 

(■t) 1 - Xi) - XS^(?A)(ar'x - .r*)| < f(l> - a). 

Nomt for X on Cixu .ic"*), we have |g(.v) — g(^i,) [ < «. Hence 

(5) [ gdx - s ) i I C.(XK, x\) 1 < €(x0, -X,). 

J a“*) 

Also 

I r^^k r r 

g(x)dx — S gdx < 2 |gl</.v 

J J c(aft, *»*) J e* 

where ?*= (xa, xPi.) — CQck, »“*). Since g is summable, the left side of 
this inequality is as small as we wish provided | C| is sufficiently close 
to d — o. Again 
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(7) - xk) - 2(1“,) 1 C{xk, x-",)! < .If S e,, 

where M = sup |g(.-c)| , x on C. Once C has been fixed, and conse¬ 
quently M, Sle*,| can be made arbitrarily small by taking Max (..v,- 
.Vj-i) sufficiently small. Since in the foregoing e is arbitrary and inde¬ 
pendent of the choice of C relations (2; —(7) combine to give the 
desired result. 


(ii) Let the functions G(x) be absolutely continuous on [ci, &]. Let 
(xi-i, Xi) be a subdivision of [a, 5], x\ a point uitli Xi^i< .v*’,< .Yi and 
such that y%-i), 0 < \ < 1. If Max (.v,- Y-d /•? 

sufficiently small, then 

1 S - G(r,)j - \{Gib) - G(ajj 

is arbitrarily near zero. 


Since G is absoluteh’ continuous 


G{x\) -G(yO 


= I ^ 


G'dx, 



and (ii) now follows from (i). 

We note that the absolute continuity of G is essential for the validity 
of (ii). This we show^ by an example. Let E be the Cantor ternary’ set on 
[0, 1] and let be the corresponding Cantor function. Let Ui be the 
intervals which contain E at the tzth stage of the deletion process which 
gives rise to E, Let «*= (y,*, There is to the right of each (except 
the interval with right-hand end-point equal to unity) a deleted in¬ 
terval or a part of a deleted interval (y®*, y'i) with y'^— y®,= — 

\(xU— = i]- As n increases |«,| and consequently Max Yj) 

—> 0. It now follows that if (ii) holds for the function (f> then, for e 
arbitrar>% and all n sufficiently great, 

s { - <f,{x,)} < U(l) - ^(0) } 4- € < i + e. 

But S {<^(A) — d>ixi )} 1 as w —^ a>. This is a contradiction and the 

desired result is established. 

We are now ready to proceed with the main problem. Let Sn == S/ 
{in%)(xni — Yn, t-i) be a Sequence of Riemann sums defined on [a, b], 
where Xn, t-i ^ ?ni ^ Xm, and such that 

lim ]\^ax {Xfit Yn, I—i) ^ 0. 

«-♦ 00 t 


C-4 
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It is no restriction to assume 0 < f(^m) < we also note that the 
definition of the function f can be restricted to the points 
We now define two functions Jn{x) and ypn{x) by 

jn(0) = 0, fnix) = /(fwi)? ATn, < X ^ Xnit 

== J fn(x)dx. 

Obviously 

== 0, ^n(&) = S»» Hni y^nib) = U, 

«-*c» 

It is also obvious that \pnix) is a continuous, non-decreasing function, 
'which satisfies the Lipschitz condition 

(8) ^n(:Jc') — }l/„{x) < M{x' - x), (x' > x). 

We now prove 

(iii) There is a convergent subsequence ypn^ix) of the sequence \pn(x) 
which tends to an absolutely continuous function yp{x). 

By Helly’s theorem [2], the sequence yl/n contains a convergent 
subsequence, yp„y Furthermore, since relation (8) holds, uniformly* in w, 
it follows that yp(x') — ^(^c) ^ M{x'—x), which implies the absolute 
continuity of yl^(x). This completes the proof of (iii). 

Now let x'n,i-i) be another sequence of Riemann 

sums with limit X, This sequence gives rise to a sequence <l> 7 ,{x) which 
tends to an absolutely continuous function 0(x) with <^(a)= 0, 0(6)=i. 
Given X, [0 < X < 1], consider 

(9) S - Kx,)} - \{m - Ha)} 

(10) 2 Hx,) - «(*“,) 1 - (I - x){ m - m }, 

where < Xt, x", — ic,_i = X(.'v:, — x,_j), 

m - m = m = u. m - Ha) = Hb) = l-, 

making use of (ii), (9) and (10) can be made as small as we please by 
taking Max (x,— x»_i) sufficiently small. Consider the subsequences 
of the Riemann sums which correspond to the sequences il^a and 4)n 
respectively. Denote these Riemann sums by 

( 11 ) HfiQih - t,-i), 'Lm)(i': - t'i-i) 

respectively. Let (t,p, i®,p) be intervals of the set (/%, ti) which are con¬ 
tained by the interval (x^u *".). and (/*,„ L,) intervals of the set 
(t'j-i, t'j) which are contained by the interval (a^,, »,)• Then, for 
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(12) = Max [/, - 

sufficiently' small, we have 

(1-3) /(?tp)(^^ip ^ip) S i)j, 

(14) - /\,) - S {«(x0 - <^(X^)|, 

each arbitrarily near zero. Let (x,, x'r) be the intervals on [a, 6] com¬ 
plementary to the sets (t,p, t^ip), {iP,g, t,g) any point on (.v„ x'r) for 
which/(.r) is defined. Such points exist on every^ interval because each 
of the sets I'n* is every'wffiere dense. We then have 

(15) 1 fi^r){x\- Xr)\ < M S (x'r — Xr) 

where 21 = sup/(x), x on the sets Furthermore, S (x'r— Xr) is 

arbitrarily small if only rf, in (12), is sufficiently small. Xow, making 
use of (9), (10), (11), (13), (14) we have 

( 10 ) Si 2 p/(lip)(^^ip itp) "b SiS« 2 /(?ig)(^i$ ^^ 17 ) "b 

TirMr)(x'r — Xr) 

arbitrarily near to 

\U + (1 - X)L = L + \(U - L). 

Since X is any' number bet^'een zero and unity, it follows that given the 
original Riemann sums, it is possible to determine from them a 
Riemann sum which is arbitrarily near a predetermined point on the 
interval defined by the numbers L, U. 

What we have done appears to be a long way around to a simple 
result. How'ever, the methods we have used now combine to give us 
much more. Let 

P(,x) = [/i(:*?), Mx ),... ,Mx)] 

be a vector function in ^-dimensional Euclidean space, where fj{x) is 
defined on [a, 5] and 0 ^ fj{x) < M, j — Ij 2, , , . , k. Suppose there 
are sequences ot subdivisions (.v^-i, Xi)y (x',_i, .v',) of [a, b] which give 
rise to vectors 

[Mi.) (x,- . . . ,/Ui.) (x.- -V.-i)], 

IMi'.) (x't- xMO. •. • ,A[i'.)ix'- 

which tend respectively to the vectors 

[17i, m,..., Ui], [Lu U . Ul 

The functions f, being given, consider the sequences <t>in 
tending, respectively, to the absolutely continuous functions 
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Let 

(17; - t.-i), S/i(r.) it', - 

be the associated sequences of Riemann sums [corresponding to those 
in (11)]- Now, the sequences of subdivisions (/*-!,/i) and cor¬ 

respond to subsequences 

(18) S/2(?t) (/. - /a-l), {t\ - /'i-l) 

and, from the sequences in (18) it is possible to determine the sequences 
<t> 2 n tending to the absolutely continuous functions <^2 and the 
subsequences of the sequences in (18) which correspond to those in (17), 

(19) S/2(^i) {s, - (s', - 

We can now start with the sequences in (19), work as we did with those 
in (17), to arrive at the corresponding functions and sequences for the 
function fs. Continuing, we arrive at the sequences ot functions xpiny 
(pkn tending to the absolutely continuous functions and the 

related sequences of Riemann sums 

'Efkiit) («* - SA(f'i) (u, - «',-.i). 

Furthermore, the sequences of subdivisions («»-i, wj, («',-i, u'^) deter¬ 
mine sequences of Riemann sums 

j = 1, 2,. . . , jfe — 1, which are related to the functions ypj, 0^, 
j = 1, 2, . , . , jfe — 1 as the sequences in (11) are related to the func¬ 
tions ypn, 4>n- Consequently, for Max (x^— sufficiently small, it is 
possible to determine k Riemann sums similar to ((5) uith J, replacing 
/ and the sums arbitrarily near the respective limits 

Li + X(ri ~ ii), L 2 + X(r 2 - La), . . . , La + X(r, - La). 

Since X is any number between zero and unity it follows that there are 
Riemann sums arbitrarily near to every point on the line joining the 
points 

Pi = [Uu . . . , LM P 2 = [Lx, . . . , La]. 

Thus if Pi and P 2 are any two points on the set of limit points of 
the vectors 

/l(S.) (*.— . . . ,/a(5,) (x,- Xt-i) 

with Max (x,— —»• 0 then everj- point on the line joining Pi and 

Pa is a limit point, hence the set of limit points of the set of vectors is 
a convex closed set. This completes the proof of Theorem II of [1]. 
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A question which was raised in the proof of Theorem I (1] is the 
following: If the Riemann sums 2/(|,) {x,- x,-i) tend to a limit L as 
Max (xi — Xt-i) tends to zero, then the totality of points constitute 
an everywhere dense set E on [a, b]. Is it in general possible to select a 
subset E' of E which is everywhere dense on [a, 6], and which is such 
that if Xt) is any sequence of subdivisions of [a, b\ and any 
point of E' on [.v,_i,jc,] then (xj—JCi_i) tends to L? We construct 

an example which answers this question in the negative. Let G be a 
Cantor set on [0, 1] with |g| > 0. Let f{x) = 1 when xeG, f(x) = 0 
otherwise. Let x,) be any sequence of subdivisions of [a, 6] with 
Max (xt— x,-i) -^0, let (xi, x'l) be the intervals of this set which 
contain points of G, and let be any point of G on {xi, x'jtJ. For the 
remaining intervals (a:,, x'r) of the set *,) take to be any point 
on the interval. If |r is not a point of G then /($,) = 0. Also 

Hkfi^k) {x'k - Xk) + Sr/(|.) (x'r - Xr) S fdx = jG]. 

Now any everywhere dense set E' on [0,1], is everywhere dense on the 
complement 5 of G; moreover, G is everywhere dense [0, 1]. Hence, 
regardless of the nature of the sequence of subdivisions .x,) of 
[0, 1], it is possible to select a point of E' so that 

2I/(J'.) *.-i) = 0. 


REFERENCES 

[1] R. L, Jeffery and C. N, Rowse, The limit points of Riemann sums^ Trans. Ro>. 

Soc. Can., vol. 43 (1949), 21-26. 

[2] E. Helly, Vber lineare Funktionaloperationen, Sitzungsberichte der Wissen- 

scbaften in Wicn, vol. 121, Ila (1912), 283. 




TRANSACTIONS OF THE ROYAL SOCIETY OF CANADA 
VOLUME XLIV ; SERIES III : JUNE, 1950 
SECTION THREE 

c<c CCC C<C (« C<C c<c ccc ccc «c c<c c« - 

Correlation of Auroral Observations in the 
Northern and Southern Hemispheres 

B> D. E. LITTLE and G. M. SHRUM, F.R S.C 

T he present paper represents the results of a survey of literature 
and unpublished records of observations of the Aurora Borealis 
and the Aurora Australis. The object has been to determine whether 
or not a positive correlation exists between the occurrence of the two 
auroral phenomena in the Northern and Southern Hemispheres. In 
making this study a number of unforeseen difficulties have been en¬ 
countered. The main problem has been the lack of suitable observ^a- 
tions. In the Southern Hemisphere it is only recently that any complete 
details of the occurrences of aurorae have been recorded, whereas in 
the Northern Hemisphere fairly complete records of occurrences are 
available for the latter half of the nineteenth century but relatively 
few such observations are being recorded at the present time. Unfor¬ 
tunately, too, published observations of aurorae are usually incomplete 
in any one library or publication. In order to overcome this, a literature 
survey was made, partly by means of inter-librar>" loans of the fol¬ 
lowing types of journals and periodicals in both scientific and popular 
form:General Science, Astronomy, Astrophysics, Geophysics, Terres¬ 
trial Magnetism, Meteorology, Geography, and Physics. Also, accounts 
of expeditions and voyages in both hemispheres were examined. 

Literature and Data, The generally accepted theory of aurorae is 
that attributed to Stormer [1], [4], [16], or a slight modification of it. 
Stormer [13], circa 1930, assumed that charged particles are emitted 
from the sun, that these particles have velocities approaching that of 
light, and that they are acted on only by forces due to the earth’s 
magnetic field, which he considered to be represented by a magnetic 
dipole at the earth’s centre. From equations of motion, he found tra¬ 
jectories of these particles by numerical integration, which agreed with 
the empirical results Birkeland, 1896, had found before for cathode 
rays impinging on a magnetically charged sphere or "'terella.” The 
lower latitude of the auroral zone was fixed by a parameter of mathe¬ 
matical origin (for other values of this parameter, the particles miss 
the earth). The upper latitude was determined by the permitted inci¬ 
dent angles for the particles entering the earth’s atmosphere. In order 
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to enlarge this auroral zone to compare with the zone of maximum 
auroral activity observed on the earth, Stormer assumed ring currents 
about the earth, far above the equator. Briiche [2] did a subsequent 
series of experiments which illustrated Stormer’s theory. 

Many investigators consider auroral occurrences to be associated 
with magnetic storms [4], [10], [11], [12], [17]. If this is true it does indi¬ 
cate that a correlation between auroral observations in the two hemi¬ 
spheres might be expected, as it is generally accepted that magnetic 
storms do occur almost simultaneously throughout the world [3]. 

Aurorae have been known to have zones of maximum frequency in 
the northern hemisphere for many years. Fritz [9] plotted curves of 
auroral zones in 1881. These have recently been revised, and similar 
curves plotted for the southern hemisphere by Vestine [19] in 1947. 

Thus, for correlation studies of Aurora Borealis and Aurora Aus¬ 
tralis, one should compare observations for places in the same fre¬ 
quency belt. Since aurorae are usually, and most easily, observed in 
the evening hours, one should compare observations for places of ap¬ 
proximately the same longitude. Auroral zones roughly follow the geo¬ 
magnetic latitudes; thus, for any correlation studies, auroral observa¬ 
tions from places of the same geomagnetic latitude and longitude should 
be compared. 

Attempts have been made to compare occurrences of aurorae in 
the two hemispheres before, but with not much success. Some great 
displays have been recorded simultaneously in both northern and 
southern latitudes [5], [6], [8]. Loomis [15] found thirty-four between 
1841 and 1848 for Hobart, Tasmania, and the United States. Davies 
[7] mentions a proposed comparison of times of auroral occurrence in 
the Antarctic in 1929 wuth those for northern stations. La Cour [14] 
suggested a world network of observing stations. 

The literature surveyed afforded some 125 simultaneous (within 12 
hours) occurrences of aurorae in similar middle north and south geo¬ 
magnetic latitudes. However, the available published records were 
thought to be indeterminate respecting their completeness. 

Due to the kind co-operation of Dr. I. L. Thomsen, Carter Obser¬ 
vatory’, New Zealand, and Dr, C. W. Gartlein, Cornell University, it 
has been possible to obtain complete auroral records from New Zealand 
from 1931 to the present date, and from the Lake Region of New York 
State from 1938 to 1946. It is chiefly these observations, then, for the 
years 1938 to 1946, inclusive, which have been used for these correla¬ 
tion studies. The use of these observations involves a compromise in 
geomagnetic longitude, but the geomagnetic latitudes (or relative fre¬ 
quency zones of aurorae) compare favourably. The frequency at Cornell 
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is apparentl} greater because of the employment of a spectrograph 
which records an aurora at any time during the night [11]. The Xew 
Zealand observations are visual, but they are compiled from a large 
number of observers and hence are considered quite comparable in 
completeness with the Cornell observations, although the chance of 
observing an aurora in the early morning hours (local time) in Xew 
Zealand will be less than at Cornell. The following have also been 
available: (1) auroral observations from ionospheric observing stations 
in Canada supplied by Mr. F. T. Davies oi the Defence Research 
Board of Canada; and (2) observations at Saskatoon submitted by Dr. 
B. W. Currie. The Canadian observations have not been used in this 
study, since some are for zones nearer the maximum auroral zone and 
others are somewhat less complete than the Cornell observations. 

The times of occurrence of aurorae in the two *‘stations” permit 
only a few true coincidences. The time of usual occurrence in the north 
is between zero and nine hours (Greenwich Mean Time); the time of 
occurrence in the south is usually between seven and tw^elve hours 
(GMT). For this reason, for the present study, a coincidence is con¬ 
sidered to have occurred it two aurorae (one Borealis, one Australis) 
occur on the same Greenwich date; for the most part, this means the 
tw’o occur between zero and twelve hours (GMT). 

Since the tw^o “stations” are not of the same geomagnetic longitude, 
one might ask what is the time an aurora must endure in order that 
it be seen at different longitudes? However, if aurorae are caused by 
streams of radiation from the sun, these wdll sw^eep across the earth in 
some thirty-five seconds [3], so that the time taken for the earth to 
rotate need not be considered. 

Results and Comm&nts, All the Aurora Australis observations 
between 1938 and 1946, as supplied by Thomsen, have been compared 
wdth the observations of Aurora Borealis, as supplied by Gartlein. 

For nine years (3,285 days), Aurora Borealis occurred on 1,316 indi¬ 
vidual days. This corresponds to a probability of there being an 
observation on any one day of 0,40. For the same period, Aurora Aus¬ 
tralis was observed on 863 individual days, or a probability' of 0.26. 
Aurorae were observed on the same day as Borealis and Australis on 
498 occasions, or a probability of an aurora being observed at both 
“stations” of 0.15. 

Now one may consider the two phenomena as independent, and 
draw up a Euler-Venn table (see next page). 

If the two phenomenon are independent, then the probabilities are 
as they occur in the table. On the basis of the results, it seems justi¬ 
fiable to say the two phenomena are not independent, for: 
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498 

(1) 498 coincidences are noted, which is a probability of _ 

3,285 

0.15; the Euier-Venn Table gives for this probability only 0.10; 

(2) if the two phenomena are independent, then, of the aurorae 

observable as Auiora Australis, = 0.40 will be observable as 

498 

Aurora Borealis; the comparison gives = 0.58 of Aurora Australis 
as Aurora Borealis. 


Borealis 

Australis 

p - 0.40 

q « 0.60 

p = 0.26 

.104 

cr. 

1 1 
1 

q - 0.74 

.296 

.444 


It is concluded that there is a correlation between the Aurora 
Borealis and Aurora Australis. 

It is noted that the number of possible coincidences is limited by 
the weather conditions, as well as by the possibility of an Aurora 
Australis being missed if it occurs in early morning (local time). 
Assessing the effect of weather conditions is difficult. Ithaca, New 
York, had the following number of cloudy days (days on which cloud 
cover was eight-tenths or more of the sky) [18]: 


Year 

No. oj cloudy days 

1938 

233 

1939 

183 

1940 

203 


This effect is somewhat overcome by the use of the patrol spectro¬ 
graph which runs every" night [11]. 

The following table compares intensities of the 498 coincident 
aurorae betvreen 1938 and 1946. Aurorae Australis intensities are 
assigned 1, 2, 3, 4, in order of increasing intensity. Aurorae Borealis 
intensities are assigned 0, 1,. .. 9, in order of increasing intensity. 
Those in the queried row are unassigned. One might expect great 
intensity of one to correspond to great intensity" of the other aurora. 
Such a correspondence is not strongly in evidence in the table. 
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__^^Borealis 

Australis ' ' 

1.2 

3,4 

5, 6 

7. 8, 9 

Total 1 

1 

( 

1 

79 

89 

69 

14 1 251 , 

2 

31 

40 

45 

3 

119 J 

3 

12 

11 

22 

8 

53 1 

4 

0 

5 

5 

19 

29 

? 

11 

15 

14 i 

6 

46 

Total 

133 

160 

155 

50 

498 1 

1 ' 


Aurora Borealis observations (from Davies) for Ottawa, Ontario, 
for the years 1943 to 1949 have been studied. However, comparing 
these with the Cornell observations, it is found for 1946: (1) aurorae 
were observed on 65 da^^s at Ottawa, on 145 da^^s at Cornell; and (2) 
of the 34 coincidences found using the Cornell observations, 15 were 
found for Ottawa; i.e., 19 were missed. For these reasons, no attempt 
has been made to find coincidences between Aurorae Borealis obtained 
at Ottawa and Aurorae Australis observed in New Zealand in 1947, 
1948, and 1949. 

The authors wdsh to express their appreciation of the assistance 
and co-operation received from many workers in this field. They are 
especially indebted to Dr. I. L. Thomsen of Carter Observatory, New 
Zealand, and to Dr. C. W. Garllein of Cornell University for their 
detailed records of auroral observations, and to Mr. Kenneth Parry for 
his assistance in this study. 

This work was made possible by a grant in aid of research from the 
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PRESIDENTIAL ADDRESS 

Fission Product Yields and Shell Structure in Atomic 

Nuclei 


H G. THODE, FR.SC 

D uring the past six > ears we at McMaster have been interested 
in nuclear chemical problems, particularly those relating to 
isotope identification and abundance measurements [1], [2], [3], [4], 
[5], [0]. In this address, 1 wish to review this work briefly and to 
discuss some of the more recent developments. 

In the fission of with thermal neutrons, many isotopes of the 
fission elements are produced. The fission process can be represented 
as follows: 

Ijm + n ^ + z + vn 

Zi + Z 2 “ 92 
+ mi + m 2 =5 236 

where Z is the atomic number, m the mass, and v the number of 
neutrons emitted. 

The primary products A and B have more neutrons for their charge 
than stable nuclei and undergo p disintegration in several steps, ending 
in stable nuclear structure or stable isotopes (as found in nature). 
Some sixty-four such fission chains arc knovrn [7]. 

It was clear from the first fission product studies that the mass 
spectrometer would eventually be useful in separation problems, mass 
identifications, and isotope abundance measurements. Actually, the 
mass spectrometer provides the only direct means of identifying and 
measuring stable isotopes, which are end products of fission product 
chains. However, the early 'work on fission products involved such 
small quantities of material that only radiochemical methods were 
considered sensitive enough to measure and follow the radioactive 
isotopes. 

Early in this work Drs. Arrol, Chackett, and Epstein succeeded in 
measuring small volumes of nobel gases extracted from uranium 
irradiated with neutrons [8]. At that time, mass spectrometer studies 
on such small samples were considered out of the question. However, 
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a discarded sample containing about 0.001 cubic mm. of mixed rare 
gases was found to be sufficient. With this sample we were able to 
show that the sample contained A and Kr in addition to xenon, to 
identify the fission product isotopes of Xe and Kr and to measure their 
abundances. Fig. 1 shows a mass spectrogram of normal xenon, which 
is a mixture of nine isotopes. Fig. 2 shows that in fission product 
xenon there are only four isotopes, namely, Xe^®^, and 

Xe'®®. These fission isotopes are stable end products of fission product 
chains. The mass spectrometer studies made it possible to relate these 
isotopes to the radioactive members of the chains and thereby assign 



Figure 1, —Isotopes of normal xenon. Figure 2. —Isotopes of fission product xenon. 


masses to the respective chains with certainty. Further, since the 
chains were allowed to decay to stable xenon before extraction, the 
relative abundances of the isotopes gave direct information about the 
cumulative fission yields of the different mass chains. 

Fig. 3 shows the mass pattern obtained for normal Kr, which is a 
mixture of six isotopes, and Fig. 4, the mass pattern for fission product 
kry’pton. Here again, these isotopes could be related to known radio¬ 
active isotopes of Br, which decay to stable Kr, and their masses 
assigned. The Kr®® isotope, which does not appear in natural-occur¬ 
ring Kr, is radioactive. It was found to be present in all fission product 



















H. G. THODE 


3 


samples, but its relative concentration was less in older samples. Its 
half-life of 9.4 years was determined [1] by measuring its concentration 
relative to a stable isotope of two different times. Actually, the 
existence of this long-lived isotope of Kr was not suspected because a 
four-hour Kr®® had already been shown to exist, and this isotope would 
have completely decayed in samples six months to a year old. It turns 
out that the two are independent isomers of Kr®® [1], [7], 



Figure 3. —Isotopes of normal krypton. 



Figure 4.—Isotopes of fission product 
krypton. 


Fig. 5 shows the fission chains leading to isotopes of Xe and some 
of the information we now have about these chains. The absence of 
Xe^®® in fission product material is of considerable interest since Te^-®, 
which is jS active, has been positively identified. This means that 
undoubtedly F®® is formed, although so far it has escaped detection. 
Absence of Xe ^^® would certainly indicate that F®® has a long half-life 
and blocks the chain at this point. I will mention this chain later in 
connection with spontaneous fission. 

In the past year, we have extended this work to include the cesium 
and the rubidium isotopes [9]. It can be seen from Fig. 5 that three 
chains lead to stable or long-lived isotopes of cesium. Up until that 
time, all work in our laboratory had involved gaseous samples. It was 
felt that much larger samples would be required to produce ions in a 
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mass spectrometer where solid samples were involved. Actually, this 
is not the case for the alkali metals. It was found that samples of the 
order of 1 microgram of Cs and 0.01 to O.J micrograms of Rh were 
quite adequate for isotope identification and measurement. This 
means that our mass siiectromeler studies of fission products can be 
extended to manj elements without having to use remote control 
methods to handle large quantities of irradiated uranium. 

The isotopes of Cs and Rb are of particular interest since their 
measurement gives information about fission mass chains adjacent to 
those of Xe and Kr in the neighbourhood of the 50 and 82 neutron 
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Figure 5.—Fission chains leading to xenon, cesium, and barium. 


shells where perturbations occur in the fission ^uelcls. It should be 
pointed out here that Inghram and Hess and Reynolds [10] had 
investigated the Cs isotope previous to us. However, they had been 
unable to check their results for normal contamination from the 
reagents and uranium, and their high result for Cs'®^ could not be 
explained. Our recent work on Cs was, therefore, necessar>\ 

Fig. 6 shows the fission chains leading to stable or long-lived 
isotopes of Kr. It is seen from the branching that the two isomers of 
Kr®® decay independently to the next element Rb. 

Perhaps the most important aspect of fission product studies at the 
present time involves yields, or the percentage of fission which leads 
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to a certain pair of fission masses. Both primary fission yields and 
cumulative yields for each mass arc important. 

The great mass of yield data collected from the various workers in 
the field is shown in Fig. 7 with the accumulative yield for each mass 
plotted against mass [7]. This is the familiar double-hump fission 
yield curve, showing the distribution of fission fragments according 
to mass. This asymmetrical fission of uranium could not have been 
predicted with our present information about atomic nuclei. All 
theoretical calculations carried out for the fission process predict that 
symmetric, equal mass fragments should be produced. The asym¬ 
metric fission is undoubtedly' due to the existence of shell structure in 
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Figure 0. —^Fission chains leading to kr^^pton and rubidium. 


atomic nuclei, about which much has been written in the past few 
years [11], [12], [13], [14]. The two broad peaks in the yield curve fall 
in the region of nuclei characterized by 50 and 82 neutrons, which 
seem to be particularly stable configurations. The shell structure 
would appear to distort the dependence of binding energy on the num¬ 
ber of particles so that more energy is released by dividing assym- 
metrically. 

xMthough there is no adequate theory^’ for.^hell structure, the 
periodicity of properties of nucleides as a function of neutron and 
proton numbers and the abundances of isotopes prove beyond any 
doubt that we encounter saturated nucleonic shells similar to elect¬ 
ronic shells, which are responsible for the periodic properties of atoms. 
Fig. 8 illustrates the phenomenon for atomic nuclei [11]. The relative 
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Figure 7.~Ma8s yield curves for four fissionable nucleides. 
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Figure 8.—plot of the percentage abundance of isotopes in [N, N— Z] plane 
showing the distinct maxima at N =50 and N =82, and the rise towards the maximum 
at N = 326. 


percentage abundances of the isotopes of the even elements are plotted 
as a mountain range in the plane (N-Z, N) from X =30 to N = 128. 
The peculiar nature of the neutron numbers 50 and 82 is quite evident 
from the plot. It will be recalled that the products of fission cluster 
about these neutron numbers rather than about a mid point. 
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words, instantaneous neutron emission of some of the lissioti frag¬ 
ments [7]. The two isotopes which emit delayed neutrons that are so 
important to controlled chain reactions arc Kr^^ and wdiich have 

51 and 83 neutrons rcspectiveh. The neutron activity is dclaj’od, 
depending on the dcca> of the Br''^ and I 'The 51 si and 83rd neutrons 
must, therefore, be particularly w'cakly bound; otherwise, neutron 
emission could not take place. If 50 and 82 neutrons form closed 
shells, then one would expect the binding energy' of the 51st and 83rd 
neutrons to be somewhat low. 

Most fission yields have been determined by radiochemical methods 
and are probably only good to ±10 per cent. However, since mass 
spectrometer abundance data are good to ±0.1 per cent, relative 

TABLE I |4] 
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Xe>3i 


3tii 

Sb>» -> Te'^* ■ 


). p35 . 
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fission yields can be obtained, using mass spectrometer methods, with 
high precision and accuracy. Fig, 10 gives a summary of mass spectro¬ 
meter fission yield data for the Xe isotopes obtained to date. It is 
seen that the 3 ’ields for masses 133 and 134 are abnormally’' high and 
do not fall on the smooth mass fission yield curve. This was the first 
evidence for **fine structure” in the mass yield curve. Glendenin [16] 
has suggested that these abnormal yields may be due to closed shell 
effects. He postulates that a primary fission product (which has 
already emitted the usual number of prompt neutrons) containing one 
neutron in excess of the closed shells (51 and 83) will often emit this 
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more loosely bound neutron immediately rather than emit /J-partides 
or 7 -ra^'s as in the ordinary case. This process could then account for 
abnormal fission > icids in the neighbourhood of nucleides with 60 and 
82 neutrons. Table I illustrates the chain branching in the region of 
82 neutrons as proposed by Glendenin. This scheme would explain 
qualitatively the abnormal yields of Xe^®S and the abnormal 
yield of Xe‘®® reported in this paper. For example, the yield of the 
134 chain is increased by the reaction 

Te^®®(83 neutrons)—»Te^®^(82 neutrons) + n (3), 

and is decreased by the reaction 

Sb^®^(83 neutrons) ~^Sb^®*(82 neutrons) + n (2). 

If Te^®® has a higher primary' yield than Sb^®^, then the 134 chain will 
gain more than it loses by this mechanism and its > ield will be high 
[4]. 

Table I shows the side reactions of this type numbered from 1 to 6. 
If it is assumed that the fine structure in the mass yield curve is due 
to these side reactions, then the extent of some of these reactions can 
be established from the experimental results so far obtained. For 
example, the mass spectrometric yield data for Xe^®^ and Xe’*® are in 
accord with the mass yield curve; the primary }'icld of Sn^®® must 

TABLE II 


Fission Yields 
(U23B -f n) 


Mass 

Mass yield 

Mass specif ometer 

chain 

curve value 

fission yield 

83 

0,53 

0.59 

84 

0.90 

l.CH) 

*85 

1 30 

.32 

86 

2.0 

2.09 

131 

2.8 

2.8 

132 

4.2 

4.2 

133 

5.0 

6.3 

134 

5.5 

7.4 

135 

5.9 

6.0 

136 

6.1 

6.05 

137 

6.2 

5.9 


(Normalized to 2.8 per cent 
at 131) 


*Only 9 4 years K“r branch of chain 
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therefore be small and the extent of reaction (1) approximately zero. 
Reaction (2), on the other hand, must amount to 1.3 per cent of total 
fission since the Xe^®^ >ield is found to be high by this amount. In 
the same way, the extent of reaction (3; can be established [4]. 

Our most recent ^ield data are given in Table II. Unfortunateh , 
the values at the present time are relative and the absolute values 
depend on taking the radiochemical > ield of the mass 131 chain as a 
standard. What is needed, however, is a re-determination of the 
absolute \ ield of Xe b^’ some entireh new method. The mass spectro¬ 
meter might very well be used. The method would involve irradiating 
uranium in a nuclear reactor at a point where the neutron flux could 
be determined, extraction and measurement of volume of Xe produced 
in fission, and finally, an isotopic abundance measurement on the Xe 
sample. 


Spontaneous Fission 

Petrzhak and Flerov [17] first reported evidence ot the spontaneous 
fission of uranium in 1941. Since then, spontaneous fission has been 
studied by a number of workers in the field, and half-lives from 
1.9 X 10^® to 1.3 X 10^® years have been reported. 

Recently, we have extracted samples of Xe and Kr gas from pitch¬ 
blende in amounts up to 0.0001 cubic cm. of gas at N.T.P. [6]. These 
have been investigated with a mass spectrometer, and the results are 
given in Figs. 11 and 12. It is clear that these mass patterns are 
not those of natural-occurring Xe and Kr. However, there are some 
differences between spontaneous fission and the fission isotope pattern 
for + n. First of all, Xe^^® appears. This must be formed by the 
decay of P®®, which we predicted had a very long half-life. However, 
the pitchblende sample was 10® years old and some decay might be 
expected. Secondly, the fine structure is different. Xe^®** is no longer 
higher in concentration than Xe^®*. The Kr mass pattern is similar to 
that for U®®® + n fission, except that Kr®® does not appear. This is to 
be expected since it has a 9.4 year half-life, which is short compared to 
10® years—the age of the sample. Fig. 13 shows a plot of the mass 
spectrometer yield data normalizing to 6.1 per cent at Xe^®®. 

Here again, we have asymmetric fission with peaks about the 50 
and 82 neutron shell structures, although the peaks are somewhat 
narrower. The question arises as to whether those products are due to 
spontaneous fission or to n fission of U®®®. The latest values for the 
amount of plutonium in pitchblende [18] make it possible to calculate 
the average neutron flux over the past few hundred thousand years, 
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Figure 12.—Kr isotopes from spontaneous fission. 
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assuming an equilibrium value of plutonium in the pitchblende. This 
turns out to be a thousandfold too low to account for the amount of 
fission which has taken place. Further, the amount of the fission 
products found agrees roughly with the half-life reported for spontan¬ 
eous fission. 

According to the latest information, the spontaneous fission is 
probably due to both U®®® and [19]—at the present time, to 

% U-®® and % to % However, 10** years ago the pitchblende 

contained more and the proportion of spontaneous fission due to 
U^® would be greater. The older sample would, therefore, have a 
greater proportion of U^®® fission products. 

Fission induced b;^^ high energy neutrons tends to give s\’mmetrical 
fission where the excess energy is large as compared to binding energies 
due to closed shells, ^^"ith low energy neutrons, we get the character¬ 
istic asymmetrical fission. Finally, with spontaneous fission, the 
average energy available for fission will be less and the distribution of 
fission products about the SO and 82 neutron number should be even 
narrower. This would seem to be borne out by the results obtained to 
date. 

Fig. 7 shows the shift in the mass yield curve as the mass of the 
fission element is changed. It would appear that the shift in yield 
values is largely in the light mass group. This would mean a large 
change in the Xe/Kr ratio. For U®®® this ratio is 5 to 1. For U®®® this 
ratio should be even larger, as the Kr concentrations should be much 
lower. Finally, for U®®® the ratio should be about 2 to 1. Thus it 
should be possible to establish the mass of the element undergoing 
fission from a determination of the ratio of Xe to Kr in the fission 
products. 

Finally, Fig. 14 shows the fission yields obtained for two samples 
of pitchblende of different ages. The ages of the pitchblende samples 
were determined in two w’^ays: first, by measuring the ratio of the lead 
isotopes 206 and 207; and secondly, the ratio of lead to uranium. 
According to the latest results from Oak Ridge, P®® has a half-life of 
1.72 X 10^ years [20]. This means that most of the P®® will have 
decayed to Xe^®® for these ver\' old samples. 

It is seen that for ‘the younger sample of pitchblende, the yields 
are increasingly higher as we proceed from masses 134 to 129. The 
reason for this discrepancy' betw'een the mass patterns for the fission 
products for the two pitchblende samples is not known. However, it 

♦Information which has come to hand since this address was given indicates 
that the contribution to spontaneous fission must be negligible even in the 
older samples. Emilio Segr^, University of California, private communication. 
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must be connected in some way with the different ages of the t^vo 
samples. If we have a mixture of and fission products, then 
the older samples will be richer in fission products trom If 

further studies bear this out, then a new geological time clock might 
be worked out. 

It is clear that the mass spectrometer provides a powerful tool 
for nuclear studies and will be used more and more in the future. 
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Ries? Methods of Summation and Orthogonal Series* 

G. G. LORENTZ 

Presented by R. L. JEFFERY, F.R.S.C. 

I N this paper we wish to show the usefulness of Riesz means for the 
study of orthogonal series and of general methods of summation. 
Our results show again that applications of Riesz methods k) are 
b}" no means limited to Dirichlet series for which they were invented. In 
the theory of Fourier series their importance is partly veiled by the equi¬ 
valence of means Rin, k) to the considerably simpler Ces^o means. For 
our problems, however, the case X,t = « is of no particular importance. 
By an orthogonal series we understand 

(1) Z) 

n—O 

where = 0, 1, 2,... are orthogonal and normalized on an inter¬ 

val (o, b). Section 1 is devoted to theorems on the Riesz summability 
of series (1), which generalize the known results about the Q-summa- 
bility (see, for instance, Kaczmarcz and Steinhaus [4]). We obtain some 
applications in §2, where we show, for instance, that for any orthogonal 
system there is a method RCXr, 1) effective with respect to all 

orthogonal series of the <l>n(x), just as Ci is Fourier effective in L®. In 
§3 we prove theorems on inclusion of the method R{Xni 1) in a general 
method A. A relation to the “summability functions,*’ discussed in [7] 
and [8], is found. Combining the results of §1 and §3 we obtain in §4 
partial generalizations of theorems of §1 to general methods of sum¬ 
mation. Finally, we also give simple proofs of some known theorems, 
for instance, of a theorem of Menchoff in §4. We are concerned mainly 
with Riesz means R(\„, k) of order = 1, but in many cases a generali¬ 
zation to A > 0 is possible. 

1 . Riesz summability of orthogonal series and convergence of 
subsequences of partial sums. Let X„ be a sequence of positive 
numbers increasing to + co, k > 0, and X(w) a continuous and mono¬ 
tone extension of Xn for all w > 0. We denote by A{aj) the function 
inverse to X(co). A series £ «» is called J?(Xn, A)-summable to s if 

*This investigation was carried out while the author held a fellowship at the 
Summer Institute of the Canadian Mathematical Congress in 1950. 
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(2) <r„ = ai = X(w) [^(“) “ 

>»<« 

tor 0 )—^ 00 . We shall be interested mainly in the case i = 1. It is 
well known that in this case R(\„, 1) is equivalent to the “method of 
arithmetic means” defined by 

(3) (Tn = Xft {\n 'KpjUjf > S. 

p<« 

Therefore, the partial sums of (3) will be also called i?(Xn, l)-sums. 

In this section we shall often be concerned with convergence a.e. 
(almost everywhere) of a sequence s„j,(x) of the partial sums 

S(a(x^ ~ 

n<« 

where the n, need not be integers. There are certain special sequences 
Tip associated with a given sequence X„. The following conditions on fip 
will be used: 

(A) «(») < log^ X„ (C > 0), 

where w(w) u the counting function of the that zi, the number of np for 
which Up < n, 

(B) 'hinpj^i)/\{np) > g; > L 

(C) Up is the sequence my ^ A (2’')* 

Clearly (C) implies (B). Again, (B) implies (A), for it follows from 
(B) that \{np) > Ciq^ and therefore will be 

Our first theorem contains the theorem of Menchoff-Rademacher: 

Theorem 1. converges a.e, if np satisfies (A) a7icl if 

(5) 2) a»0og log X*)* < + 00. 

Proof, Putting 

n» = 2 0 ^, 

n>m 

w^e have 

2 h'»p log " = 2 < Cl2 W m(») 

< C 22 <i«(Ioglog X»)* < + “. 

n-1 

It is now’^ sufficient to apply a well-known lemma [4, p.l64]. 
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Theorem 2. If [riv] has the property (B), then 
(6) — Sn^(x) -»0 a,e. 


Proof, We have 


and putting 


!»<« 


5.= 


^(Tio ' 5ioi) ^ y 


< CaX) ^ ® • 


This proves our result, which is a generalization of a theorem of Kol- 
mogoroff [4, p.l61]. 

Theorem 3. An orthogonal series (1) is a,e. i2(X„, lysummable if and 
only if the sequence of partial sums Sn„{^) is a.e. convergenty where n, 
satisfies (B) or (C). 

For X„ — w, when the i?(Xn, 1) method reduces to Ci this theorem is 
due to Kaczmarz. We omit the proof, since it follows the known lines 
(see [4, p.l90]), remarking only that the lemma to be used in it takes 
the form: 

oo 

E*'[<’’a(>+w (*) ~ o'ACr) (*) ]' a.e. 

|ta«l 

We now obtain, combining Theorems 1 and 3: 

Theorem 4. Ij 

(7) E<4(IogIogX„)* < + 00 , 

then 53 (hA>n{x) is a.e. RiK, lysummable. 

Taking Xn = we obtain the theorem of Menchoff-Rademacher; and 
for \n^ 'yij the theorem of Menchoff-Kaczmarz that 

Yj ff^Oog log n)* < + 00 

implies that is a.e. Ci-summable. One finds easily, by re¬ 

duction to the case 

Y iog*» < + “, 

that (7) is the best possible condition of this kind. 

To prove a theorem on strong 1) summability, we need the 
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following lemma, for i = 1. In view of later applications, we prove it 
here for any 0 < < 1. 


Lemma 1. If AX^, X„/AXn are increasing and 0 < i < 1, if further 
Cn converges^ then the ^sequence (X„/AXrt)^c:« is i?(Xn, k)’‘Suminable to 0. 


Proof. Let Un = (X„/AX„)\ then the i?(Xn, i)-mean (r« of the sequence 
iLnCn takes the form 


( 8 ) 


<T« = 


1 

X(6))^ 


ap(c^^livCyf 


where vo — [«] and 

a„(aj) = [X(ci>) — Xv]^ — [X(a>) — X^+i]*' forv < vo, 

= [X(w) ~ XvJ\ 


Introducing the partial sums Cn of the series ]E2 we can put (8) into 
the form 

[ap{<a)np — 

- E 

It is easy to see that bp{oi) —> 0 for w » and that 2] br{cS) ^ 0. If we 

can show that 

(9) ElMc^)l-O(l), 


we will have <7(w) —> 0 by a variant of the well-known Toeplitz theorem. 
To prove (9) observe that the last two terms in (9) are equal to 0(1), 
and therefore we may assume v K n 2. Putting 

li = X(«) — Xi^-i {i «= 0,1, 2), 

we have then 

aj^i(fi>) ■— ap{(a) = —■ (/o — 2li + I 2 ) 

= - [Hk - i)(/x - - k{io - 2/1 + 

where $ and rj are between k and 1^. This shows that av(«) increases 
with V. Since also tip has this property, 

E M^)\ = 0(1) + Z * 0(1). 

which completes the proof. 


Theorem 5. Suppose that X„ satisfies the conditions of Lemma 1 and 
that (1) is i2(Xn, Xysummable to s{x) on a set E. Then this series is even 
strongly RO^yX)~summaUe to s(x), that is, 
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(10) l)-lini [$j,{x) — s(j(;)]^ = 0 a.e. onE, 

Proof, Using formula (8) for the 1) mean oi (1), we have to 
show that 

(11) <rn{x) = CLp(n)[Spix) - s(x)Y 0 a.e. on E. 

First we prove 

(12) ^ “ ^n(pc)]^ < + ~ a.e. on E. 

In fact, as in the proof of Theorem 2, 

f; = E alxl 

n—1 ^ J« n-»l p^n 

= E aV,E Xn-'AJw < E E kr) 

»^1 «>i» p A|» I \An/ 

~ ^ ^ ^ ^ ■ 

Using Lemma 1, we obtain from (12), 

i?(Xn, l)-lim [^»(^) — (rn{x)f = 0 a.e. on £. 

By hypothesis and the regularity of i?(X«, 1), 

-R(\ii 1)’-Iim [or„(iic) — ^(^c)]* « 0. a.e. on £, 

and so (11) follows because ay(w) > 0 and 

{sp - sf < 2(5, ~ (T,)^ - licp - 5)1 

We now discuss the question of stability of convergence of 5^,, that is, 
the question of under which conditions 5„^(x) —> 5(x) a.e. implies that, 
^«i,(i’c) 5(x) a.e. for some other subsequence nip. 

Theorem 6, Suppose that ui is an increasing sequence of positive 
integers such that — « 4 , —> + «> and that the partial sums Snjfx) of 
the orthogonal series X ^n<#>n(^) cire a,e, convergent. Then there is another 
sequence nip such that the number of the mp in the interval — [ujn, n^^i] 
tends to + CO, for which Smp(,x) is a.e, convergent. 

Proof. Let 

5|.*(k) s{k) 

Choose pi. 6 Ik arbitrarily. Then is a.e. convergent. In fact, 

(i'pj inj) dx — E 
Ja p^l^ 


a.e. 
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SO that the integrals form a convergent series. Therefore 

a.e. 

Suppose now that the sequence 

pp = pp 

is so chosen that for any sufficiently large k there are exactly N of the 
pp in Jfc. From the remark made above it follows again, 

Sj^(x)-^six) a.e. 

For any fixed N and » we have 

Pk(x) = sup |s^(*) - s(*)| -+ 0 a.e., 

where the sup is taken for all p^ f h and />ft. Using a well-known 
theorem of Fr6chet [3, p.S61] we obtain integers < ^2 < . . . such 
that the “diagonal’* subsequence 

Pkjfix) 0 a.e. 

We define the sequence nip to coincide with the sequence p^ in the 
intervals kN K k < N ^ 1, 2,.... Then 

- 5(»)1 < Pltfix), 

and therefore 

Sni,{x)-^s{x) a.e., 

V 

which completes the proof. (In a recent paper, Sneider [13] proves this 
result for the orthogonal system of Walsh. He uses special properties 
of this system.) 

2. Some applications of theorems of § 1. 

2.1 The most interesting application is to the existence of effective 
Riesz methods of summation which sum all orthogonal series of a certain 
class. (There is an erroneous statement contradicting this in [4, p.l85].) 

Theorem 7. (i) For any sequence {an} with 

2 ^ 

there is a method jR(X,^, 1) which sums every orthogonal series a^4>n{x), 
(ii) For any orthogonal system <^{x) there is a method i?(X«, 1) effective for 
all series Y 

Proof, (i) This follows from Theorem 4, if Xa is taken such that (7) 
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is fulfilled, (ii) By a theorem of Marcinkiewicz [9], to any s;^ stem 
there corresponds a sequence < «2 < . . . such that the partial sums 
s„^(x) of any series 13 cin<l>nix) with Y. cl; <+«> are a.e. convergent. 
Putting \(nv) = 2*' and extending X by linear interpolation we obtain 
our result by Theorem 4. 

2.2 Theorem 8. Let ii(n) be a positive function^ increasing to infinity^ 
and an cl sequence such that^ for any n, the number of integers m with the 
two properties ii(n) < m(^) < mW + 1 and am 9^ 0 is 0(Ai(«)). If 
in addition 

(13) Eanlog®M(«) < + «>, 
then Y CLn<t>ii{pc) is a.e, convergent. 

Proof. Putting \{n) = exp ii{n), we deduce from (13) and Theorem 
4 that Y CLn<t>nix) is a.e. i?(X„, l)-summable. Put 

S„(a:) = max | y a,(#..(x)|, 

^ n<v<m 

for m subject to the condition \{n) < X(w) < eX(w) or to yL{n) < ix(m) 
< jut(w) + 1. By a well-known lemma [4, p.l62], 

"6 

bldx < A logV(«) X) 

Therefore 

Y, ^Idx < + <», 

and 5«(x) —^ 0. Using a Tauberian theorem of SzAsz [14] for the i?(X„, 1) 
method we obtain that Y CLn<l>n(,x:) is a.e. convergent. 

It ix{n) is increasing faster than log n, this theorem is stronger than a 
theorem of Gil [2], which has the interval n < m < 2n instead of that 
used in the text, and the additional hypothesis of Ci-summabilit^' of 
Y CLn<l>n‘ If m(w) Is increasing slower than log n, both theorems are 
incomparable. 

2.3 It is known that for any orthogonal system (l>n(x), 

(14) Q-lim (hn (pc) = 0 a.e., k > ^ 

(Lorentz [5]; for & == 1, this has also been proved by Banach [1]). We 
shall give a simple proof of this theorem, extending it at the same time 
to methods i?(X„,fe). 

Theorem 9. If AX„, X^/AX^ are %ncrecLsing, 0 < i < 1, and 
£ (AX„/X„)"MogV < + 00 , 

n^l 


then 
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(15) R(kn, ipnix) = 0 a.e. 

Proof, By the theorem of Menchoff-Rademacher we see that 
2] (AXn/Ky^<l>n(x) is a.e. convergent, and Lemma 1 gives the result. 

The conditions are satisfied, for instance, if X„ = exp n“, and 
0 < a < 1 — (l/2fe), or if ~ and k > \, This latter case gives 
(14). In the opposite direction we have: If 

( 16 ) E(AVW)*' = + “. 

then there is an orthogonal system <t>n{x) such that (15) holds for no x. 
For (16) implies (Lorentz [5]) that there is a system <l)n(x) so that 
ever>^here <l>nix) 9 ^ o(X„+i/AXn)*', and by the well-known limitation 
theorem of i?(X„, k) we see that (15) cannot hold for any x, 

3. Riesz means and general methods of summation. In this 
section we shall discuss relations among Riesz methods and general 
Toeplitz methods of summation. The results, which have some interest 
in themselves, will be applied in §4 to orthogonal series. Theorem 12 
will not be used and was added for the sake of completeness. 

Let .4 be a regular method of summation defined by the transformation 

(17) -Sm = 23 (w = 0, 1, 2, . . 

n—0 

-R(Xn, 1) is again the method of arithmetic means (3) with X^ increasing 
to + 00 . In what follows we will suppose that AX„ increases and then 
we may even assume, without loss of generality, that AX„ > 0 for all n. 

Theorem 10. Let AX„ he increasing and decreasing to 0. In 

order that R = R(Xn, 1) C -4, it is necessary and sufficient that 

(18) «+il < (jM = 0,1,...) 

,,.0 tlAn 

for some constant M, 

Proof, Expressing Sm in terms of On by means of (3) we obtain 

CO 

~ (^Zi7m/^X„) (Xtt4.i(r,j4.i X,ier,t)* 

71—0 

Since A is regular, the inclusion J? C -4 is equivalent to the condition 
that all Sm are defined and tend to 0 whenever o-n —► 0. A necessary' 
condition for this is 

(19) amn\+i/ = 0(1) for any fixed m. 

Supposing that this is true, we split o-^ into two sequences, o-o, 0, 0 * 2 ,0,... 
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and 0, (Ti, 0, ffs,.... Then our condition on 5* is equivalent to the same 
condition for the two sums 


( 20 ) 



By Toeplitz’s theorem and using again the regularity of A, we see that 
both sums tend to 0 for any sequence —> 0 if and only if the norms of 
the lines in both expressions (20) are bounded. Since Xb+i/X, —»1, this 
is equivalent to one condition 


( 21 ) 


n«0 


l ^TO n 

AXb 


^jn w+1 

AXb+i 


< Af 


(w = 0,1,. ..). 


It follows that RCA is true if and only if (19) and (21) hold and it 
remains to show that, under the hypotheses of the theorem, (19) and 
(21) are equivalent to (18). But the difference between the sums (18) 
and (21) does not exceed 


( 22 ) 

Here 


XbA“X„ 




|0«,: 




E »+l| 

n 


is bounded, and the first factor of the sum (22) is bounded. In fact, 


0 < 


XbA’^X, xA 
AX„AX„+i (AXb)® 


. . KAX - (AX«)^ 
(AX.)* 


It follows that (18) and (21) are equivalent. On the other hand, (18) 
implies (19): 

23 Ay fljn, r+ll ^ 

>»■« 

This proves the theorem. 

Theorem 11, A regular method A contains a method J2(X„, l)for which 
> 0 and only tf A is strongly regular, that is, 


E 


l^.n ^ ^ 


(23) 


form—^ a>. 
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If this is trudy there ts even an R(\ny 1) C ^ the properties described 
in Theorem 10. 

Prooj, The condition is necessar^^ If AX^/Xw-^O, then R0^„y 1) is 
strongly regular (Lorentz [8]) and therefore A is strongly regular. 

To show that the condition is sufficient, we have to find a sequence 
with properties described in Theorem 10 for which (18) holds. First, 
from (23) one deduces easily (compare [7]) the existence of a function 
12(«) > 0 increasing to + <» such that 

Q{n) {Ortin ^ 0 , Vt ■ 


We may obviously assume that Q(n) has a continuous derivative 
0 < 0'(w) < 1. Put 


X(n) = exp 


Q,{u) 


JO 

Then \{n) is increasing; X'(w) == X(w)Q(w)”^ and therefore X'(w)/X(w) 
is decreasing to 0; 


= X(w)[l — 0'(w)]Q(w)~^ > 0 


and therefore X'(«) is increasing. From these facts we deduce that 
AXa = X'(n + B) {B here and later is some number 0 < ^ < 1) is in¬ 
creasing with n; that 

log (1 + A'K/'K) = A(log X(n)) = X'(» + B)/\{n+e) 


is decreasing to 0 and that therefore AX„/X„ has the same property; and, 
finally, that 

Xn/AX„ = 'X{n)/\'{n + B) < X(w)/X'(») = f2(w), 

which implies (18). This proves our theorem. 

The following theorem connects inclusion J?(X„, 1) C A with summa- 
bility functions of the method A (see Lorentz [7], [8]). 

Theorem 12. Let A\ be increasingy AX„/X„ decreasing to 0. In order 
that all positive increasing functions of the form ^l{n) = (? (X„/AXn) should 
be summability functions of the second kind of regular method A it is 
necessary and sufficient that R{\n, 1) C. A, 

Proof, By a result given elsewhere [7] the necessary and sufficient 
condition is 

CO 

(24) S Q(«)|a„ ,n 1 ^ 0 

for any such Q(m). But an arbitrary function fl(n) = o(X,/AX») has an 
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increasing majorant which is also o(X„/AX„). This shows that (24) 
holds if and only if 

00 

^ ^ n+l| ^ 0 

n"0 

holds for any sequence 0 , 6^1 > 0. By regularity of A and Toeplitz's 
theorem this is in turn equivalent to (18). This proves the theorem. 

4. Summation of orthogonal series by general methods. 

4.1 We give first some general theorems. The most interesting fact 
(expressed in Theorems 13 and 14 below) is that a method (17) is, as 
tar as we are concerned with summability of orthogonal series a.e., 
contained between two Riesz methods. More precisely we have 

Theorem 13. For any regular method A there is a method 1) 
such that every orthogonal series which is a.€. A-summable is also a.e. 
J?(Xa, l)-summable. 

Theorem 14. If A is strongly regular, there is an RiK, 1) method for 
which AXfl is increasing and A\n/K decreasing to 0 such that any orthogonal 
series which is a.e, i?(Xa, \)-summable, is also a.e, A-summable. 

Proofs. Theorem 13 follows from Theorem 3 and the following result 
of Kaczmarz [4, p.l83]; for any regular method A there is a sequence 
of integers ni < n^ < ... such that ^ny(jc) converges a.e. for any a.e. 
^-summable series S cin<l>n{oc). Theorem 14 follows from Theorem 11. 

As an example, we note that from the remark after Theorem 4 and 
Theorem 13 it follows that for any method A there is a nowhere 
.4-summable orthogonal series (Menchoff [10]). 

The following theorems partly generalize some results of §1: 

Theorem 15. For any strongly regular method A there is a sequence n^ 
with nvfv —» 00 for v oo mch that convergence a.e. of 5„^(?c) implies A 
summability a.e. of ^ anfpnipc). 

Theorem 16. If A is strongly regular, there is a function ia{n) 
== o (log^) such that 

53 ® 

implies A summability a.e. of the series cin^n{x). 

Proofs. Theorem 15 is obtained from Theorems 14 and 3; we define 
the sequence w, in this case by X(;^,) = e'^. Since AXa/X„ 0 implies 
A(IogX„) —>0, or logX(w) = o{n), we have v = o{np) or 
Theorem 16 follows from Theorems 14 and 4 and the previous remarks. 
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4.2 We shall give simple proofs of two theorems of Menchoff, namely 
the following: 

Theorem 17. Let A = be a regular method of summation with the 
property 

(25) Sro = max \amn\ —^0 /or jw —» oo, 

n 

arid <l>n{x) an orthogonal system. Then there is a rearrangement ^n(^) of 
the (thiix) such that any orthogonal series oin^n{x) is a,e. A-summable, 

Theorem 18. If v — 1,2,,,, is a sequence of regular 

methods mth property (25), then for any orthogonal system <l>n(pc) there is a 
rearrangement ypn(x) such that any orthogonal series Y, is a,e. 

A^^^-summable for any v, 

Menchoff proved Theorem 17 in [11] and Theorem 18 (which contains 
the preceding one) in [12]. His proofs are very long. The proof given 
below differs from Menchoff’s proof mainly in that we find (in Lemma 2) 
a kernel of the proof which is independent of orthogonal functions. 
Lemma 2 is a slight generalization of a known theorem (Lorentz [6, 
Theorem 8]), 

Lemma 2. Let A he a regular method with the property (25). Then for 
any function x(w) > 0 increasing to + <» there is a function Q(n) > 0, 
increasing /o + <» such that if the sequence of integers ni <n% < ,,, has a 
counting function < Q(w), then any sequence s„ with 

k«,l < Cx{v) 

and = 0 for n 9 ^ np is A-summaile to 0. 

Proof. Since 

S l^tnnl < + CO 

R 

for any m, there is a function xiM > 0, increasing to + <», such that 
even 

12 \o-im lXl(») < + « (»* = 0, 1, 2, . . .). 

n 

We can choose two increasing sequences pm, Qm of positive integers such 
that qm < qm+i, p„ < , and for m —» m, 

CO 

(26) E |a»»lxi(») = nm-^0, tmpmx(pm) -* 0. 

Let Qi(m) be a positive function increasing to + « for which 
< Pm- We also choose integers Ni < Ni < ... such that 
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xW if is the counting function of the and a 

sequence riy has the counting function < Q 2 (w), then riy > Np and 
therefore 

(27) x(^) < Xi(n.) (v= 1,2,...). 

We take = min (12i(»), 122 (»)j. 

Suppose now that the sequences Up and have the properties de¬ 
scribed in the lemma. Then 

00 ro 

|<r7n| “ iE^ "h 

n-O tt-0 ff^+1 

< SibCE xC**) + Cllm 

< CempnXiPm) + Crjm 0 , 
by (26) and (27). This proves our lemma. 

Corollary. If we assume in Lemma 2 that —► 5 for « 5 *^ Wp, » —> 00 , 
without changing the other parts of the hypothesis, then we see that 
the sequence Zn is jl-summable to 5 . 

Proof of Theorem 17. Using the theorem of Marcinkiewicz quoted in 
§ 2 . 1 , we obtain a sequence p^ < < . . . so that, in particular, any 

orthogonal series S (^v4>ppipo) is a.e. convergent. Let qp = q(v) be all 
positive integers not contained in the sequence pp. Again b}" Mar- 
cinkiewicz's theorem there is a subsequence q{v{k)) such that the partial 
sums ^ 9 (*)(x) of any orthogonal series are a.e. convergent. 

Let 12 («) be defined by Lemma 2 for the method A and let x(*') == 

We then choose a sequence of intervals ri,^ n < r\, so that the 
length of I I is exactly r\ — rf, — v(k) — v(k — 1) and that the sequence 
of all integers Wv, belonging to these has the counting function 
< 12 (tj) . Let ntp denote all positive integers not belonging to the sequence 
ftp. We define a rearrangement ^ 1 , . of the <^> 1 , <<> 2 ,. .. taking 

^ ^Qp^ ^ntp ~ (>^ = 1 , 2 , . . .). 

We write 21 where a'a = an if is an w, 

and a'n = 0 if » is an rip, and a"n — CLn -- cl'ji- Then Y, is a.e. 
i4-summable, since this series reduces, after omission of vanishing terms, 
to Y,(^mp4>pp and this is a.e. convergent. The «th partial sum of 
Z) is constant and equal to 5 „(i)( 3 c), if n varies between and 
r*, and this has a.e. a limit s{x) for —> «». On the other hand it is an 
elementary" fact that the vth partial sum of an orthogonal series is 
0(v^) a.e. Applying this to a^A^Qp^ to which a"„^» reduces if 
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vanishing terms are omitted, we obtain, by the corollary to Lemma 2, 
that 53 is a.e. i4-summable to 5(.y:). This completes the proof. 

Proof of Theorem 18. This may be obtained by making minor changes 
in the preceding proof. But Theorem 18 is also an easy corollary of 
Theorem 17. Without loss of generality, we may assume that 
for all m, n, and v (otherwise we would replace hy an 
equivalent method, multiplying some of the first lines of by a small 
constant). If is the wth line of ^4^"^ we consider the method A 
with the lines li^^\ .... Then Theorem 18 follows 

by applying Theorem 17 to the method A. 
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T he spaces A (a), i/(a), A(o, p) have been introduced by G. Lorentz [4], 
and the space A*(o, p) by Lorentz and Halperin [5]. 

A real measurable function/(oc), 0 < z: < 1, belongs to A(a), 0 < a < 1, 
if and only if „ 


II/I|a(., = |(/|1 = a 


^f*{x)dx 


0 


is finite. Here, and in the sequel, we denote by/* (x) the decreasing rearrange¬ 
ment of |/(x)[ (see Hardy, Littlewood, and P6Iya [3]). 

A measurable function/(x) belongs to M(a), 0 < a < 1, if 


ll/ll, 


Af(a) 


= ll/ll = sup ywid*! 


is finite. Here e is an arbitrary measurable subset of (0, 1). Introducing 
/ + g and af in the natural way, we can show that these spaces are normed 
and complete and hence Banach spaces (see [4]). 

A real measurable function/(x), 0 < x < 1, belongs to A(a, />), 0 < a < 1; 

#» > 1, if 



is finite. 

We shall write gi(x) >g 2 {x) if 


j gi{t)df > j g2(t)dt 

for all a < X < &. A measurable function /(x) belongs to A*(a,j^), 0 < a < 1, 
if there exists a D(x) positive and decreasing, and such that 

fix) < x’-^Dix), 


1 

and q P * 

*Part of a thesis written in partial fulfillment of the requirements for the degree of 
Doctor of Philosophy at the University of Toronto. 
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ll/lk<a.)= 11/11= inf < + 00 

We state the following: 

Theorem 1. If Ai, <3i,..., . are the Fourier constants of a function 

TO 

fix) ~ ^ cos ^ 

n=*l 

of any one of the spaces A(a), M(a), A(a, ^), A*(a, p), thenA^ A 21 ... , A^ ... 
are the Fourier constants of a function of the same spacej where 

n 

An = 

1 

This theorem was proved for the spaces (^ > 1) by Hardy [2]; we shall 
indicate where the proof of Theorem 1 is different from that for the case Z**. 
As in Hardy’s proof, the statement may be reduced to the assertion that 
the transformation 

maps any of the spaces A (a), Af(a), A (a, p)^ A* (a, p) into itself. 

In the case of the spaces Af(a), A (a, p), and A* (a, p) this can be done by 
first showing that if k(x) belongs to A (a), A* (a, ^), or A (a, p) so does K(x), 
defined by 

K{x) = 

It then follows that 

Jo Jo Jx U u Jo 

< I = f \f(u)\K{u)du 

J 0 » Jo Jo 

< ll/Ik ll^lk 

exists for every k belonging to Y and hence h belongs to X ; where X is the 
space Jl/(o), A(o, p), or A*(o, p), and Y is A(a), A*(o, p), or A(a, p) re¬ 
spectively. (See [4] and [5].) 

This procedure does not work if A 6 A (a), but there is a direct proof: 
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However, making the substitution x = ut, 


Substituting back, 


0 -f- M 


< u 




*00 

0 


1 + ^ 


Cm‘ 


1 


x'^^^h*{x)dx < aC ^f*(u)du < + «, 




since / belongs to A (a). Hence h(x) belongs to A (a). 
We next state a dual to Theorem 1. 


Theorem 2 . If bu 62,.. ., the Fourier constants of a function 

00 

g{x) ~ 53 Kcosnx 
1 

0 / one of the spaces A (a), If (o ), A(a,p),&.* (a, p) (0 < o < 1), <Ae« Bi, ..., 
Ba,... are also the Fourier constants of a function of the same space, where 

3. = E r V 

4!"-» 

The proof of Theorem 2 is similar to that for the case given by Bellman 
[1]. All that is required is an estimate for 

lihi 

i-O 

where 6* is the Fourier constant of a function in A (a), A/ (a), A (a, />), or 
A*(a, p), A(a) is contained in and A(a, p) is contained in The 
estimate of this sum for has been made by Bellman [1]. However, A*(a, p) 
is contained in M{a/p) so we need only the estimate given in the following 

Lemma. If 

00 

II{x) ^ £ Jn cos 7 tx 
1 

IS a function of Af (a), 0 < a < 1, then 

|E6«l = 0(iV‘-‘). 

1 

Proof. 



Using the characteristic “Hdlder type” inequality for M(a) spaces (see [4, 
p. 41]) we obtain 
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-a 

1 

since H{x) belongs to M(a). We break 

into two parts: 


T ^ I IV W 

cos^wcj dx, 


Hence 


i? 




2^ cosnx 

1 


(jf 

cos ?wc; 

1 

» <*<s 

0 


^<* < T, 



0 <x<~ 

1 ^ 

cos fwc 

' 1 

^<X< T. 



f' , 

dx < 


x^^Ftix)dx. 

1 0 


Clearly Fi(:jc) < iV' in 0 < < t/2N^ so that 

r Cr/m 

x''-^F*i(x)dx < N x^-'-dx = 

9 Jo 

v t \ - sin i(2N + l )a; . ^ ^ ^ 

^ 2 sin |3c 2N^ ^ ^ 


hence 


a ^ ' Jo I 2 sin K* + «-/2iV) j 


Now (fg)* < /"g* and, moreover, gi < g 2 implies 


»* gidx < 


x''~^iidx 


(or, more generally, jhgi < jhg 2 if h is positive and decreasing). Therefore 




'*wT/2Ar 


*-*{(sin Ux + t/2N))-^\* 


and since 


.{sin i(2N +!)(*+ T/2N)}*dx, 
{sin i{2N + l)(x + x/lN)]* < cos ix, 


sin x> —X, 
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the integral does not exceed 

1 0—1 t 

1 X cos jX 


2} 0 sin i (x + T/2Nr 2 J« .v + r/2*V 


“r-r/2\ 




4x = 0 ( 5 “-‘) 


(5-^0), 


as is seen by making in the integral the substitution x = St. Hence 


Altogether then, 


< CsiV'"*. 




We have operated on the Fourier coefficients with the (c, 1) matrix. It is 
interesting to examine the result of operating on Fourier constants with the 
(c, a) matrix. In the following three theorems, we denote by An the quantity 




r(a+l) 


Theorem 3 . If au ^2,..., ... are the Fourier constants of an even 

function 

•o 

/(^) ^ On cos nx 

1 

belonging to U {p> 2 \ a + 1 /p > 1 )^ then Bu S2,..., , where 

An 1 

are the Fourier constants of an even function g{x) belongmg to < p)- 


Theorem 4 . If <22, . are the Fourier constants of an even 
function 

ro 

m ^ ^aa cos nx 
1 

belonging to [p > 2; a + 1/p > 1 ), then Bu J32, ..., Bn,..., where 

An 1 

are the Fourier constants of an even function g(x) of LP\p^ < p). 

Theorem S. If au as,..., an,... are the Fourier constants of a function in 
U and a > ^ then 
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. „ AT'ai + AT^ai + ... + AT'a„ 

An ja 

is the nth coefficient of a function in U, 

In the proof of Theorem 3 and of Theorem 4, it is shown from the integral 
representation of that |5„| < The result then follows from the 

Hausdorff-Young theorem. 

In the proof of Theorem 5, we use an inequality of Hardy, namely, 

E < 4E 

where 

Bn = Xi&i + X262 + . . . + 

A == Xi + X 2 + ... + X„, 

and we suppose that > 0, X^a > 0, and that 5] \nbl is convergent. We set 



and the result follows from the Riesz-Fischer theorem. 

In conclusion, I want to express my gratitude to Dr. G. Lorentz of the 
University of Toronto for his valuable help and criticism in the preparation 
of this paper. 
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The Dielectric Constants of Binary Mixtures^ 

J. W. TOMECKO and W. H. HATCHER, F.R.S.C. 
Introduction 

I N the course of investigations into the nature of organic peroxides 
it became necessary.’ to ascertain what ph\'sical changes occur in 
non-aqueous solutions, mainly with respect to polarity, in the presence 
of a carbonyl group. Acetone was chosen because of its solubility’ in 
both water and many carbon compounds and because previous re¬ 
searches permitted of a close check on the methods here employed. 

The dielectric properties of mixtures of fatty acids with non-polar 
solvents have been studied previously using solvents of low dielectric 
constant. Thwing (1893) attempted to measure the entire range of 
binary mixtures of acetic acid and water. He encountered consider¬ 
able difficulty in making capacitance measurements because of con¬ 
ductance. Acetone has a moderately’ high dielectric constant and 
reasonably small conductance. A parallel between acetone and water 
as solvents was demonstrated by Kateswaram (1938), who found a 
shift in the Raman spectrum when acetic acid is dissolved in acetone, 
comparable to that found when the acid is dissolved in water. 

Apparatus and Method 

The apparatus and method used involved a substitution method 
with two oscillators operating at 730 kilocy’cles per second. One was 
used as reference standard and the other as working oscillator. 
^‘Equality” was determined by’ the heterody'nebeat method. A circuit 
diagram is given in Fig. 1 where small mutual coupling exists between 
coils Ls and L 5 and between L 4 and Lg. This apparatus and method 
are similar to those used by Smyth (1931), Williams (1930), and others 
but certain modifications were made to minimize the effect of leakage 
conductance present in the test samples. 

♦Presented as part fulfilment of the requirements for the degree oi Ph.D., 
McGill University. The authors wish to express their appreciation to Professors 
Marshall, Pounder, and Watson for their invaluable assistance. This work was 
carried on in the Chemical Laboratories of Loyola College in Montreal, 
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TABLE I 

Dielectric Constants of 

Acetone, Toluene, Propionaldehyde and Isobutyric, Butyric, Propionic and Acetic Acids 
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The principle of the modifications is to use a large C/ L ratio for 
the oscillating circuit of the test oscillator thus reducing the damping 
effect of the leakage conductance. The validity of this principle was 
verified experimentally by connecting non-inductive resistances 
across the test cell when filled with a liquid of low leakage conductance. 
The resulting effect on the apparent C was then measured. The effect 
is shown in Fig. 2. In this way the cell conductance was shown to be 
so small that no error would result from it in all cases. 

Dielectric Constants of Pure Substances 

Dielectric constants of seven pure substances were redetermined 
and our values found to be in good agreement with those of other 
workers (Table I). The nature of the leak effect is demonstrated by 
comparing the present experiment with previous ones, particularly 
that of Akerlof (1932) in the case of acetone (Table II). 

TABLE II 

Dielectric Constant of Acetone 


Author 

Method 

F(KC) 

(M) 

Temp. (C) 

E 

Drude (1897) 

Aulio 



19° 

20.7 

Walden (1903) 

Bridge 



25°(i) 

19.95 

Int. Critical Tables 

Bridge 



20° 

21.3 ±1 

Grattunder (1930-1) 

Heterodyne 


450-500 

25° 

20.87 

Kerr (1926) 

Heterodyne 

3,000 


17° 

20.89 

Lunt & Rau (1930) 

Bridge 

42 


25° 

20.2 

Lunt& Rau 

Bridge 

872 


25° 

20.6 

Lunt & Rau 

Bridge 

883 


25° 

20.4 

Albright (1937) 




25° 

20.74 

L.B.R.S.P.C.T. 

Resonance 


81-84.5 

25° 

20.88 

Akerlof (1932) 

Resonance 

2,000 

150 

25° 

19.1 

This ^\ork 

Heterodyne 

730 

410 

25° 

19.8 


Two types of error may result from the leak effect. These may be 
denoted as positive and negative effects. The leak effect is positive 
when the cell condenser capacitance is greater than the capacitance 
remaining in the standard condenser after the cell condenser has been 
placed in the circuit and the oscillator has been brought to its original 
frequency. Capacitance and dielectric values in such cases where con¬ 
ductance is operative will be too high. Smyth observes that capaci¬ 
tance errors, as high as 100 per cent,^may result with methyl alcohol 
when conductance occurs. A n^ative leak effect results when the 
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capacitance oi the standard condenser is greater than that of the cell 
even when the condenser cell has been placed in circuit. In this case, 
as the material in the condenser cell becomes conductive, the leak 
effect causes the capacitance of the standard condenser to increase 
more than that ot the cell condenser resulting in low capacitance and 
dielectric constant values. 

The dielectric constants of acetone, as determined by Akerlof are 
considerably lower than those of other authors (Table II). In the 
tank circuit, Akerlof placed the standard condenser parallel to the 
cell condenser which consists ot two 5 cm. discs 2 mm. apart, having 
a capacitance of 10.0 uufd. with air, or approximately 200 uufd. with 
acetone. The standard condenser had a capacitance oi 1500 uufd. 
which after tuning the circuit would leave 1300 uutd. in the standard 
condenser as against 200 uufd. in the cell. This condenser arrange¬ 
ment will produce, with conductance, capacitance and dielectric 
values which are too low. 

The dielectric constants as found in this work, when neither 
negative nor positive leak effects due to conductance were operative, 
are higher than the value obtained by Akerlof and slightly lower than 
those given b> most authors (Table II). 

Dielectric Constants of Binary Mixtures 

Measurements were made on binary mixtures of acetone with 
benzene, with isobut^Tic, butyric, propionic, and acetic acids, with 
propionaldehyde and with toluene. The mixtures were made gravi- 
metricall}’ in 10, 20, 30, 40, 50, (50, 70, 80, and 90 per cent. The values 
determined for the dielectric constants arc shown graphically in Fig. 
3. The polarization values calculated from the relationship 

E-l fuVl +/2 
2 — ^ 2 * d 

are shown similarly in Fig. 4. 


Reagents 

All reagents were fractionated with an eight-inch Hcmpel column 
packed with glass helices about 1 mm. thick. 

Merck's Reagent Quality Benzene, thiophene-free, was allowed 
to stand over sodium until effervescence ceased. It was then frac¬ 
tionated and the portion boiling at 80.2° C. (Corr.) was collected and 
used. The ether was dried over anhydrous calcium chloride, treated 
with sulphuric acid, and then distilled and stored over sodium wire. 
It was freshly distilled from sodium when required. 
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Acetone, Merck's Reagent Quality, was fractionated after dis¬ 
solving a small amount of potassium permanganate and adding a few 
drops of concentrated sulphuric acid. The portion boiling at o6.4® C. 
(Corn) was used. This method of purification gave acetone dielectric 
values about 2 per cent lower than those obtained when acetone was 
fractionated after having been refluxed over freshly burned lime. 

Eastman isobutyric and butyric acids were fractionated. The 
portions boiling between 153.5° and 154° C. (Corn), and 162.0° and 
162.7° C. (Corr.) respectively, were used. 

Th. Schuchardt propionic acid was fractionated twice. The 
portion boiling between 140.2° and 140.7° C. (Corr.) was used. 

General Chemical 99.5 per cent glacial acetic acid \\as fractionated 
twice and the fraction between 117.6° and 117.8° C. (Corn) was used. 
Smyth and Rogers (51) made twelve ciy^stallizations of glacial acetic 
acid which boiled at 117.8° C. Because of the hydroscopic nature of 
acetic acid, purification by cry^stallization was unsatisfactory’. 

Elmer and Amend propionaldehyde was fractionated and the 
fraction boiling between 48° and 49.0° C. (Corr.) was collected and 
used. 

Toluene, Merck's Reagent Quality, was placed over sodium until 
effervescence ceased. The portion distilling at 110.5° C. (Corr.) was 
used. 


Discussion of Results 

In Fig. 3 are seen three kinds of curves; the linear, acetone-pro- 
pionaldehy de; the convex, acetone-acetic and propionic acids; and 
the concave. In Fig. 4 the polarizations contain one linear (acetone- 
propionaldehyde) and five convex curves; that for acetone-toluene 
alone shows a maximum at 70 per cent acetone content. 

The dielectric constants and polarization curves of mixtures of 
two components which are both polar have not been studied as 
extensively’ as the mixtures where one of the components is non-polar 
since the relationships are too complicated to interpret (Deby’e). 
Thwing measured the dielectric constants of acetic acid-w’ater mixtures 
obtaining a curve which was, in general, convex. The dielectric 
constants of acetone-water mixtures determined by Akerlof gave a 
concave curve but the polarization composition relationship was 
linear. Kerr (1926) and Graffunder (1931) both found that the 
dielectric constants of binary mixtures of chloroform-acetone gave a 
convex curve in place of the concave ty^pe which is the general rule for 
a polar and molecularly associated material in a non-polar medium. 
The nitrobenzene-acetone dielectric constant curve obtained by 
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Graffunder (1931) was convex while the polarization relationship was 
linear. 

The measured dielectric constants of the binary mixtures were 
compared with the results obtained by calculation using Silberstein's 
(1885) volume mixture rule lor dielectric constants. Deviations from 
this rule were observed in all cases except in the case of acetone- 
propionaldehyde mixtures where about 1 per cent discrepancy was 
observed. The acetone-acetic acid mixtures showed the widest depart¬ 
ures from the mixing rules. Kerr observed that this rule did not hold 
for mixtures of benzene with aniline, benzaldehyde, m. cresol, and 
benzol alcohol. In this scries ot mixtures the second component is in 
every case associated. Thus a simple explanation is available, since 
Silberstein’s mixture rule formula includes tw'o assumptions: that the 
capacitances are directly additive and that the molecules of the two 
components have no dielectric effect on each other. But associated 
molecules are dipolar and do change even in a non-polar medium. 

Marrow (1928) and Stew^art (1930) have shown from X-ray 
diffraction of liquids that a binary mixture does not show the individual 
diffraction intensities of the components but rather a modification 
and a single liquid. 

When a non-polar material is mixed with a non-polar material, then 
the mixture polarization Pi, 2 is a straight line, and since the molecules 
do not affect one another, owdng to the absence of dipoles, the mixing 
rule holds. For example, the Pi, 2 curve of benzene-toluene has only 
a slight hump. When a polar and highly associated material like acetone 
is dissolved in benzene, deviations from the mixing rule and the Pi, 2 
linearity' are to be expected, since, as Debye states, dilution increases 
the number ol free dipoles and hence causes the Pi, 0 curve to rise in a 
convex manner from the composition axis. When acetone w^as diluted 
in a slightly polar medium like toluene, a greater curvature of the 
Pi, 2 curve w’as obtained than in the case of benzene. The acetone- 
toluene curve rises slightly, with decreasing acetone concentration, to 
a maximum, because the dipolar effect of acetone and toluene is 
additive. The acetone-benzene polarization curve has no marked 
maximum. 

Although fatty acids dissolved in non-polar solvents are associated 
much as they are in the pure state, Broughton (1934) has shown with 
cry’oscopic data that the extent of association of fatty acids decreases 
slightly with dilution in a non-polar medium like cyclohexane. Acetic 
acid exists mainly as double molecules in benzene; but with increasing 
concentration of acetic acid, the polarization increases may be due, 
following Smyth's reasoning, to the formation of a more highly pol} - 
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merized form possessed of a moment, the proportion of which increases 
with increasing concentration of acid. 

When two polar-associated materials are mixed, the degree and 
kind of association present defines the number of dipoles that are free 
to orient themselves in the field which, together with the moment of 
the molecules, fix the extent of polarization taking place. Although 
association is usually regarded as the result of cohesive forces, 
association arising from dipolar effects may be obtained when mole¬ 
cules lie side by side in such a manner as to tend to neutralize their 
dipolar effect and produce thereby a quadrapolar unit, or when the 
molecules align themselves end to end with an additive dipolar effect. 
Kateswaram observed from the Raman spectrum of acetic acid in the 
pure state and dissolved both in water and in a non-polar medium like 
benzene, that aqueous acetic acid shows a clear alteration from the 
Raman spectrum of pure acetic acid but the Raman spectrum of the 
non-polar solution remains unaltered. Since increasing the tempera¬ 
ture of pure acetic acid produces a Raman spectrum change similar to 
that produced by dissolving it in water, it is argued that dissolving 
acetic acid in water causes a change in the association of acetic acid. 
However, it a change took place in the association of the acid in 
benzene, it was too small to detect. 

When two polar and associated components arc being diluted, 
one in the other, three processes may take place. The association of 
both materials may remain the same, both may change, or the associa¬ 
tion of one component may be unaffected while the association of the 
second changes. Water and acetone are both associated and the 
mixture polarization relationship is linear. The Raman line of the 
carbonyl group of acetone in water is not affected and the frequency is 
the same in the pure liquid as in the water (Edsall, 1936). Fatty acids 
in water do give a shift which is not due to the carbonyl group of the 
acid. This Raman frequency shift suggests a possibility of an actual 
chemical change in the structure of these substances. It appears 
probable that most of the fatty acids exist largely as double molecules 
but the presence of two lines of aqueous acetic acid suggests a single 
and a double molecule of acetic acid. The Raman spectrum of acetic 
acid in acetone was found by Kateswaram to be similar to the acetic 
acid-water spectrum. While the dielectric constant curve of acid- 
acetone (Fig. 3) is distinctly convex, the propionic acid-acetone curve 
is only slightly convex and both the butyric acid-acetone and isobutyric 
acid-acetone relationships are slightly concave. The polarization 
curves, however (Fig. 4), of acetic acid-acetone, propionic acid- 
acetone, and butyric acid-acetone show the inverse order of convexity 
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where the acetic acid-acetone curve is but slightly convex and the 
butyric acid-acetone is definitely convex. According to Wilson and 
Wcnzke (1934) the dipole moments do not show any marked increase 
or decrease in the fatly acid series. While Broughton has shown that 
in a non-polar medium the extent of association of acetic, propionic, 
and butyric acids decreases slightly with increasing molecular weight 
in the fatty acid series, the degree of association which is paralleled by 
ionization constants does agree with the results obtained in this work, 
since the Pi, 2 of the acetone-fatty acid mixtures were found to de¬ 
crease in curvature as the molecular weight decreased and as the 
association and ionization constants increased. The calculated 
molecular association value of 1.5 for propionaldehyde, using the 
Chorborski Langinescu (1929) formula, compares favourably- with 
1.42, the degree of association found by Stakhorski (1929). Although 
some authors have observed association values for acetone higher than 
those of propionaldehyde, the Chorborski Langinescu formula used to 
calculate the propionaldehyde association gives for acetone the value 
of 1.4. Since propionaldehyde and acetone both have about the same 
dipole moment, 2.7 and 2.54 X 10““^® respectively, and since the degree 
of association together with the carbonyl properties is similar, a linear 
dielectric constant and Pi, 2 relationship which were found might have 
been expected. 


Conclusions 

In determining dielectric and polarization constants by capacitance 
measurements, it was observed that conductive materials produce a 
leak effect on the values of the dielectric constants. Where the leak 
effect is operative two cases have been recognized: 

(a) When the capacitance remaining in the standard condenser 
after the removal of a capacitance equal to the cell is small compared 
to the cell capacitance, then the error in the measurement of the 
capacitance will be positive and accordingly the calculated dielectric 
constant will be too large. 

(&) When the capacitance remaining in the standard condenser is 
large compared to the cell, the error in the capacitance will be negative 
and the dielectric constant will be too small. 

The apparatus designed for this work was free from these errors 
and the extent of the conductance effect on capacitance with this 
appeiratus was observed. 

Dielectric constants of acetone, of isobutyric, butyric, propionic, 
and acetic acids, and of propionaldehyde and toluene were re-deter- 
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mined and found to be in good agreement with those determined by 
other workers. 

Dielectric constants of binary mixtures of acetone-benzene, of 
acetone-isobutyric, -butyric, -propionic and -acetic acids, and of 
acetone-propionaldehyde and -toluene were investigated. The polar¬ 
izations of these mixtures give information comparable to the Raman 
spectrum results. 
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PRESIDENTIAL ADDRESS 

Forbidden Transitions in the Spectra of 
Diatomic Molecules* 

G. HERZBERG, F R S.C. 

A. Introduction 

T he study of forbidden transitions in atomic spectra has added 
a great deal to our understanding of atomic structure, and has 
contributed greatly to the solution of many astrophysical problems. 
Similarly the investigation of forbidden transitions in molecular 
spectra has proved to be of considerable interest, both tor a better 
understanding of molecular structure and for their geophysical and 
astrophysical applications. Thus one of the most prominent features 
in the red part of the solar spectrum is now known to be due to a 
forbidden transition of the O 2 molecule in the earth’s atmosphere. 

My own interest in this subject dates back more than twenty years 
when I built my first long absorption tube for the study of forbidden 
transitions. In this address I should like to re\Tew some of the more 
recent results obtained by my collaborators and myself in the field of 
forbidden transitions in the spectra of diatomic molecules. 

B. Elementary Facts about IIoleculvr Spectra 
In order to make my discussion intelligible to those not so familiar 
with the spectra of diatomic molecules, 1 should like to begin by 
summarizing very briefly a few' elementary' facts about the energ\' 
levels of diatomic molecules and the selection rules applying to them. 

It is w'ell knowm that the energy' of a molecule can be resolved into 
three parts, the electronic energy the vibrational energy and 
the rotational energy Erj i.e., w'e have 

£ = = he [T, + G{v) + F^{J)] 

where the factor he has been taken out in order to convert to term 
values in cm'~^ units. 

*Part of a symposium on Forbidden Transitions, 
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A molecule, just as an atom, has a series of electronic states, but 
unlike the atom, the electronic states of a diatomic molecule are 
classified according» to the magnitude of the component of the electronic 
orbital angular momentum in the direction of the inter-nuclear axis. 
According to whether this component, designated by A, is 0, 1, 2, . . . 
(in units 7 z/2t) the states are called 2, IT, A, . . .states (corresponding 
to S, P, D, . . . of the atom). Two kinds of 2 states are distinguished, 
and 2”; the former corresponds to the case in which the electronic 
eigenfunction ype upon reflection at a plane through the internuclear 
axis remains unchanged, and the latter corresponds to the case where 
it changes sign. 

The multiplicity of the electronic states of a diatomic molecule is 
entirely similar to that of atoms, i.e., it the resultant spin of the 
electrons is S the multiplicity is 25 + 1- Thus we have, e.g., a ®A 
state meaning a state with A = 2 and 5=1. 

In the case of molecules consisting of two equal atoms {homonuclear 
molecules) like H 2 , N 2 , O 2 , etc., an additional symmetry- property must 
be distinguished. An electronic state of such a molecule is either even 
(indicated by the subscript g) when the electronic eigenfunction re¬ 
mains unchanged upon reflection at the centre, or it is odd (indicated 
by a subscript u) if the eigenfunction changes sign for such a reflection. 
In each electronic state the molecule may have a number of vi¬ 
brational levels whose position in a first approximation is given by the 
simple formula 

G{v) = C0e(«? + i) — COe Xe{v + 

where Wg c is the (classical) vibrational frequency, Wg Xe <C cog is a 
small correction term due to the anharmonicit^- of the vibrations, and 
V is the vibrational quantum number. According to the formula, the 
levels are almost equidistant as showm in Fig. I (long horizontal lines). 

In each vibrational level there is series of rotational levels given by 
the formula 

F,{J) = B, JiJ + 1) 

where the rotational quantum number J assumes the value 0, 1,2, etc., 
and represents the total angular momentum in units h/2T, and where 
is the rotational constant in the vibrational level v. The rotational 
levels are not equidistant, but their separation increases with J since 
F„( J) is a quadratic function of 7. This is also shown in Fig. 1 (short 
horizontal lines). 

The rotational levels are alternatively ^^positive*^ and *^negative^* de¬ 
pending on whether the total eigenfunction of the molecule remains 
unchanged or changes sign upon reflection at the origin. In the simplest 
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case of a S'*' state the even rotational levels are “positive,” the odd 
rotational levels are “negative.” The reverse is the case in a S“ state. 
In n, A, . . . states there are, for each J value, two levels, one “pos¬ 
itive” and one “negative.” 

J- 


/O. 




3 




/ 


5 - 


. .—_ 0 

Figure 1. —Energy levels of a vibrating and rotating molecule in a gi\en 
electronic state. The long horizontal lines represent the \’ibrational levels without 
rotation (J = 0), the short horizontal lines represent the rotational levels for each 
vibrational level. 

In the case of homonuclear molecules we have to distinguish in 
addition symmetric and antisymmetric rotational levels corresponding 
to the behaviour of the eigenfunction with respect to an exchange of 
the two identical nuclei. For even electronic states 11^, . . .) the 
‘‘positive” rotational levels are s^numetric and the “negative” are 
antisymmetric; for odd electronic states (Sm, n„, . . .) the reverse is 
the case. 
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In the case of doublet, triplet, etc. electronic states one has two, 
three, etc. series of such rotational levels. The spacing of these doublets 
and triplets as a function of the rotational quantum number depends 
on the coupling conditions which we shall not discuss here. However, 
one special case should be mentioned: if the coupling of the electron 
spin with the rest oi the molecule is very slight the rotational levels 
are essentially given by a formula as before except that J is replaced 
by K which is the quantum number of the angular momentum apart 
from spin. 

For the transitions between the various energy levels of a diatomic 
molecule a number of selection rules hold. We may distinguish rigorous 
selection rules, which hold rigorously lor dipole radiation of the free 
molecule, and approximate selection rules, whose validity depends on 
the coupling conditions in the molecule. 

Rigorous selection rules are the lollowing: the selection rule for the 
total angular momentum A/ = 0, db 1 (with the restriction that 
/ — 0 does not combine with / = 0); furthermore, the parity rule 
(corresponding to the Laporte rule for atoms) which says that “pos¬ 
itive” rotational levels combine only with “negative” rotational levels 
(or, for short, -f In the case of homonuclear molecules we 

have in addition the rule that symmetric rotational levels do not 
combine with antisymmetric ones (the ortho-para rule, for short, 
,v 1—> a). Finally, a selection rule may be added which is not in¬ 
dependent of those already mentioned, namely, that the dipole 
moment must be different from zero in order that a pure rotation or a 
rotation-vibration spectrum can occur. 

Examples of approximate selection rules are: the rule that states of 
different multiplicity do not combine ■with one another (that is, 
A5 = 0); the selection rule for the quantum number A of the electronic 
orbital angular momentum A A = 0, dr 1; and the selection rule for 
the rotational quantum number A", \K == 0, ±1. Three other 
selection rules of this type which are important for the tollowdng 
considerations are the rules that 2“^ states do not combine with IT 
states, that even electronic states of molecules with nuclei of equal 
charge combine only wdth odd, and that A/C = 0 does not occur for 
S—2 transitions. 

C. Types and Observations of Forbidden Transitions 

Tw’o t>*pes of forbidden transitions may be distinguished. 

1, Forbidden transitions that violate approximate selection rules. Ex¬ 
amples in atoms are the intercombination lines such as the line X2537 
of mercur\'. 



a HERZBERG 


5 


2. Forbidden transitions that violate selection rules that are rigorous 
for dipole radiation in the free molecule. Such violations may occur for 
two reasons: 

{a) In the free molecule the transition may occur as magnetic 
dipole y quadrupolCf or higher pole radiation. Well-known examples 
in the case of atomic spectra are the nebular, auroral, and coronal 
lines. 

{b) The transitions may be induced by the presence of external 
fields or by collisions with other molecules. Examples in the case of 
atomic spectra are the helium lines with Ai = 2 which occur in 
strong electric fields. 

Forbidden transitions in diatomic molecules of types 1 and 2(a) 
may be observed in emission under special conditions of excitation, 
particularly at extremely low pressure as it occurs for example in the 
upper atmosphere, but also in certain kinds of discharge tubes, either 
at low pressure, or when an inert gas is added. Forbidden transitions 
of type 2(6) require, of course, the presence of external fields or high 
pressure to be observed. In absorption forbidden transitions may be 
observed by using a veiy^ long absorbing path or high pressure or both. 

In my laboratory' we found the method first suggested by White [1] 
for the production of a very*’ long absorbing path to be the most satis¬ 
factory [2], In this method by means of three mirrors the light is made 
to traverse the absorption tube a large number of times. At the Yerkes 
Observatory' I set up an absorption tube of 22 m. length and 23 cm. 
diameter with which it was possible by means of White’s method to 
obtain up to 250 traversals, i.e., an absorbing path of 5500 m. At the 
National Research Laboratories in Ottawa wc have set up a somewhat 
smaller tube of 5 m. length in which we have been able to obtain up to 
200 traversals corresponding to a path length of 1000 m. In addition, 
in order to study absorption spectra at high pressures, that is, in 
order to study forbidden transitions of t>pe 2(6) we have built a steel 
absorption cell of 2 m. length with similar mirrors by means of which 
we can obtain up to 00 traversals, that is, an absorbing path of 120 m. 
This tube will stand a pressure of 100 atm, and the whole tube ma> 
be immersed in liquid nitrogen in order to study the effect of tempera¬ 
ture on these transitions. 

D. Forbidden Rotation-Vibration Spectra 

We shall first consider those forbidden transitions which do not 
involve a change of electronic state, that is, we shall consider forbidden 
rotation-vibration spectra of diatomic molecules. In a way the over¬ 
tone bands of polar molecules, i.e., the transitions from the lowest vi- 
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brational level to higher vibrational levels with ?; = 2, 3, . . . may be 
considered as forbidden transitions although this is usually not done. 
They violate the selection rule for the harmonic oscillator, that is, 
Av = dz 1. Accordingly at least the higher ones of these transitions 
with Av = 3, 4 can only be obtained with veiy’ long absorbing paths. 
Thus, for example, the 4—0 band of CO requires an absorbing path 
of 800 m. (see [3]). 

Homonuclear molecules have no dipole moment and therefore they 
do not have an ordinaiy" infrared rotation-vibration specrum. This 
is also excluded by the selection rules s a and -f — since 
without change of electronic state the transitions allowed by the first 



Figure 2. —^Energy level diagram for the quadrupole rotation-vibration spect¬ 
rum of a homonuclear molecule. 

rule are just the ones rigorous^' forbidden by the second and con¬ 
versely. However, a homonuclear molecule does have a quadrupole 
moment which will change during the vibration and may therefore 
cause the appearance of an extremely- weak rotation-vibration spec¬ 
trum. This is a forbidden transition of the t 3 -'pe 2{a) made possible by 
quadrupole radiation. The selection rules for quadrupole radiation are 

A/ = 0, lb 1, db 2 and + —> —. 

In the case of a transition between the rotational levels of two vi- 
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brational levels of a homonuclear molecule, as shown in Fig. 2, the 
transitions with A/ = ± 1 are eliminated both b> the rule + — 

and the rule that 5 > a. Therelore, one expects three series of lines 

or branches, one with A/ == 0, a Q branch, one with AJ = + 2, an 
S branch, and one with AJ = — 2, an O branch. In the case of the 
H 2 molecule, on account of its ver^^ small moment of inertia (that is, 
ot the wide spacing of the rotational levels), only very few lines in 
each of these branches are expected to occur at room temperature, and 
even fewer lines at lower temperatures. Fig. 3 shows the expected in¬ 
tensity distribution in the 2—0 band for a temperature of 150°K. 
This temperature was chosen fourteen years ago [4], when this figure 



Figure 3. —Predicted structure and intensity distribution of the 2 —0 quad- 
rupole band of Ha at 160®K. The height of the vertical lines indicates the predicted 
intensity. 

was prepared, in order to be able to compare with the spectrum of the 
major planets in which large amounts of hydrogen were expected, 
James and Coolidge [5] have made more detailed calculations of the 
absolute intensities to be expected for these transitions and on the 
basis of their calculations one finds that the 1—0, 2—0, and 3—0 
bands would require 2.5, 2.7, and 13.0 km. path at atmospheric 
pressure respectively. 

With the absorption tube at Yerkes Observatory^ which I mentioned 
previously, it appeared possible to observe the quadrupole spectrum oj 
hydrogen since by increasing the pressure to 10 atm. an equivalent 
path of up to 55 km. atm. could be obtained- WTien this was done the 
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above prediction was indeed verified in that the 2-0 band was 
observed with a path length of 10 km. atm. and the 3—0 band with 
a path length of 40 km. atm. [6]. Fig. 4 shows several of the observed 
lines. Unfortunately, the spectral region in which these lines occur is 
overlapped by absorption due to water vapour and therefore in each 
case a comparison spectrum without hydrogen is shown. In this way 
the quadrupole lines of hydrogen can easily be identified. It should be 
particularly noted that in spite of a pressure of about 10 atm. the 
quadrupole lines are extremely sharp. Their width was as small as 
could be obtained in the second order of a 21 ft. grating. 



tt99e«so]t nmnzzl 

Figure 4. —Lines of the 2—0 quadrupole band of Hi. The top strips show 
for comparison the spectrum of moist air. In this wa> the quadrupole lines ot 
in the bottom strips can be identified in spite of the o\erlappiiig H 2 O spectrum 

A slight s'vstematic shift was observed between the predicted 
positions of the quadrupole lines (predicted from the rotational and 
vibrational constants of h\drogen derived Irom its ultraviolet spec¬ 
trum). This shift is due to the low accuracy obtainable in the lar 
ultraviolet. By using the quadrupole spectrum it was possible to obtain 
greatly improved rotational and vibrational constants of the h\drogen 
molecule in its giound state. These data are of p<irticular interest from 
the point of view of a calculation of the thermodynamic properties of 
hydrogen. 

Unless the amounts of hydrogen present in the atmospheres of the 
major planets are very much larger than those used in the laboratory, 
spectra of very’ high resolution will be required in order to detect 
hydrogen by’ means of these quadrupole lines in planetary' spectra. 
Such high resolution has not y'et been accomplished. But Kuiper 
[7], at Yerkes Observatory, has observed a diffuse feature in the 
spectra of Uranus and Neptune at 8267A which is exactly' at the 
position of the line 5(0) of the 3—0 quadrupole band. This line 
would be the strongest line expected at very' low temperature. How- 
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ever, the considerable width of the planetarv feature (about 40Aj 
makes it impossible to identify it as the quadrupole line. 

More recently the rotation-vibration spectra ol hydrogen as well as 
of other homonuclear molecules have been observed by Crawford. 
Welsh, Locke, and their collaborators [8; 9] at Toronto in absorption at 
high pressure, i.e., as forbidden transitions of type 2(6). These spectra 
are ver> different from the quadrupole spectrum in that their intensity 
increases with the square of the pressure and that in place of sharp 
lines very^ broad features (about 300 cm~^ wide) are observed. 

Condon [10], in 1932, predicted a rotation-vibration spectrum of 
homonuclear molecules induced by a constant electric field. This 
spectrum can also be considered as a Raman spectrum at zero exciting 
frequency’. The same three branches are expected as occur in the 
quadrupole spectrum. It appears that the spectra observed b\ Craw¬ 
ford and Welsh correspond to this spectrum except that the external 
electric field is replaced b^'* the collisions with other molecules. 

Crawford and Welsh observed that the line width of this pressure- 
induced spectrum decreases with decreasing temperature. This is 
shown for the 2—0 band in Fig. 5. While for the fundamental (1—0 
band) at low temperature essentially three lines occur, Q{1), 5(0), 



Figure 5.—Induced infrared absorption of Ha near 8500 cm"^ at 300** and 80 K. 
according to Welsh, Crawford, MacDonald, and Chisholm [9], 
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and 5(1), for the overtone (2—0 band) some additional lines, marked 
Q', 5'(0), 5'(1) appear (see below). 

Since the positions ol the pressure-induced lines of the 1—0 and 
2—0 bands agree closeh' with those ol the quadrii]:)ole lines it ap¬ 
peared probable [11] that the planetar\' leaturc observed by Kuiper 
at 82()7A whose position agrees with 5(0) of the 3 0 quadrupole band 

might be the 5(0) line of the pressure-induced 3—0 band. A test of 
this assumption was therefore made with the high pressure, low tem¬ 
perature absorption tube mentioned in the introduction [12]. In 
agreement with the results of Welsh and Crawford, at room tem¬ 
perature the 3—0 band was lound to consist of very' diffuse features. 
When, however, the temperature was lowered to that of liquid nitro¬ 
gen a much clearer and more definite spectrum was obtained which is 
shown in Fig. Oa. In this spectrogram actualh^ more lines are seen than 


(a) 

ib) 


Figure 6. —Induced infrared absorption ol H2 near 8270A observed (a) in the 
laboratory and (&) in the spectrum of Uranus after Kuiper. The three diffuse lines 
marked 3—0 are Q(l), •S(0\ and 6^(1) (from right to left) of the single transition 
3—0. The three lines marked 2—0, 1—0 are Q(l), 5(0), and 5(1) of the double 
transition. 

expected. The expected lines are the three lines at the right, i.e., 
<3(1), 5(0), and 5(1). The t\vo lines at shorter wavelengths cannot be 
accounted for as lines of the ordinary pressure-induced spectrum. 
Similar additional lines occur in the 2—0 band (I'ig. 5) although they 
are more overlapped by the normal lines. They have been explained 
by Welsh and Crawford as due to a double transition, that is, a trans¬ 
ition in which each of the tv^^'o colliding molecules goes from the lowest 
vibrational level to that with z; = 1. In other words, the wave number 
of this transition is twice the wave number of the 1—0 band with 
rotational energy' added in the same way as for the single (2—0) 
transition. Similarly the extra lines in the region of the 3—0 band 
(which are actually stronger than the lines of the single transition) 
can be accounted for as due to a double transition in which one of the 
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collision partners goes from v = 0 to 1, the other simultaneously from 
2 / = 0 to 2. Table I shows the wavelengths predicted on this basis 
as well as those of the observed lines. The central line has to be 
assigned to both the single band and the double band. The agreement 
betw een observed and calculated lines is so good that hardly a doubt 


T\BLE I 

Observed and Predicted Pressdre-Induced Spectrem of 


Designation ^ 

Obser\ ed 

' X ! 

j (A) 

Predicted 

X 

(A) 


f e(0)' 

' ! 
1 1 


1 f 8488 

i 

1 

1 

8469 



Q(1J J 1 

1 

' 1. 8497 

Single transition 

1 

1 

1 


(3-0) 

5(0) 


8258 i 

8273 


. 5(1) 1 



{ 8151 

1 




8166 j 

1 


e(0) 


' 1 

1 8165 


e(i) j 



1 * 

1 8171 

Double transition 




1 ^ 

(2--0, 1—0) 

5(0J 


7958 “ 

1 7956 


, 5(1) . 


1 7830 

1 

1 7832 

1 


can remain as to the correctness of the interpretation of the spectrum 
as due to a single and a double transition even though it appears 
rather difficult to account on a theoretical basis for the occurrence of 
such a double transition. 

It appears to be significant that the line 5(0) of the single transition 
agrees closely both in wavelength and in width with the feature 8267A 
observed in the spectra of Uranus and Neptune. Fig. 6& shows, for 
comparison with Fig. 6a, one of Kuiper's Uranus spectra on which the 
8267A feature can be seen. With one exception the other lines of the H 2 
spectrum are obscured in the planetar}^ spectra by strong CH 4 bands. 
The line 8166A is not completely obscured by CH 4 and there is indeed 
evidence that it is present in the Uranus spectrum. However, it appears 
to be considerably weaker relative to 8267A than in the laboratory" 
spectrum. This difference can be accounted for by the assumption of 
the presence of large amounts of helium in addition to hydrogen, since 



12 


[HE ROYAL SOCIETY OF CANADA 


collisions of He and H 2 would enhance the single transition but 
not the double transition. At any rate it appears that the presence ot 
large amounts of 11 2 in the atmospheres ot Uranus and Neptune is now 
established b^" means ot the pressure-induced H 2 spectrum. The a- 
mount of H 2 necessary’ to account lor the observed intensity ot the 
8267A feature in Uranus can be roughly obtained by comparison with 
the laboratory data on the basis of the quadratic dependence on the 
pressure. Assuming a temperature of 78°K, a helium-hydrogen ratio 
of 3 : 1, and therefore a scale height of 18 km., one finds a partial 
pressure ot 2 atm. of H 2 at the bottom of the visible atmosphere. 

Another example of a forbidden rotation-vibration spectrum is the 
rotation-vibration spectrum of HD In its equilibrium position the HD 
molecule, just as the H 2 molecule, has no dipole moment and therefore 
no rotation-vibration spectrum would be expected. This spectrum is 
also forbidden by the selection rule that even electronic states com¬ 
bine only with odd ones, a rule that applies to all molecules whose 
nuclei have equal charge. However, when the nuclei are vibrating, as 
shown in Fig. 7, since the centre ot mass remains at rest but is no 
longer symmetrically placed, both the centre of the “positive*’ and 
that of the “negative** charges move back and forth. On account of 
the inertia of the electrons the centre ot the “negative** charges will 
lag behind that of the “positive** charges, and therefore an oscillating 
dipole moment arises which in turn produces a rotation-vibration 
spectrum. Wick [13] about fifteen years ago calculated the intensity 
of the 1—0 band of this spectrum According to his tonnulae it 


H 0 



C 


Figure 7. —^Successive stages of vibration of HD showing origin of dipole 
moment. The centre of mass is at C, the centre of both positive and negative 
charges would be at X if the inertia of the electrons were neglected. 
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would require an absorbing path of the order ot 30 m. atm. to detect 
this band. With the absorption tube described earlier it has been 
possible to obsers^e the 3 0 and 4- 0 bands of HD at 9050 and 
7420A using an absorbing path of 1000 m. at a pressure oi 1 atm 
[14]. Fig 8 shows the 4 0 band Unlike the qiiadrupole spectrum ot 
h'v drogen, in the present case one has the usual simple structure ot a 
P and an R branch which are clearh visible B\ an exact measurement 
ot these bands it has been possible to obtain impro\ed molecular 
constants of the HD molecule 



Figlre 8 — 4—0 rotation-Mbration band of HD. 


A surprising result is the comparativeK small difference in intensity 
of the 3—0 and 4 -0 bands ot HD contrary to the usual veiy^ rapid 
decrease ot intensit\^ in the series of overtones. This small intensity 
decrease in the case of HD is apparently connected with the tact that 
the dipole moment is produced b} the vibration. Quantum-theoretical 
calculations by Wu [15] at Ottawa have indeed shown quantitatively 
that such a small intensity decrease should be expected. It will be 
interesting to observe the pressure-induced spectrum of HD, but such 
experiments have not >et been carried out. 
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E. Forbidden Electronic Band Spectilv 

Let us turn now to the discussion of forbidden electronic band 
spectra, that is, transitions in which the molecule goes from one 
electronic state to another such that one or more of the electronic 
selection rules are violated. The most common tyi)e of forbidden 
electronic transition in diatomic molecules is the intercombination be¬ 
tween two states of different multiplicity (that is, a transition violating 
the approximate selection rule A5 = 0). The first case of this type 
that was observed and identified as such was the Cameron hystem of CO 
which represents a transition, the lower slate being the 

ground state of the molecule [16]. These bands have been observed 
both in emission and in absorption. In absorption they require an 
absorbing path of about 1 m. at atmospheric pressure. Fig. 9 shows 



Figure 9. — 0 — 0 Cameron band of CO in absorption. 


the structure of one of the bands as obtained in absorption [17]. Each 
band consists of three overlapping components of three branches each, 
corresponding to the three components of the state. 

Transitions similar to the Cameron bands of CO have been ob¬ 
served for man^' of the halides of the elements of the third colunm of 
the periodic system b^^ Miescher and Wehrli [18], At Ottawa recently, 
Sharma [19] observed the corresponding transitions in AlCl and AlBr. 
In these cases the triplet splitting in the state is veiy' large compared 
to the rotational constant B, and therefore a coupling case applies in 
which only two of the three components of the "*11 state combine with 
the ground state. These are the transitions and ®IIo — of 

which the former gives rise to bands with P, Q, and R branches, 
whereas the latter gives bands with P and R branches only. 

Another important case is the so-called Vegard-Kaplan bands of 
nitrogen which represent a transition, the lower state being 

the ground state of the N 2 molecule. These bands have been observed 
in emission in certain electric discharges [20; 21; 22; 23] as well as in 
the spectrum of the night sky [24; 25]. One of the first objects of my 
own work on absorption spectra with long absorbing paths was the 
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observation of the Vegard-Kaplan bands of nitrogen in absorption in 
order to verify their assignment as a transition and also 

in order to determine their absolute intensity'. These absorption bands 
are expected to be in the vacuum region and it is not eas} to be 
sufficiently free from the much stronger absorption due to ox> gen in 
order to observe them. Recently with our new vacuum spectrograph 
at Ottawa we have tried again to observe these bands in absorption, 
and, using veiy^ pure nitrogen, have been able to ascertain that with 
an absorbing path of 6 m. at atmospheric pressure they do not occur. 
Apparently the transition probability for this transition is ver}" much 
lower than that of the_Cameron bands of CO. The difference betu’een 
the two cases seems to lie in the fact [26] that in the case of CO there 
is a state, ^11, of the same electron configuration which combines 
strongly with the ground state and from which the forbidden ®n — ^2 
transition can borrow intensit>% while in the case of N 2 the excited 
electron configuration does not give rise to a state that combines 
strongly with the ground state. Another example of this type is an 
extremely w^eak absorption s^'stem of oxygen onh' recently discovered 
among the forbidden S'*" — S” bands to be discussed later. This 
transition is of th^ type ^2^“ — 

We have tried to find intercombinations in a number of other 
diatomic molecules: NO, for which a ^11 — is expected, SiO, for 
which the analogue of the Cameron bands of CO, *n — is expected; 
NH, for which a transition is expected; and CH, for which 

various intercombinations involving the low lying but unobserved 
state are expected. In all these cases our search has thus far been 
unsuccessful. Further search with improved means would seem im¬ 
portant in order to round out our knowledge of these molecules. 

While the intercombinations are forbidden transitions of type I. 
there are also a number of khown cases of forbidden transitions of 
t\'pe 2(a), that is, transitions rigorously forbidden as electric dipole 
radiation but actuallj’ occurring weakly on account of the possibility 
of magnetic dipole radiation. The best known case of this type is the 
red atmospheric oxygen bands -which, as was shown by Mulliken [27] 
and Van Vleck [28], represent a — “Sy"” transition. The structure 
of the bands is explained in Fig. 10. Since the oxygen nucleus has zero 
spin only the symmetric rotational levels occur which are, in the upper 
state, the levels with even K, and in the lower slate, those with odd K, 
On account of the selection rule A7 = 0, 1, each one of the upper 

state rotational levels can combine with only two of the three triplet 
components of a given lower triplet, thus giving rise to two series of 
apparent doublets. 
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Another example whose structure is also explained in Fig. 10 is the 
infrared atmost>henc oxyge^i bands which rci)resent a trans¬ 

ition. In this case rotational levels occur for each J value of the U])per 
state and, theretore, additioiuil branches occur, one each in w^hich 
the rotational quantum number K changes b^ zb 2, and three branches 
in w'hich it changes by 0. All these branches have been observed [29] 
in the 0—0 band which occurs prominently in the solar spectrum at 




Figure 10.—Origin of branches in and ^Ag — bands. 


12700A. While the red atmospheric oxygen bands can be obtained in 
absorption wdth a path length of () m. at atmospheric pressure, the 
infrared bands require a much longer path of the order of 50 m. The 
reason for this difference is clear w'hen it is considered that the infra¬ 
red bands, in addition to being a magnetic dipole intercombination 
transition, violate the rule A A = 0, zb 1. The red atmospheric ox^'gen 
bands have also been observed in emission, both in the spectrum of 
the night sky [30] and in the laboratory in certain flames and after¬ 
glows [31; 32]. 

Still another example of a magnetic dipole transition is the system 
of far ultraviolet absorption bands of the nitrogen molecule usuall;^'^ 
referred to as Lyman-Birge-Hopfield bands [33], They extend from 
1450A to shorter W’-avelengths and represent the first moderately strong 
absorption s^’stem of the N 2 molecule. In order to observe this system 
an absorbing path of about 40 cm. at atmospheric pressure is required. 



G HERZBERG 


17 


It was recognized onh a few \ears ago [34] that these bands represent 
a magnetic dipole transition of the t\ pe Al Ottawa we 

have recently re-investigated the Lyman-Birge-Hopfield bands [35] 
in emission in an electric discharge at low pressure and have established 
the presence of a predissociation in the upper level, at an energy ot 
about 9.7 e.v. This predissociation is of some importance because it 
will lead to the production of free nitrogen atoms in the upper atmos¬ 
phere by solar radiation below 1270A. 

The first long absorption tube that 1 built over twent\’ years ago 
gave an absorbing path of 23 m. When it was filled with ox^’gen at 
atmospheric pressure, I found a new ver^' weak absorption band s> stem 
of oxygen in the region 2500A [36J. The bands of this system appear 
under medium dispersion to consist only of Q branches and were 
therefore ascribed to a S'*" — transition, i.e., a forbidden transition 
of type 1. In the present case the approximation to which the selection 
rule (S'*" »S") holds is extremely good, and these bands are even 

weaker than magnetic dipole transitions. More recently [37] this band 
system has been re-investigated under high dispersion with the much 
longer absorbing paths set up at Yerkes Observatory. More bands 
at longer wavelengths have been found and the fine structure has 
been completely resolved. Fig. 11 shows part of one of the bands under 
high resolution. It is seen that each of the * lines'' of the Q branch is 
resolved into six component lines and, in addition, some fainter lines 
belonging to different branches are present. The fine structure is in 



Figctre 11. —Part of the 9—0 band of the*Su"*" — system of under 
high resolution. Under low dispersion the groups of lines marked K = 7,9, 11, 13 
below form one apparently single Q branch. 
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agreement with the assumption that this transition is a 
transition which, although forbidden b> the selection rule 
occurs weakly on account of spin-orbit interaction. Fig. 12 gives an 
energy level diagram for such a transition. It is found that the triplet 
splitting in the upper state is about twice as large as in the ground 
state of O 2 and has the opposite sign. Applying the selection rule 
A/ = 0, db 1, it is readily seen trom this diagram how seven Q branches 
arise, tv'o of which coincide, and how, in addition, branches with 
AK = zb 2 are to be expected, i.e., 0 and 5 form branches. The 
observed relative intensities of the various branches do not agree 
well with those predicted from theory. However, on account of the 
closeness to the dissociation limit, special coupling conditions apply 
which were not considered in the theoretical prediction. It may be of 
interest to recall that this band system has been identified as occurring 
in emission in the light of the night sk}' [38; 25]. 

The bands observed in absorption form a simple pro¬ 

gression with a clear convergence limit at 2425A. The energy of this 
dissociation limit is slightly' higher than expected from the well-known 
dissociation limit in the Schumann-Runge bands of oxygen by sub¬ 
tracting the excitation energy" of the state of atomic oxygen. The 
reason for this discrepancy may lie in the fact that the dissociation 
products of the state are not ®P 2 + ^^ 2 , but + ®Pi ©r 0 . How¬ 
ever, if that were the case, a contradiction to the non-crossing rule 
would arise and it is perhaps more likely that the fault lies with the 
slight extrapolation made in obtaining the dissociation limit of the 
Schumann-Runge bands. If this were correct the dissociation energy 
of the O 2 molecule would have to be changed from the value 5.080 e.v. 
now usually quoted to 5.109 e.v. 

Finally, I should like to consider examples of forbidden electronic 
transitions of type 2(5) which have also been observed for the oxygen 
molecule. If the absorption spectrum of oxygen is studied at higher 
pressures, a number of completely diffuse bands are observed in the 
visible region in addition to the ordinary atmospheric oxygen bands. 
The strongest of these bands occur at 6300,5780, 4775,4475, 3815, and 
3617A. Even under high resolution there is no indication of any fine 
structure. These bands can be observed at comparatively low pressures 
if the path is sufficiently long. The intensity of these bands increases 
with the square of the pressure and they have generally been ascribed 
to the presence in oxygen of O4 molecules. As was first shown by Ellis 
and Kneser [39], all these bands can be well accounted for, as far as 
their wavelengths are concerned, as due to double electronic transitions 
in an O 4 molecule or quasi molecule. If in both O 2 molecules forming 
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Figure 12.—^Enei^ level diagram for a band. The strip at the 

bottom gives schematically the resulting spectrum. Only one line ot each branch 
is shown. 
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an O4 molecule a transition to the state takes place simultaneously, 
the resulting wavelength is 6342A which agrees with one of the strong 
clifiFuse bands. Similarly, if in one of the O2 molecules a transition to 
the state takes place, and in the other a transition to the ‘S state, 
the resulting wavelength is 47G0A; and if in both O2 molecules the 
transition to takes place the wavelength is 3810A. Both these wave¬ 
lengths again agree with two of the observed dilTuse bands. The 
remaining bands can be accounted for by adding vibrational quanta 
of the and state. It would appear that there is a close analogy 
of these double transitions of oxygen to the double transitions in the 
rotation-vibration spectrum of hydrogen discussed previously. 

In addition to the diffuse bands in the visible region, there occurs at 
high pressure a progression of ultraviolet bands which almost coincide 
with the bands of ox^’gen [40; 41]. However, these pressure- 

induced bands may be observed simultaneously with the 
bands and cannot, therefore, be just pressure-broadened — 2“ 
bands. Fig. 13 shows a spectrum in which both systems can be seen. 



Figure 13.—Near ultraviolet absorption of O 2 at 8 atm. pressure, and a path 
length of 90 m. The discrete bands arc marked at the bottom, the 

diffuse triplet bands of Wulf and Finkeliiburg and Steiner are marked at the top. 


Each of the pressure-induced bands has three maxima, but otherwise 
is completely diffuse. With the long paths used in the more recent work 
it has been possible to observe at lower pressures a system of vciy faint 
and rather complicated bands which may be the exact analogue in 
free O2 of the pressure-induced bands. These bands have tentatively 
been assigned to a ®A„-*- transition in oxygen. 

F, C'ONCLXJSION 

Just as for diatomic molecules, forbidden transitions are of con¬ 
siderable importance for the study of polyatomic molecules. Singlet- 
triplet intercombinations, as well as other forbidden transitions of 
t^’pe 1, have been found for them (for example, the well-known near¬ 
ultraviolet absorption bands of CeHe). As far as I am aware, no for¬ 
bidden transitions of type 2(a), i.e., magnetic dipole and quadrupole 
transitions, are known for polyatomic molecules. Pressure-induced 
infrared bands of CO2, i.e., forbidden transitions of type 2(6), have 
been observed by Welsh and Crawford [8]. Both for polyatomic and 
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for diatomic molecules a good deal of work remains to be done on 
forbidden transitions. Experimentally, the discovery of new forbidden 
transitions and the study of their intensities and of the conditions of 
their occurrence will contribute to a better understanding of the 
structure of the molecules considered and to the solution of certain 
astrophysical and chemical problems. Further theoretical work on 
forbidden transitions is needed in order to understand such phenomena 
as the occurrence of double transitions in collisions between two 
hydrogen molecules and two oxygen molecules, the intensity distri¬ 
bution in the branches of forbidden bands, and the absolute intensity 
of forbidden transitions. 
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Dominated Convergence of Kantorovitch Polynomials 

in the Space 

P. L. BUTZER 

Presented by R. L. JEFFERY, F.R.S.C. 

1. Introduction 

I F f{x) belongs to the class LS of Lebesque integrable functions over 
the closed interval [0, 1], then the Kantorovitch polynomial (see 
[3] or [4]) corresponding to the function/( jc) defined in [0, 1] is 


where 


P/(x) = (« + I f(t) dt, 

F-0 J vHn+l) 




In the form of a singular integral, this polynomial can be written 


p/{x) = f nm dt 

Jo 


with non-negati\'e kernel 

(3) K„{x, t) = (n + l)p,.n(x) 

for ^ . < t < V = 0, 1, 2.w; A:,(x, 0) = 0; 0 < < 1. 

n + 1 w + 1 


F{x) = f/(O dt. 

•/o 


At ever}' point x, where f(x) = F'{x), that is, almost ever}-where in 
[0, 1], Lorentz [4] has proved that 

(4) lim P/ix) = fix). 

«-KO 

In §2 we obtain an independent proof of this result as an immediate 
application of a general theorem. In §3 we shall show that the poly- 
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nomials Fn^ix) approach the corresponding function /(x) dominatedly 
(for this term, in the space L\ see [2, p. 61) in the space L^, p > 1. As a 
corollary of this fundamental theorem we deduce that the Pn^{x) 
“converge strongly” to J(x); the proof of the latter result previously 
was based on a rather particular theorem (cf. [4]). 

I wth to thank Professor G. G. Lorentz and Professor W. J. Webber 
for their kind interest and helpful suggestions. This paper was written 
during the tenure of a grant from the National Research Council, 
Ottawa. 


2. Convergence of the PJ (x) 


Lemm.v 1. If the non-negative kernel ^), 0 < .-c < 1, as a Junction 
of t increases for t < x and decreases for t > x, then the conditions 


( 5 ) 

( 6 ) 


lini f x»(», 0 dt = 1, 

«-vo •'0 

Xn(^, /) —> 0 > CO , X 


imply that 

0 ) 



0/(0 dt 


at all points where f(x) is the derivative of its indefinite integral. 


For the proof, we refer the reader to the work of Romanovsky [6]. 
We shall now show that our kernel (3) satisfies the hypothesis of the 
lemma. Obviously 

(8) f Kn{x, t)dt - p,.„{x) = 1. 

Xow if 5 = 0 < a < I, then it is known that (cf. [4J) for ever\^ 

k > 0 there exists a constant C dejwndin^ only on a and k such that 

, E \n(x)<Cn-\ 

{v/H—X 

From this inequality we obtain {n + l)p,,„ {x) -* 0 for \v/n — .v| > 5 > 0, 
so K„(x, i) —V 0 for i x. Furthermore as 

pp.n(x) ^ X _ » — y + 1 
1 — K V ’ 

Pr,n{x) as a function of v increases with v for fixed n and x as long as 
vfn + 1 < * and then decreases for larger v. Hence Kn{x, t) increases 
for < < K and decreases for t > x. From (7) we obtain P/(.x) —*f{x) 
p.p. (that is, almost everywhere). 
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3. Dominated Convergence of the PJ (a) in the Space U 
First of all, we need the inequality 

t I 

I' + 1 


w + 1 


Al ji{x) '^1, 0 ^ A* ^ 1. 


(9) i: in + 1) 

Since 

.. / I “h 1) *“ (w + 1 )a 

pv.n(x) pv+l,n(x) — pvn{x) (j ,__ 

= 1 ^ + 1 . (^ + 1) - {71 + 1)X 

X n + \ (p + 1 ) (1 — A') 
the left-hand side of (9) equals 


pv+l 


A(1 — X)^i\ 


(v + 1) - (n+l)x 
n + 1 


(v + 1) - + 1)A 

P + 1 I 


*(p + 

- whvyt +«-(” + ‘)'l’ 1 

because it is known that (see [4] or [7], p. 152]) 

n 

(»' — nx)%,nix) == nxil — x). 

This establishes the inequality" (9). 

shall also make use of the following general lemma. 

Lemaia 2. Let x«(a, t), fixed 0 < .v < 1 a non~7iegative Junction of 
boufided variation in the variable /, 0 < / < 1, depending on the parameter 
n, with Xn (a, 0) = 0 a7id satisfying the conditions 

tio) J x»(*. 0 dt < c, 

(11) f)«-A-!-|rf,x«(-v,0'< Cl, 

•/o 

where C and Ci are independent of n. Define 

Hnix) = x»{-v, t)fit) dt 

where fit) 6 L*[0, 1). Then 

suplifsC-e)! < A • Six;f) p.p., 

where the constant Ai ^ C + 2Ci) is independent of f and n and 
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/) 


sup 

0 <« < 1 



du. 


f 9^ X 


The proof of this lemma follows by a method similar to the one in 
[8, pp. 246-7]. 

The hypothesis of this lemma is readily seen to be satisfied by our 
kernel Kn{x, f). In particular, the relation (8) shows that the inequalitj’ 
(10) is satisfied with C = I and on account of (9), (11) is satisfied with 
Cl = 1. Hence we obtain that the pob'nomials Pn{x) are majorized by 
the function 39(x-,f) for everj'« (« = 0, 1, 2, . . .), that is, 

(12) supiP/(x)| <3«(a:;/). 

Now Hardy and Littlewood (see [8, p. 244]) have shown that if 
/ € D’lO, 1], ^ > 1 then e(f) € LP[0, 1] with 

(13) /) dx < I' 

In view of the relations (4), (12), and (13), we deduce the fundamental 
theorem. 


Theorem, /f/ € LP[0, 1], p> U the polynomials P/{x) are domi- 
natedly convergent almost everywhere in the space U, in other words 

(i) P/{x) ->/(x) p.p. in [0, 1], 

(ii) there is an element 9(x: f) in the space IP such that |Pa^(.i:)| < 30{x\f) 
p.p., Jor all n. 

Corollary. If j € D'[0, 1], p > I, the polynomials P/{x) converge 
strongly to f (x), namely 

(14) I |P/ - /I U. = [ f^\Pn\x) - fix) I" 

For, |P«^(js) — /(jc)l*’ approaches zero almost everj’where and is domina¬ 
ted by an integrable function, and hence by Lebesgue’s general conver¬ 
gence theorem the relation (14) follows. 

The same methods of proof have been used to establish similar 
theorems in the Banach spaces A (a, p) and M(a, p), 0 < a < I, 
p > 1, introduced by Lorentz [5]. The details are found in [1]. 

Recently, E. Levi [Atti. Accad. Naz. Lincei. Rend. Cl. Sci. Fis. 
Mat. Nat. (8), vol. 9 (1950), 242-246; (8), vol. 10 (1951), 360-364] has 
also established the above corollarj.’ proving that the P^^ix) converge 
strongly to/(*) in the space IP, />>!. His proof involves approximat¬ 
ions by step functions. 



P. L. BUTZER 


27 


REFERENCES 

P. L. But7ek, On Bernstein polynomials, Thcbis, University oi Toronto Library, 
1951. 

2. G. H. Hardy and VV. W. Rogosinski, Fonttct series (Cambridge Tracts No. 38, 
1944). 

3* L. V. KtNiOROviicii, Sur certaincs developpements suwant les polynomes de la 
Jorme de S, Bermtein, I, II, C R. Acad Sci. U R.S S.. A (1930), 563-8, 595-600. 

4. G G. Lorentz, Bernstein polynomuih, a book to be published by the University 

of Toronto Pres«-. 

5. - Some new functional spaces, Ann Math , \ol 51 (1950), 37-55. 

6. M. P. Romanovsky, Quelgues considiratwns sur la thfone des integrales singulihes, 

Math. Z, vol, 34 (1932), 34-49. 

7. D. V. WiDDER, The Laplace transjorm (Princeton, 1946) 

8. A Zygmund, Trigonometrical series 1935). 




TRANSACTIONS OF THE ROYAL SOCIETY OF CANADA 
VOLUME XLVI : SERIES III : JUNE, 1952 
SECTION THREE 


On the Relation between the P'^'integral and the Cesaro" 
Perron Scale of Integrals 

H W ELLIS 

Pic'^ntcd by R L JEFFERY, F R S.C. 

1 . R. D. Jcimes [3] has defined a second Perron integral (P^-integral) 
and shown that it contains and is more general than the C'es^ro-Perron 
integral of J, C. Burkill. The Cesliro-Perron integral is the integral ot 
order one in the Ccsiro-Perron scale [ 1 ] ol integrals of increasing 
generality. The purpose of this note is to give examples showing that 
there are functions that are P^-integrable without being CrP-integrable 
for any r and that, tor r an integer greater than one, there are functions 
that are C^P-integrable without being P^-integrable. 

2. The functions 

f{pi x) = sin g{p, x) « cos p > 0, q> Q, X 9^ 0 ; 
/(/>, 0 ) = g{p, 0 ) - 0 

are CrP-mtegrable on any finite interval containing the origm if and only 
if r> {p - g - 1 )/^- 

Fix 2k > {p g ^)/g^ The 2 ^th derivative — 2k{q + 1), r] 

exists tor ic 7 *^ 0 and consists of a linear combination of the functions 
iipi g{p - g^ a:), 2kq, .v]. Defining 

Mx) = - 2k(q + 1 ), rl, 0 < r < 2k, x 5 ^ 0 ; 

F,(0) = 0, fix) = F„ix) 

gives 

(1) F,+,(jc) = oiar-^O. 

The tunction Jix) will be CrP-integrable on ia,b) (with Pi(.v) — Pi (a) 
serving a.s both d major and minor function) if Fi(x) is Cr-continuou& 
at a; = 0, that is if 

lim -''r f'cv - O''‘Pi(0 dl = Pi(0) = 0, 

X n/0 

29 
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the integration being in the Cr-iP-sense. By successive integrations by 
parts, valid for the Cesiro-Perron integrals involved, this is equivalent 
to 

(2^^ Fr+i{x) = 0(v") as v~>0. 

It follows that/(3c) is C^P-integrable on (a, b) ii r > {p — q — l)/g. 

Similarly fi{x) = — 2k{q + 1) — x], x 9 ^ 0, /i(0) = 0 is a 

linear combination of the functions g(p — g, v), J{p — 2q, x), , 

g[p — {2k + l)g, x] and is CrP-integrable on {a, b). Continuing in this 
way a CrP-integrable linear combination ^Cv) of the functions 
f{p — nq,x), . . . i J[p — (2^ + ; 2 )( 7 , a:] is obtained lor w even and a similar 
combination with j and g interchanged lor n odd. For the smallest 
integer n > {p + 1) q, all of the terms of /„(r) except J{p — vq, v) 
{n even) or g{p nq, x) {n odd) will be Lebesgue integrablc and 
therefore f{p — nq, .v) or g{p — nq^ .v) will be CrP-integrablc. Reversing 
the order in which the above linear combinations were formed, the 
CrP-integrability ol the function of lowest order follows at each step 
and finally the CrP-integrabilin" of/(/), x) is obtained. 

A consideration of (1) and (2) shows that f{x) is not C/P-integrabk 
if r < (/> — g — l)/q. We may suppose that r+l> {p — q — l)/q, 
for if it is shown that f{pj x) is not C,.P-intcgrable for such a value of r 
it follows from the consistency ol the Cesiro-Perron scale of integrals 
that f{pi x) cannot be C^'P-integrable for r' < r. Under this hypothesis 
fi{x) is CrP-integrable as are all of the terms of f{x) except J{p,x). 
It follows that/(^, x) cannot be CrP-integrable on (a, b). 

3. For 7 fixed there are Junctmis that are P^-integrable without being 
CrP-integrable. Consider 

F(x) — x" sin x''^, G{x) — cos x 9 ^ 0, P(0) = G(0) == 0, 
fix) = P"(.v), gix) = G"(x), X 0,/(0) = g(0) - 0. 

By James’s Theorem 4.2 [3] the functions fix), gix) will be 
PLintegrable over (a, c, b) where {a, b) contains the origin if Fix), G{x) 
are continuous and smooth at a; = 0. Continuity will be assured by 
(i) a > 0; smoothness by (ii) even, x" odd for Fix) or Gix), or x^ odd, 
x^ even for Fix) or both odd for Gix). From §2, fix) will not be C^P- 
integrable if (iii) o: < ^8(1 — r) + 1. Values of a and satisfying (i)- 
(iii) include jS == 2(2r + 1)~^ a — 3(2r + l)-^^ in the definition of 
Fix) or Gix), or j8 = (2r + 1)“^ a == (r +• 2 )fi2r + 1) in the definition 
of Fix) if r is even and of Gix) if r is odd. 

4. There are functions that are P^’-integrable without being CrP^integrable 
for any r. 
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Let In denote the interval f2~“, 2“"+*] and define 


Fn{x) = (v - 


MOn H) _ Cn_ 


^ » 


Fix) = - F( - .V) = E an Fnix), 

n~ 1 

fix) = F"ix), X 7^ 0, X 7^ x„; M = 1, 2, . . . ;/(«) = 0 elsewhere. 

It foIlow’s from §3 th<it Jix) is not C,P-integrable on ( — 1, 1) for any 
r. We shall show that the constants x„, C„ and a„(w = 1, 2, . . .) can 
be so chosen that jix) is P^-integrable over ( — I, c, 1) for everj' 
- 1 < c < 1. 

Fnix) has nia\ima for 


\.2kv\ ^ ^ ' (4* - I 


{Ah — \)n 

and the values of ^ = 1, 2, ... for which .v G i„. The nidKimum ot 
Fn{x) corresponding to a fiKCcl k (notation niax;;, Fn{x)) satisfies 

< inax/. 


r C.V 

L2Jfe7rJ 


If Xfl and in arc chosen so that maxi F«(\:) is at .v = niax-^ F„(a:) 
at X = 2"“" it may be verified that 


max^p Fn(x) ^ 16 

L3(4/>-1)J 


maxi Fn{x) 

If p > 2 is fixed and the values a,i chosen so that 
a„ F„(2“^') = a«H.i F„+i(2“'^), 
it then follows that, since maxi a„+i F„+i(x) = max-p 

mju.xa»ii|^(£L < X < 1, all w. 
maxi an Fn{x) 

Since tnaxj a^ Fn{x) is the maximum of F{x) on 7„, F{x) is continuous 
<it .V = 0, Since F{x) is <xld and F(0) = 0, F{x) is smooth at x = 0. 
By definition F{x) is continuous at the points dr 2"“", w = 0, 1, 2, . . . 
and is smooth at these points since both right and left derivatives are 
zero there. As in §3, F{x) is smooth and continuous at each point Xn and 
the P®-integrability of f{x) follows Irom James’s Theorem 4.2. 


5. I f a = 0 in the definition of g{x) in §3, g(x) is not PMntegrable over 
( — 1, r, 1) since F{x) cannot be defined so as to be continuous at 
ic = 0. By §2 g{x) is CrP-integrable if r > {p + l)/fi and is therefore 
C 2 P-intcgrable for /3 > 1. 

All of the preceding relations hold with the more genreal GMr- 
integrals [2] replacing the corresponding CrP-integrals. 
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1. Introduction 

L et jB be a Banach space ot elements x with convergence defined as 
j usual by the norm. Let (m, t? = 1, 2, . . .) be linear (not neces¬ 
sarily bounded) operators mapping B into itself. In a recent paper, 
A. Robinson [4] (see also Melvin-Melvin [3]) has proved the following 
interesting generalization of the theorem of Toeplitz on regular sum- 
mabilily methods. The word “bounded,” applied to an operator T (but 
not to its value Tx) will always mean the existence of the norm l|r||. 

Theorem 1 . In order that the transformation 

00 

( 1 ) ym ~ 23 

n>m\ 

be defined Jot each convergent sequence Xn B and that lim ym = Hni x„ 
it is neceSssary and mfiicient that 


(2) 

lim t„„ = 0 

T—1 

11 




(3) 

nr 

S f«i« = existsJor = 1, 2. 

/i-l 


(4) 

lim tfff ~ 1 , 



m Vi 


(S) 

ll^wVi tm,M\ 1, ... 11 < i/ < + 00 

(w = 1, 2, .. .) 


for some constants M and N, 

Here 0, / are the zero and the identical operator, resi)ectivel3% and 
(2) metins for instance that tmn v0, m—^<x> for each v f B. The 
‘‘group nonn” ||/v, /h-i» • * *11 is defined by 

(6) ll/„ 1 ,.. .11 = sup ||/, .v, -H • •. + t^ 

taken over all integers /t > >' Xp with ||apll < 1 (/> = v, . • • . m)- 

*This pjipcr was writleti while the authors were members of the Summer Research 
Institute, Canadian Mathematical Conciress, Kingston, 1062. 

33 



34 


rHE ROYAL SOCIETY OF C\N\DA 


Condition (5) implieb that the operators must be bounded for 
n N, If they are assumed bounded for all wz = 1, 2, . . . , this 
theorem follows easily from the Banach-Steinhaus theorem for operators 
on c{B) (see §2); Robinson and Melvin-Melvin give much longer 
proofs. The purpose of this note is to give a general theorem on linear 
(possibly unbounded) operators which seems to be new (Theorem 3 in 
§3 and its variant, Theorem 4) and to show that the general case of 
Theorem 1 follows from the special case and this result. The existence 
of such a theorem was suggested to us by Robinson’s general theorem. 

2. Bounded Operators 

For a given Banach space 5, we denote b> c(B) the set of all sequences 
X = Xn G B, converging In B. c{B) is a Banach space with the 
nonn 

||Z|| = sup ||»;„||. 

n 

If the /v (!» = 1, . . . , «) are linear operators from B to J5, the sum 

= TX 

is a linear operator from c{B) to B; its norm is easily seen to be 
lirll = |l«i, . . . ,4|| == sup ||£?,.r,||. 

I!r,,lkl I 

For a sequence /i,..., 4,..., ||4,..., 4|| h, • . .||. A fundamental 

set in f(B) consists of all sequences of the form (0, ...» 0, .x, 0, . . .) 
and (.V, X, . . Hence, by the Banach-Steinhaus theorem [1, p. 80, 
theorem 5j a series tv av is a bounded linear operator TX from 
c(S) to B if and only if converges and ||/i, /o, . . .|| < + » (this is 
Theorem III in [4]). Moreover, 

l|r|| = IK 

Assume now: that the t^n in (1) are bounded operators. Appl> ing the 
Banach-Steinhaus theorem to the sequence of operators 

Tm X = 22 tffin Xfif X = { a %} , 

n 

we obtain immediately Theorem 1 for our special case. 

[Remark during the proof (December 19,1952): essentially the same 
proof was given by K. Zeller in his paper [ Verallgemeinerte Matrixtrans- 
formationen, Math. Z., vol. 56 (1952), 18 20] which appeared after 
this note was accepted for publication. However, Zeller leaves open the 
case of Robinson’s general theorem.] 
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We note also the following theorem, whose prool follows along the 
same lines as [2, theorem 1]. 

Theorem 2. The travi>lormation {D has the property \\ym\\ < + 
whenever < + ^ if only iJ,for wme constant M, 

(7) E 11^ mn X II < M for 11*11 <1, H = 1, 2. 

m=l 

3. Unbounded Oper^vtors 

We now give the theorems referred to in the introduction. 
1"heorem 3. Let B he a Banach space and (w = 1, 2, . . .) closed 
linear siihspaces oj B, Let Tm he a linear operator mapping B into itself, 
such that Tm is bounded on L,n. Let Ti x, T 2 x, , . . be a hounded sequence 
for each x G B. Then there is an N such that all Tm ore hounded on 

Proof, We may assume without loss of generality that Xi D Lz 
D . . . , for otherwise we should consider 

L,rf - Lii. 

Suppose the conclusion does not hold. Then for each Lm there is a Tn 
which is not bounded on Lm^ where necessarily n > m. Passing to a 
subseciuence of the Tm^ we may assume is not bounded on Lm, 
for each w. 

Let Ilm be the bound of Tm on Lm* Choose a sequence ai, az, * • » with 

(8) < t- 

M>m 

Choose a sequence xi, Xz, . . . ol elements ol B inductively, as follows. 
If Xx, . . . , v,«_i are already known, choose Xm such that Xm G Lffi, 
1|.V„|| < 1, and 

OT-l 

(9) «wl|r,„|.i > m + 

We put 

fn 

X = oLfi Xu G S; 

then 

OT—1 03 

(10) Tm+1 X =* Olfi Tm+X Xm “b E! tt/t Tm^l “b Z'w+lErf 
Here G i»»+i for /* > w + 1, and so 

no 

CCfi Xpt G Lm-j-l* 

rn-fl 
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Hence 

(11) Jf^ll <Hm+i a„ < 1. 

ft>in /i>»» 

From the relations (10), (9), (11), (8) it follows that {T„t r} is unboun¬ 
ded. This contradiction proves the theorem. 

Theorem 4. Let ii C ^2 C • • closed linear sub^paces of a 
Banach space B, Let r„ = 5^+ r^'(w = 1, 2, . . .), where 
Tm cbre hnear operators mapping B into itselft each Tn! is bounded, and 
Sm vanishes outside of Lm- Let {Tm 'v} be bounded for each x ^ B. Then 
there is an N such that all are bounded on the part of the unit sphere not 
contained in L^. 


The proof is a variation of that of Theorem 3 Let U be the unit 
sphere of B. We may assume that Tm+i is not bounded on 17 — L^- 
We take Sm == ||2"m'||, and define the am as before, The^x:^ are defined 
inductively such that 


TO—1 


Xni € U L„i, j I T'/U+l I j ^ “f* Of;*I I2 ^to4-1 ^m||» 

am\\vm\\ < max • • • . 3^=1 


where dp. — p{ap Xp, Lp) > 0 is the distance from ap Xp to Lp. 

Then for 

or> 

~ ^11 t 

M—TO+X 

•n 11 

p(pmi Lffi’^i) ^ dfii-\-i o:;*[|T;t[| dm+\ dm-Jfl .... 

M--M +2 ^ y 

= 2 ^ O' 

This shows that Zm iLm- Therelorc 

11 T m-f-i JJ/n 11 ~ 117 TO+1 11^7/ aft ^ 

mi 1 

and the prod is completed b^ appl^^’ing (10). 

Theorems 3 and 4 remain true even it Tm maps B into a Banac'h 
space Bm depending on m. A similar remark applies to Theoiems 1 and 2 


4 The Proof of Theorem 1 

We begin with the following remark. Let /i, /j, ... be a sequence ol 
linear operators, mapping B into itself. If is a bounded sequence 

for each — X ^ c{B), then there is a number v such that each 
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operator with « > v is bounded Foi otherwise there would be indices 
wi < W2 < ... and elements Ji„, with 


Then if 

we should have 


l|i:„,ll < 1 and %,„11-^ + ®. 
y ,-*0 and ||/„, 3';|1 ->+ «, 


a contradiction. This proves our statement. 

If now an operator ot the form Tm X - 'Z,,, tmv Xn is defined for each 
X f c{B), it follows that there is a closed Imear subspace of c{B), 
viz , the set of sequences with Xi = *2 =.•• = *» = 0, on which 
IS bounded. Hence, by Theorem 3 , there is an iV such that each Tm 
{m — 1, 2,...) is bounded on the set of sequences with *1 = sci = .. 
= % = 0 . Clearlj this implies that all 4# are bounded for n> N. 
By combining this with the special case ot Theorem 1 proved in § 2 , 
we obtain the complete proof of Theorem 1 
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Summation methods based on the following translormations 

G,{py. = Z (tV""(i - 

k—n 

G.(P): i.= 

have recently been studied b\ W Meyer-Konig [3] and P. \"erme& [6]. 
Here is a real or complex constant, and the series is said to be 
G^(/>)-summable to 6 {j == 1, 2) if the scries exists and converges to 
It was noted in [3] that these methods may be generated by the 
functions 

gi{t) = p + 0- - p)t, 
g^{t) =y!>/{l - (1 -P)t}, 

res[)ectively, by arranging formally in powers ol t and 

putting / = 1; this fields the series 23&n in each case. If we take 

gjiU) = pt/{\ - (1 - p)t] 

we obtain the method 

G,{p ): &o = no, &» ^ ^{iZ } (n = 1, 2, . . .) 

which can be shown by buraming and differencing to be identical with 
the Eulcr-Knopp sequence-to-sequence method 

E(P ): “ S 

Thus Gi(j>), Giip), Gt(p) are special cases of the method G in which we 
take any suitable function 

g(0 = TtCnt", 

TlwO 

39 



40 


THE ROYAL SOCIETY OF CANADA 


with i:(l) = 1, let formally, and call 

G-summable to .v if J f we put 

lg(0}' = 

n **0 

(so that Cn = we may define the series-to-series method G by the 
transform 

Gl bn ^ ^ Cn^^Ctk 

Jfc -0 

If To = 0 we have a row-finite matrix; otherwise the rows are infinite. 
The case Co = 0, ^ > 0 (w = 1, 2, . . .) was studied by O. Perron [4]; 
and the same with Cn > 0 relaxed, b> the author [2], K. Knopp [1] 
allowed co ^ 0, and determined the w-region in which the series Ylo^n ^ 
is G-summable, under certain conditions on g(/), knowledge of the 
singularities of the function defined by being assumed (the 

analogue of the Borel pol^’gon theorem). 

The cases Co = 0 and Co 5 *^ 0 require somewhat different treatment. 
The aim of the present note is to continue the study of the case co 7 ^ 0, 
giving the new form of some of the theorems in [2], and pointing out 
the application to the methods Gi{p) and G^ip), Let us write out more 
fully the rearrangement involved in the method G: 

zQ) = -f ai + . . . 

(i4) a2{g(0}“’ = ^2 + as “f an + . . . 


{^(^)}* ~ / + 6*2 + . • . 

We see at once that the avssumption th<it 6« is defined for each v implich 
that each column forms a convergent series, and in particular, since 
the series has radius of convergence at least |io|. 

Furthermore, the assumption that 5Z6„ converges implies that 
has radius of convergence at least 1. We shall also assume that g(l) = 1, 
that the series has radius of convergence greater than 1, and 

that z ^ g{t) maps 1^1 = 1 into a simple closed Jordan curve J in the z 
plane, and maps H < 1 simply on P, the interior of J. 

Theorem 1. Let ^ have radius of convergence r > [cul. Then if 
'Jiati is G-sum^nahle^ the function jp{z) = z^ can be continued analy¬ 
tically through D, and conversely if yl/{z) can be continued analytically 
through D\ the closure of D, then 2Z^« G-summable» 
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Remark, This can be sharpened somewhat (see [3, theorem 4] for 
Gi{p)) but the present form is sufficient for our purposes. 

FrooJ. It follows from our hypothesis by the Weierstrass double¬ 
series theorem that each column ol (-4) conver£>es, and if <#►(/) = ^[g(/) | 
the expansion ^(/) == 6o + 6i f + . . . is valid at least for sufficiently 
small values of ^ If is G-summable, <^>(/) is defined for |/| < 1; 
then, if / = h( 2 ), the jfunction <l>\h{z)\ gives the continuation oi xpiz) 
through D, Conversely, il ^( 0 ) can be continued analytically through 
D\ then <t){t) is analytic on |/| < 1, and T converges when / = 1. 
This completes the proof. 

As an example, il a„ = the function ^( 2 ) = 52 has radius of 
convergence \i/w\ and a pole at 2 — l/w. Thus lor 52 ^ to be G-sum- 
mable it is sufficient that |l/z«;| > |^o| and that 1 /w does not lie in D\ 
that is, \hiX/w)\ > 1. Necessary' conditions are \ l/w\ > |co| and \h{l/w)\ 
> 1; whether |/?(1/‘Z£;)| > 1 is necessary depends on G. For Gi{p) and 
G 2 (/>) see Vermes [6, pp. SSO, SS8]. For the summability of ze;" in 
the case where J contains the origin and is cut by each half-ray from 
the origin in one point only, see Knopp [1]. 

The method G is regular if all > 0; the proof given by Perron 
[4, theorem 1] with co — 0 is valid for co 5 *^ 0. If not all Cn > 0, the 
method G need not be regular; it may however be regular over certain 
classes of series as shown by Theorems 2 , 2a, 3 that follow. 

Theorem 2. If R> |col, a necessary and sufficient condition for G 
to have the property that 53 G-summable whenever 53 ds 

radius of convergence greater than Rj is that D' should lie in the circle 

Iz| < i?. 

This follows from Theorem 1 . (We remark that if i? < 1 the theorem 
is vacuous since J passes through s = 1 .) More generally, if K is any 
closed tlomain containing the circle |zl < Co in its interior, we have 

'Pukoukm 2a. a necessary and sufficient condition for G to have the 
property that 23 a„ is G-summable whenever 2D c" represents a Junction 
analytic in K, is that D' should he in K. 

This contains the mam part of a theorem given by J. Teghem [5] 
for Euler-Knopp summability. 

Thkorem 3. Assume [co] < 1. Then G is consistent with convergence; 
that is, if 2D 2D converge, they converge to the same value. 

Proof. If £ (i« z" converges for z = I, its radius of convergence is 
greater than |fo|, so the considerations of Theorem 1 apply. The result 
follows by Abel’s theorem on power series. Similarly in Theorem 2 , 
2Dnii is G-summable to its ordinarj- value. 
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Theorem 4. Let 2 cin he G-summablef avd let 53 have radim oj 
convergence greater than jcoj. Then ^ an vf is G-summable for all values 
oj w such that wD' C D. 

Proof. We \\rite ^(c) = 53^// Theorem 1, is G- 

summable if Jj,an has radius of convergence greater than |ro| and 
is anabtic in D'. Now wD^ C D implies |7£;| < 1, so the radius of 
convergence of w” 2 " is greater than that of 53^// hence greater 
than |co|. Also ^(s) = fp{vDz), and since ^ is known to be analytic in D, 
the result follows. 

Theorem S. Let the senes ^a„y be G-summable to s, i', a^td let 
Zan s", have radii of convergence greater than |^:o|. Lei 'E,a/' be 

the Cauchy product, a” = no af + ...+ Un af. Then 5]n«" is G- 
summable to ss\ provided ihe G-lransforni oj is absohdely 

convergent. 

For if Yfbn\ Hbf* are the G-transfomis of then 

IS none other than the Cauchy product of 53^«» SV- The result follows 
by Merten’s theorem. 

In conclusion we state briefly the results for Gi{p) and G 2 (/?). For 
Gi{p) we have co = p, and the region D is\z — p\ <\\ — p\. If jsip < 

D contains the origin and the shortest distance from J to the origin is 
jl _ ^1 If 1^1 < i|i - ^1 we have jl - - \p\ > \p\, so the 

assumption that ^ is analytic in D' implies that the radius of 
convergance of s” is greater than |co|; therefore 53a» is Gi{py 
summable by Theorem 1. The condition in Theorem 2, that jD' lies in 

< R, becomes 

\l-p\ + \f>\<R. 

The condition in Theorem 4, that wD^ C D, becomes 

b/(l - /’)! iw - l| + |w| < 1. 

For Gi(p) we require [l — />| < 1. We have asjain Co “ P, <.xncl 
the region D is |z — ^| < [zj |l — /)|. This is a circle with centre 
/>''(! — |l — pY\ radius jl — p\ \p\/\l — |l — p\^}- The condition 
in Theorem 2, that D' lies in [z] < R, becomes 

\p/R\ + |l - /.[ < 1, 

and the condition in Theorem 4, that wD' C D, becomes 
|l/(l — p)\ Ia» — l| + |a»| < 1. 

The corresponding results for Gi{p) are given in [2]. 
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1. Introduction 

O UR standard decimal notation is based on the following theorems 
of arithmetic: 

1. Any positive integer N can be written uniquely in the form 
iV = flo -h lOoi -|" lO’fli d" .. . -I- 


where a, are integers such that 0 < a, < 9, i = 1, 2, 3,. .. , r. In other 
words, the integer N determines the number r and each of the Oj. 

2. Any real number M, 0 < Af < 1, can be written uniquely in the 
form 


^^ = fo+io- 


-4-.. . + — + . 

-r ... t- iQr f- • 


where c, are integers such that 0 < fi < 9 for i = 1, 2, 3, . . . , and 
furthermore, for infinitely many i, c, 5^ 9. If we remove the latter part 
of the condition, uniquenc-ss is destroyed, for example, the numbers 
0.5000 . . . and 0.49999 . . . are identical. 

These theorems are readily generalized to the case where the number 
10 is repLiced by the number a, where a is any integer > 2. Less trivial 
generaliziitions have been given in [2] by Faber who has shown that: 

1, Every integer can be expressed uniquely in the form 

2! + 3! + •. • + w! 


where hi are integers such that 0 < 5, < f. 

2. Every number M, 0 < ilf < 1, can be expressed uniquely in the 
form 


2! ^ 3! ^ 4! ^ ^ (r + 1)! 
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where c, are integers such that 0 < c, < i and for infinitely many i, 
c, < i. Faber obtains, from this representation, a fascinating proof of 
the countability of the rational numbers. In [1] Cantor represents 
positive numbers less than one by expressions of the form 

where X, /x, i/,... are integers such that 0<X<6 — l,0<iLt<6'— 1, 
etc. In this paper, we will show that, in a sense, Cantor’s representation 
is the most general possible. Our purpose is actually to find all possible 
representations of real numbers by sequences of integers, of the type 
described in this introduction, 


2. The Main Theorem 


Let oKo = 1, ai, o' 2 , • be a sequence of real numbers strictly 

increasing to infinity; that is oit+i > a^ for ^ = 0, 1, 2, . . . and for any 
real number N, there is an integer n such that an > N, Let /3i, , 

iS;,, ... be a second sequence of real numbers strictly increasing to 
infinity. Let Xi, X 2 , * . . , X^ be any sequence of positive integers and let 
jwi, /A 2 ,. -., be any second sequence of positive integers, including the 
possibility that Mi = Xt. We ask, what are the necessary and sufficient 
conditions in order that every positive real number N may be expressed 
uniquely in the form 


N Gn On + On-l + 


+ Co Ofo + ^ + 
Pi 


+ ^ + 

Pi 


where oo, ai, . . . , a„, bi, S 2 , • . . are integers such that 


0 ^ Oj ^ X„ 0 ^ bi ^ Hi 


and such that for infinitely many i, bi < m- 
In order to simplify our notation we will replace by X.« and l//3„ 
by a_B when these are more convenient. Then af-+0asr-^ — w and 
«,—>«> as r—»■ 00 . We will also use a reverse summation notation, 
i.e., we will use 

*±Ui 

for the sum 

Ut + ttr-l + . -. + 


This notation will only be used in the case where r > ^ and the order 
of summation will only be important when j — oo, 
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Theorem 1. A necessary and sufficient condition that every real 
positive number N be expressible uniquely in the form 

iV= *Eo.a. 

t—r 

where 0 < a* < and for infinitely many i, ai <\i is that 

“TD 

<3^*+! = *2 — CX3 < ^ < CO. 

t—A 

Proof of sufficiency. Assume 

—00 

= *2 for — 03 < < 00 . 

Hence 

oiQ = *E = !• 

For M > 0, 

a» = *E X.a. + *E X.a.+ 1- 

i»n—1 t**—1 »«an—1 

We first show that ojf is an integer for all i > 0. We have ao = 1, an 
integer, and assuming ao, ai, . . . , are integers, the equation 

0 

«»= *Ex,o. +1 

1mnr-X 

shows that otn is also an integer since all the X* are integral. Now, let 
N be any positive real number. Put N ^ K + L where K is an integer 
and 0 < L < 1. We will represent K in the form 

K = *2 

i*»r 

where a, arc integers such that 0 < a, < Xj, and L in the form 

L = *^axa, 

- -1 

where again 0 < a/ < Xf, but for infinitely many i, ff, < X,. To show 
that an integer K is representable as described above we will use complete 
induction. I = aoi hence 1 is representable. Assume that all integers 
T < at are representable in the form 

T=*'Eb,ar. 

r»i4—1 

Let at < K < at+i. Consider the intervals 

a, < * < 2ai, 2at < « < 3a„ Sa. < x < 4a„ . . . , 

(X< — l)at < X < X, «t, Xj a< < X < o!,+x. 
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Since these intervals cover the range a: ^ < a j+i, K must lie in one of 

these intervals. It < X" < (r + 1 < r < then 0 < X — ra, 

< 011 . hypothesis 


Hence 


0 

K — ra^ — c,a,. 

1 




Zj <^tai 


where 1 < c, = r < X* — 1. If lies in the last interval, i.e. X, a, 
< Isf < a,+i, then 


0 < — X, a, < a^i — X,a, 

0 0 
= 1 + *2 X,a, — X.a, = 1 + ^tott — a.. 

tarn t i- i—l 

Since X — X, a, < a„ by our induction hypothesis 

0 

K - \,a^ = 

^■■ 1—1 

Hence 

K = *'£ct<xt 

where We now come to the representation of L where 0 < L 

< 1. We define a sequence a-i, a^ 2 , • • • , ... as follows. First, 

determine the positive (or zero) integer a_i by the condition that a^i 
is the maximal admissible integer such that a-i a-i < L, The maximal 
admissible integer a_i is defined as follows. If X-i < L take a-i = 
X-i. If X_i oL^i > i we choose a^i to be the unique positive integer 
satisfying both the inequalities a^i a^i < L and (n-i + l)a-i > L, 
In any’ case, 0 < a^i < X-i. We then choose a -2 as the maximal admis¬ 
sible integer satisfying a^i a^i + a-s ql .2 < L. In general, is the 
maximal admissible integer satisfying 

CL—I OL—I + (1—2 CX—2 CL—t a—I ^ i. 

Since tor all f, 

<—1 

the series 

i—1 


is convergent and 
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L > “«• 

£jie—1 

We next show that lor infinitelj many /, a, < X,. In the first place, 
not all a» = X, since 

—m 

*“21 Xt oji = ao = 1 > 

1—1 

Let r be the first index such that a-r < X-t* By the maximalily condition 
on a^T we have 

ia=—1 j™—1 

We now show that there is an ri > r such that 

< X_,^ . 

If this were not so, then for all %> r, a_, = X_,, from which it follows 
that 

*2 ^i“» == + > A 

l«B~l 4 b*--! Jnex—r—I 4a—1 

a contradiction. By continuation of this process one can obtain an 
infinite sequence 

r < ri < r2 < f3. .. < . 

having the property that 

jp, ^ X—7.J 

Furthennore, for any such 

dia^KL < + oL-r,. 

I -1 t—1 

Since a^rt 0 as / --» <» and since 

t<—1 

is a series of positive tenns, we have 

L = *]C ®» 

f_—1 

We now show that the representation we have obtained for the 
number N is unique. If not, suppose there are two representations of N, 
namely 
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where 5 *^ 0> 5 *^ 0, 0 < < X^, 0 < 6^ < and for infinitely man^ 

at < Xi, for infinitely many i; < X^. We will show that r = 6 
and a^ = &A. for r > ife > — 00 II r ^ 5 , suppose r > s; then 

*Z) X,a^ > *'2 

a contradiction. Hence r = s. It now Or > 1, then 

—oo 

* Ctj Clf CLf {p*r 

Jm>T 

= (a, - l)ar + *^\,a, > 

/>»-r 

a contiadiction Hence ar — bj and 

0‘j- 

i*r~l j-r-l 

As before, ar-i = &r-i a<nd, in general, by inudction a^ = 5* for r > ^ 
> — 00 . 

Praa/ a/ necessity. Assume that the condition 

as 

an-i = *23 X, a„ — 00 < r < eo 

i=r 

is false. The following possibilities arise: 

Case 1. There is at least one r for which 


OfH-l > 


Case 2, For all r, it is false that 


«r+i > *Z) X| a,. 

i^r 

Case (2) breaks up into 2 sub-cases namel}’: 
Case (2)i. 


:fe 


x—r 


is divergent for — » < r < «> and, 
Case ( 2 ) 2 . 


0!r4"l ^ X^ 


for — 00 < r < 00 and for at least one k, 
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t=-/ 

In c<ise (1) let T be a number such that 

o!,+i > r> *2 \,a,. 

*=»/“ 

By definition, T has no representation. In case (2)i, i e. Vvhen 

i*=ir 

is divergent, define numbers a^-i, ar- 2 i . . . b> saving that a, is the 
maximal admissible integer such that ar ar < an-i; ^r-i is the maximal 
admissible integer such that ar ar + ojr-i < ar+i etc. Hence, by 
definition 


is convergent and 


Since 


lasr 

—CO 




a* 


is divergent, infinitely many <\i. Let ii < iz < h < U - . . be an 
infinite sequence of integers such that 

a^tf ^ u' 

As before, we have 

— a —»* 

*2 a, a, < 0(^-1 < *2 ««“« + «-«• 

r t-or 

Hence 

0 oi;*f 1 ^at oci oL^ii* 

r 

Since «_<» —> 0 as —» », we have 

—fo 

0!r+l “ *2 
t-*r 

We thus have two representations for namely 

—09 

O‘r+1 = * 

i»*r 

and 

Gr+l “ l«r+l + Oar + Oa,wi + > • • • 
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In the case ( 2)2 we are given that 

—TO ~fiO 

“i+l < —■»</•< CO. 

1—r 

As before, define a^- 2 , ... by saying that ai, is the maximal 

admissible integer such that < ofA+i; is the maximal admissible 
integer such that + a^-i oti^i < «/11 etc. Then 

—00 

«!+! > 

i=»A 

At least one ai \i and hence, < X„ since 

Oik+l < >^*Q^** 

If there were only a finite number of i for which a< < Xf let tjo + 1 be 
the last index for which < Xj. That is, we assume that 


but that a* = Xt for all f < tzo (remembering that in the series 
the i run in decreasing order of magnitude). Then 

« 0+1 ~2f Wo’f 1 

“M-i > + «»o+i- 

i»«A. 1*071« 

But since On^+i is a maximal admissible number and 


we have 


^ 71^+1 < ^ 77^+17 
o4* l Wo-f l 

0^1 H“ ^78o+l» 


a contradiction. Therefore, infinitely many a, < Xi. As before, 
at least two representations. We have shown that when the condition 

—03 

ftr+i = *]C X.«!, — 00 < r < », 

js=r 

is violated, either there exist positive real numbers with no representa¬ 
tions or there exist positive real numbers with at least two representa¬ 
tions. Hence, we cannot have uniqueness of representation for every 
positive real number if we violate the fundamental condition: i.e. the 
condition is necessary. 


3. Some Subsidiary Theorems 

TteOREM 2. The positive integers X„ — <» < f < 00, may he chosen 
arbitrarily and these uniquely determine the oli and the pi. 
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Proof, It call easily be shown by induction that 

«o =1, — (1 + Xa)(l + Xi) . . . (1 + Xn-i) 

and that 

- (1 + X^i)(l + X«2) . . . (1 + 

Theori^m 3. The numbers and Pn o,re integers such that for i < 
o£* I oij and fit I fij, (x I y means jr is a divisor of y.) 

Proof. The result follows immediately from the formulaeof Theorem 2. 

Theorem 4. The numbers at and fit may be taken as arbitrary 
sequences of integers subject only to the conditions ao = 1, | oJi+i, and 

/S,l fi^+iforall i. 

Proof. If we choose 

\ -s l“5±l _ 1 
An — 1 , 

On 

and 

= n>2, X_i = /3i-l. 

Pn-*! 

it is easily verified that the fundamental condition is satisfied. 

The result of the Theorem 4 shows that Cantor in [1] actually ob¬ 
tained the most general representation (for the fractional part of the 
number at least). 

Theorem 5. A necessary and sufficient condition that every positive 
rational number have a finite expansion, is that for every integer N, there 
exists an n such that N ] fin* 

We note here that a proof of half of this theorem was obtained by 
Cantor in [1]. 

Proof of necessity. Suppose there is an integer N such that N does not 
divide forn — 1, 2, 3, . . . . We will show that 1/N cannot have a 
finite expansion. For suppose that 

1_^ a I u 

^ifit^ fif 

since j8i | ;8g | jSs... | /3*. Then /S* = Nu, that is, N j /3i which is a con¬ 
tradiction. 

Proof of sufficiency. Suppose that for each N, there is an « such that 
N I pn- We need only consider the representation of rational numbers 
a/b such that 0 < a/b < 1. Suppose b | Pi. Then a/b — rfpi. If r < 
^ 1 , ^/Pi is the required representation. If r > X_i then 
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a r ^ X-i + 1 , ^ 

“00 —no 

= «_! X _1 + *X) X. a, = «/ = «0 = 1, 

tarn—2 

a contradiction. Hence every number a/b such that 0 < a/b < 1 and 
such that b | pi has a representation by one term. Suppose now that any 
fraction whose denominator divides Pr has a finite representation 
stopping at the term in and let cji be a fraction such that 0 < r/d < 1 
and such that d j Pr^i, Then c/d = k/pr+i- If ^ < X_r-i, k/pr^i is the 
required representation of c/d by one term. U k> X-r-i» divide k by 
X-r-i + 1 obtaining k - q (X-,r-i + 1) + ^ where 0 < 5 < X-r-i. Then 

£ ^ = g'fX^r-i + 1) + ^ _ Q [ -y 

d Pt+I Pr Pr+1 

By hypothesis ^ 

iL-£Lj-£l4. 4.£r 
Pr Pi Pr 

where 0 < Ci < X-i, and hence, 

£=.£i.4-£L4. 4 .£l r-jL. 

d Pt P2^ Pr^ Pr+Z 

Theorem 6. If the system of representation defined by the sequences 
{ceil} and iPn} represents all rational numbers by finite expansions, then 
{X«»} is an unbounded sequence. 

Proof, If X«„ < Jkf for all take p a prime number such that 
/> > il/ + 1. For all n, 

Pn^ (1+X^i)(l+X^2).*.(l+X-^). 

Since all the numbers 1 + X-i, 1 + X« 2 , . . . , 1 + X-^ are less than or 
equal to 1 + ilf, all the prime factors of pn are less than or equal to 
1 + AI, Hence p is not a divisor of any pn. By Theorem 5, not all rational 
numbers have a finite expansion, a contradiction. Hence, {X-,i} is 
unbounded. 

Theorem 7. Suppose that jS„+i > PJ/ for all n'^ hq. If a number T 
be represented by a bounded representation, that is, 

v^f 

and at K A for all i but infinitely many 0, then T is a transcendental 
number. 
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Proof. Put 

t^r 

Since infinitely many «, ^ Q,Tn <T for all N. Also, 


-tf 


Then, 


TV = * 2 a, a, = — . 

t~r PV 


0 < 7^ — — — r — TV — tt-./r-i a~jv-i + * 2 ^ i Qij 

PiV %rr^N-l 

^—TOO 

< a_v -1 ff-v—I "h *2 ~ a_w_i OL—i^—\ + 

i—Jtf-2 

= a_jv—iCa-iv--! + 1) < „ for all N 

w+i Rw 

By Liouville’s theorem, the inequalities 

for all N > fio, implies that T is transcendental. 


Corollary. Let j8„+i > |8„" /br all n na. If a, number T be repre¬ 
sented, by 

r = 

and > Xt — -4, all i, then T is transcendental. For if T ^ K + L 
where K is integral and 0 < L < 1, then, by Theorem 7, 1 — L is trans¬ 
cendental and h&nce so is T. 
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Convex Sets in Linear Topological Spaces 

ISRAEL HALPERIN, F.R.S.C. 

1. Introduction 

I N this paper we shall prove some theorems concerning convex sets 
in linear topological spaces. 

In §2 we shall show that if K and Ki are non-empty, disjoint convex 
sets in a real-linear topological space and if at least one of them has 
inner points then there is a hyperplane separating them. This was 
proved by M. Eidelheit [3] for the more special case that the space is 
linear and normcd and both K and Kj have inner points. 

From this result we deduce that if iiT is a convex set with inner 
points then through every boundary point of K there passes a sup¬ 
porting hyperplane; more generally if i? is a linear set containing no 
inner points of K then there is a hyperplane H containing R such 
that K lies on one side of II. This was proved for linear normed spaces 
by S. Mazur [4], the first half of this result having been obtained 
previously by G. Ascoli [1] for separable, linear, normed spaces. 

Aside from greater generality, our proofs are more elementary than 
those of Ascoli, Mazur, and Eidelheit and do not use Minkowski 
functionals or the Hahn-Banach extension theorem. (The simplified 
proofs for 15idelhcit’s theorem due to Kakutani [5] and Botts [2] 
require the theorem of Ascoli-Mazur.) 

In §3, we consider linear topological spaces with either the real or 
complex numbers as scalars. We repeat the argument of Ascoli and 
Mazur to obtain the theorems (proved by them for the real-linear 
normed case) that every closed convex set is weakly closed and that 
if Xn —> X weakly then x is in the closure of the set of all averages 
CiXi + ... + CmXm with w = 1, 2, ... , all > 0 and the sum of the 
Cn equal to 1; however, for this result we require the stronger re¬ 
striction on the space that every open set containing the origin should 
contain a convex set having the origin as inner point. 

1 
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2. SEPAR.VTING Hyperplanes 

Let R be a linear space lopologizcd by a family of open sets such 
that: the set-unioii of an arbitrary collection (possibly empty) of 
open sets is an open set, the set-interseclion of two open sets is an 
open set, and each point of E is the intersection of all open sets con¬ 
taining it. We shall suppose (i) jc + y is continuous in .v lor fixed y 
and (ii) cx is continuous in the pair c, .v. It follows that whenever 0 
is in the closure of a set of x then 0 is also in the closure of the cx 
where c may depend on x providing that K = sup | r | is finite; 
indeed, for arbitrary’ integer p each cx may be expressed as 
+ TpX with 0 < rp < 2“^ and m one of the finite set of integers 
numerically less than 2^(2 + X), and hence by choosing p sufficiently 
large it can be seen that in every open set containing 0 there is at 
least one cx. 

If Si, S 2 are subsets (possibly" single points) of E then Si + S 2 shall 
denote the set of all Xi + X 2 with xi in Si and x^ in S 2 , and cS the set 
of all cx with x in S; J(Si, S 2 ), the join of Si and S 2 , shall denote the 
set of all cxi + (1 — c)x 2 with xi in Si, X 2 in S 2 , and 0 < r < 1, Our 
conditions on E imply that x + N and cN are open sets for fixed .v 
and c 0 respectively if N is an open set. 

A set K is called convex if X == J{K, K). It is easily verified that 
J(Si, S 2 ) is convex if Si, S 2 are both convex and that the set union of 
an increasing family of convex sets is again convex. 

Our conditions on E ensure that if K is convex then its closure K 
is also convex; for if K C Ki for some convex Ki C K and if x is in 
K then J{x, Ki) is again convex and K C Ki C J(x, Ki) C K and it 
follows that K is contained in a maximal such ivj which must then 
coincide with K. 

For the rest of this section wc shall suppose that the scalars arc the 
real numbers. 

l{x, y) shall denote the set of all /x + (1 — /)y with -- » < / < 00 ; 
I(x) shall mean Z(0, x). A set II is called linear if II contains l{x, y) for 
all X, y in //; jff is called a hyper plane if it is closed, linear, and different 
from E and the only linear sets which contain II arc II and E. 

Suppose II is a hyperplanc. Choose any xq in II, any yo not in II 
and set w = yo — xq. Then the linear set II + Z(w) must coincide 
with E and hence every x in E can be represented in the form k + fu 
with A in II. Clearly h and t are determined uniquely by x. Let 0 have 
the representation Ao + tou and for every x = A + /w set/(x) ^ t -- to. 
Then/(x) is a real-valued linear functional on £ and our conditions on 
E together with the closure of H ensure that f(x) is continuous. (If 
f{x) were not continuous we could deduce that for some € > 0 and 
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some h, h and some set of /z, | ^ ~ /i | > e but hi + hu is in the 

closure of h + tu ; hence 0 is in the closure of the set of h — hi + 
(/ — ti)u\ then, since | / — /] | “’^ < 0 is in the closure of the set of 

(/ — — h) + yi) — Xo and finally yo is in the closure of II.) 

II consists precisely of the x for which f{x) = — /q. Each of the sets 
of A' for which J{x) < — /q, and f{x) > — /o respectively, is called 
a side of II and also a half-space. It is easily verified that the two sides 
of II are uniquely determined by II and that if y is an inner point of a 
set S lying on one side of II then y is not in H. 

Conversely, if II is a closed linear set with II 9 ^ E = H + l{u) for 
some u then it is easily verified that II is a hyperplane. Also, if/(A“) is 
any real-valued continuous linear functional not identically’ zero and 
c is a real number then the set of x for which f{x) = c is a. hyperplane. 

We shall say that two sets Si and ^2 are separated by the hy perplane 
II if they lie on different sides of //, equivalently’ if, for some continuous 
real-valued linear functional f(x) and some r, /(x) = c if and only if .v 
is in //, /(v) < r for all x in Si and/(.v) > c for all x in S 2 . 

A hyqjerplane II is called a supporting hy^perplane of a set 5 if 5 lies 
on one side of II and 11 contains at least one boundary point of S. 

Lemma, If C is a closed set with inner points and its boundary H is 
a non-empty linear set then II is a hyperplane and C is one of its sides. 

Proof, (i) By a translation, if necessary', we may suppose that the 
origin 0 is in II. 

(ii) Since C is closed and its boundary' is a linear set it 

follows that C is convex. Hence if u is in C then tu is in C for all / > 0 
and h + tu == (1 + /) ((1 + 7/ + /(I + tY'hi) is in C for all h in 

II and / > 0. 

(iii) If H and —// are both in C then u is in II. For otherwise 
there would be an open set N containing u and contained in C. It 
would follow that —«) is contained in Cand hence \{N + { — u)), 
which is an open set containing the origin, is contained in C, contra¬ 
dicting the fact that the origin is a boundary point of C. 

(iv) If //o is a fixed point in C but not in II then C consists 

precisely of all h + tuo with h in II and t > 0. Indeed, if z; in C were 
not of this form it would follow that for every / > 0, — tuo is not 

in H. Since v would be an inner point of C it would follow that for 
every / > 0, z/ — /wo is in C, 7«o) == is in C. When 

i 00 we obtain — zio is in C, assumed closed. By (iii) it would follow 
that uq is in II contradicting our assumption. 

(v) With the uq of (iv), H + l{uo) = E since it is a linear 
set having inner points. Since II is closed this implies the lemma. 
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Theorem 1. Suppose that K and Ki are non-empty disjoint convex 
sets and that K is open. Then there is a continuous linear f(x) and a c 
such that f(x) < c for all x in K and f(x) > rjor all x in Kx, so that the 
hy per plane j{x) == c separates K and Ki. 

Proof, (i) Since the union of an increasing family of convex sets, 
each disjoint from K, is also a convex set disjoint from K we may 
suppose that Ki is not contained in any other convex set disjoint 
from K. Then Ki will be closed since the closure of Ki is convex and 
disjoint from the open set K. 

(ii) If u is not in Ki then J(w, Kx) ^ Ki. But the set J(w, ifi) 
is convex and contains Ki so it must intersect K. Thus cw + (1 -- c)xi 
must be in K for some xx in Ki and some 0 < c < 1. 

(iii) If Xx is in Kx and u is arbitrary then at least one of the 
sets: all Xx + /w, / > 0 all Xi — /m, / > 0 is contained in Ki. Other¬ 
wise there would exist Ux and neither in Kx and with Xi in J(ui, uf). 
Then by (ii) there would be yu Zi with Zi in isTi, yx in K and yx contained 
in J(ui, Zx); similarly for W 2 , 3 ^ 2 , 22 . Then /(yi, 3 ^ 2 ) would intersect the 
triangle of Xj, zx and Z 2 , that is, J(xi, /( 01 , ;S 2 )), in a point w which 
would be in both K and jRTi, a contradiction. 

(iv) If xi is in Kx but u is not in Ki then for every / > 0, 
Xi + /(x] — u) is an inner point of Ki. For there is an open set JV 
containing u and disjoint from ATi. Then xj + ^(x] — y) is in Ki lor all 
/ > 0 and all y in iY, and for fixed / > 0, Xi + t(xi + ( — 1)N) is an 
open set containing X] + t(.Xi — u). 

(v) Since Kx is a convex set it now follows that the boundary 
of Ki is a linear set and that Ki is a closed set with inner points. The 
theorem then follows from the previous lemma. 

Corollary 1. If K and Kx are non-empty convex sets and K has 
inner points y then K and Ki can be separated by a hyper plane whenever 
Kx is contained in the closure of a convex set K' such that isT' contains no 
inner point of K, in particular if Kx contains inner points but K and Kx 
have no common inner points. 

Proof. This follows from the fact that if a convex set has inner 
points it is contained in the closure of the convex set of its inner points. 

Corollary 2. If x is a boundary point of a convex set K possessing 
inner points then there exists a supporting hyperplane of K which 
contains x. 

Proof. This follows from Corollary 1 if x is taken as Ki. 

Theorem 2. Suppose that K is a convex set with inner points and 
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tJiat R is a non-empty linear set containing no inner points of K. Then 
R is contained in a hyper plane II such that K lies on one side of H, 

Proof. Replacing K by the convex set of its inner points, we may 
assume that K is an open set and that K and R are disjoint. 

Set J = J{R, K). Then 7 is a convex set with inner points. More¬ 
over no inner point of J is in R. Indeed, if jc in jR were an inner point 
oi J we could choose any xq in K and deduce that for some ^ > 0, 
X + t{x — Xq) == yi is in J but not in R and x is in yi). Then yi 
would be in J(xi, y) for some Xi in K and y in R. This would imply 
that l(Xj y)j all in i?, intersects /(xo, Xi) all in K, contradicting the 
assumption that K and R are disjoint. 

Corollary I to Theorem L now implies that J and R can be separated 
by a hyperplanc 11. Since R is contained in J, R must lie on both sides 
of II and hence is contained in II. 

Theorem 3. If R is such that euery open set containing 0 contains 
a convex subset with 0 as an inner point, then if K is a non-empty closed 
convex set and y is not in K there is an open set N containing y such that 
K and N can be separated by a hyperplane II. {Necessarily, y is not in II.) 

Proof. By our assumptions on E there will be an open set N con¬ 
taining y with N contained in a convex set Ki such that K and Ki are 
disjoint. Since Ki has inner points it follows from Corollary 1 to 
Theorem 1 that K and Ku a fortiori K and N, can be separated by a 
hyperplane. 

Coroll VRY. For E as in Theorem 3, every closed convex set different 
from K is the intersection of the half-spaces which contain it. 

3. Weak Convergence 

If Eh a linear spiice with a topology as specified in §2 we shall say 
that a sccpience in E converges weakly to x iif{xn) converges tof{x) 
for every continuous linear/(x) on E which is real or complex valued 
according as the scalars for E arc the real or complex numbers, Aset Z 
contained in E is called weakly closed if x is in Z whenever a sequence Xa 
in Z converges weakly to x. 

If the scalars are the complex numbers then E may be regarded also 
as a linear space E' with the real numbers as scalars and with the same 
open sets as E. If/(x) is complex-valued and linear and continuous on 
E, then clearly 4 >{x) == ^f{x) is real-valued, linear and continuous 
on £' and conversely for every real-valued, linear, continuous <#>(x) 
on /(x) = 4 >{x) — i<l>{ix) is complex-valued, linear and continuous 
on E. 
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Theorem 4. If every open sei containing the origin has a convex 
siihset with the origin as inner pointy then: 

(i) Every closed convex set is weakly closed. 

(ii) If Xn converges weakly to x then x is in the closure of the set of all 

averages + . . . + CmXm *^lh m — 1, all c„ 0 and the sum 

of the Cn equal to 1. In particular, if E satisfies the first countability axiom 
of Hausdorff there will he a sequence of such averages which converge to x 
in the sense of the open-set topology. 

Proof, We may suppose that the scalars are the real numbers since 
Xn converges weakly to x for complex scalars if and only if this is true 
for real scalars. 

If now K is closed convex set and in K converges weakly to y 
and y is not in K then Theorem 3 implies that there is a h>perplane II 
separating K and y with y not in II, Then there is a continuous real¬ 
valued linear f(x) and a real number c such that f(x) < c for all x in 
K but f{y) > c. This contradicts the fact that f{xn) must converge 
to f(y). 

(After this note was accepted for publication the writer learned 
that an elementary proof of the Mazur-Ascoli theorem had been found 
earlier by M. H. Stone and others, see V. L. Klee, Jr., Convex sets in 
linear spaces, Duke Math. J., yol. 18 (1951), pages 443-00, 875-83 
for references.) 
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Introduction 

A n initial or boundary value problem associated with a dif¬ 
ferential equation can be reformulated in terms of an integral 
equation in a variety of ways. When the problem cannot be solved 
exactly, such an integral e<iuation is usually the starting point of any 
successive approximation procedure used to generate the solution. 
It is also natural to begin with such a reformulation when investi¬ 
gating the asymptotic behaviour of the solution, or, in the case of 
boundary value problems, when investigating the convergence of an 
eigenfunction expansion or the asymptotic behaviour of eigenvalues 
and eigenfunctions. 

We shall first discuss briefly the reformulation of a general initial 
value problem in terms of an integral equation. We then adapt the 
method of successive substitutions to a special case and obtain the 
multiplication theorems for the Bessel functions. An extension of 
the idea leads to exi)ansions of the confluent hypergeometric functions 
in series of Bessel functions. 

We shall include references to the other applications mentioned 
above and to other expansions of the confluent hypergeometric 
functions which have been found by different methods. 

The Integral Equation 

Suppose that after dividing through by piz), the coefficients in the 
differential equation 

(1) (s)^ ) + 2 (z) y = r{z) y 

■•‘This investigation was carried out while two of the authors (C.A.S. and DJ^.T.) 
held National Research Council Scholarships. 
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are analytic in the finite js-plane except perhaps for poles at the origin. 
Then, for € 5 *^ 0, 

(2) y(z) = a vi{z) + b v^{z) + ^ J — vi{z) v%{x )} 

r{x) y{x) dXj 

where Vi, V 2 are independent solutions of 

(3) = 0 

and where a, b are arbitrary constants while 

C == l/p(x){vi{x) V 2 '(x) - V 2 (x) «^l'(r)} . 

The transformation from (1) to (2) links the solutions of (1) with 
those of the associated equation (3). 

The transformation can be generalized to apply to 71 -th order 
equations. For example, with suitable restrictions on the coefficients, 
the differential equation 

(!') = £ r,{z) y^\z) 

t =0 i =>=0 

can be transformed into 

(2') y(z) = 2 a.»,(z) + ( K(,z,x)yix)dx, 

i—l •/ € 

where the v^ are independent solutions of 


(3') = 0. 

i -=0 

K{z, x) can be found by the method of variation of parameters and it 
turns out to be 



K{z, x) = 


|iV(s, x) r^(x) 

r“ 

fhere 

Vi{x) . 

Vnix) 

l-O 

Viix) . 

• • Vn(x) 

Vi'{x) . 

Vn(.X) 


Vi'(x) .... 

■ ■ v„'ix) 

. . . 


N(z, X) = 

i 


.. »„<»-«(*) 




t'lfz'). 

. . v„(z) 
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The transformation from (1) to (2) was first used by Liouville [10] in 
the special case when p{z) = 1, q{z) = p2; the resulting integral 
equation was then used to study the asymptotic behaviour, for large p, 
of the eigenvalues and eigenfunctions determined b^ (1) after the 
imposition of certain boundary conditions. More general problems 
of the same nature have been considered by Birkhoff [2; 3]. 

Many papers have been devoted to a study of the asymptotic 
behaviour of solutions of differential equations. A majority of these 
papers have been based on a reformulation of the problem in terms 
of an integral equation and the pertinent theory has been developed 
chiefly during the past twenty years. Recent developments are given, 
for example, by Langer [14] and Cherry [7]. A transformation of an 
w-th order differential equation has been considered in detail by 
Miller [15]. 

It should be noted that the terms on the right side of (1) or (T) 
need not be linear in y and its derivatives. If these terms are non¬ 
linear, but relatively small, the form (2) or (2') is useful in finding 
successive approximations to the solution if the problem is an initial 
value problem. A trivial but interesting example of this fact arises 
in relativity theory where the path of light past the sun depends on 
the solution oi [8] 

w «(0) = u\0) — 0 

where m is small. (Other methods are more direct when only the 
so-called limit cycle solutions of a non-linear problem are required.) 

Multiplication Theorems for Bessel Functions 

In the above mentioned studies of asymptotic expansions, the 
usual procedure has been to choose the integral equation (2) or (2') 
so that the integral contained in it is of small order compared to the 
remaining terms, as some parameter approaches infinity. The re¬ 
maining terms on the right side arc then asymptotic to the desired 
solution y{z). Apparently Ikeda [11] was the first to use the method 
of successive substitutions in (2) to obtain complete and convergent 
expansions of the solution in special cases. His results are not entirely 
correct; we shall therefore now treat his most important example in 
order to illustrate the procedure. 

The differential equation for J^v{<xz) (v not an integer) can be 
written in the form (1) as 


w 
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In this case Vi = Jriz) and Vi — J—p{z), and (2) becomes 

(5) y{z) = a Jp{z) + h J,(z) 

_ ~ ‘ ll f {J_,(s) - Jp{z) J-vi'c)} '<y{x) dx. 

2 Sin I'X Jt 

Here and in later sections we need, for i = 0, 1, 2,.. the 

results’*" 

(6a) ^ ~ fVv(x) -^-.(2) - Mz) J->(x)] x{x'^^ J,+^{x)} dx 
^ ' 2 sin vx Je 

= 2(^1 + AxJv{z) + BtJ-v{z), 

where 

- |6’+V,+ .+l(6)} -/_.(€)]. 

(6c) 5. = -r-7,(«) / {e *+IAh.,+i(0! 

^ ^ 4(^ + 1) sin vx L ^ at ^ 

+ {e''‘‘Vv+i+i(€)l » 


and 

(7a) r'{/F(3^) ~ J.{z) J-.{x)] xW dx 

2 sin yx 

^^ 2 1 7+1 ) 


where 


- I/-(<)]. 


(7c) U. = 777 


xe 


4(i + 1) sin vx 




,t+l 


*/"— i»_t— 1(6) } 


+ 


-.Wl I /-(.)] 


*To avoid ambiguity in these results we will assume the s-plane to be cut, say 
along the negative real axis. The expansions obtained later will nevertheless hold 
without any restriction on aig 5. 
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These results can be established as follows; it is a straight-forward 
matter to show that the left side ol ((ia) satisfies 

dz G dz) G ~ l) “ ^ z’+^J,+,(z). 

The first term on the right of (Gaj is a particular integral of this 
equation and the other terms are the complementary function. 
and are found by putting 2 ? — e in (6a) and in the equation obtained 
by differentiating (6a). The proof of (7) is analogous. 

For each a and 6, the method of successive substitutions applied 
to (5) will generate a series which converges to the solution of (5) for 
any finite 2 ;, e 0. Assuming for the moment that we can rearrange 
the various contributions to the terms in this series, it is clear from 

(6) and (7) that we can write the solution in the form 

(8) y(z) = s P,Z*Jy+ziz) + S 

where and are constant coefficients. 

Proceeding formally, we now substitute (8) into (5); using (C) and 

(7) and equating coefficients of like terms, we then find that (5) is 
satisfied if pt and satisfy the recurrence relations 

I — 1 — a® 

(9) /><+! = 2(7^iy 2(t + 1) i = 0, 1, 2,- 

The values of po and Qq depend on a and b and so ultimately on the 
particular solution of (4) which is being considered 

For the solution to be Jv{az), which is finite at the origin when 
R{v) > 0, we must take Q'o = 0 in (8). Equating coefficients of s" on 
both sides of (8), we obtain the value of />o. From (9) the solution 
then formally reduces to 

(10) J,(az) = (1) V.+.(z) 


which we shall now show holds for all R(v) > 0. 
Since [20, p. 44] 


( 11 ) 




(z/2y 


T(y -h 1) 


®‘'^4h-l-l| 


where i + 5 1 is the smallest of the numbers + |j' + 2|,.. 

the series (10) is dominated, when i?(?') > 0, by 


M 2 y 


z 

Tiv + l) 

^ ih i\ 

2 
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which obviously converges. The convergence is uniform with respect 
to z for z in any finite region, so our formal operation of integrating 
term by term with the aid of (6) is justified. It can be verified that 
the subsequent rearranging depends only on the absolute convergence 
of both (10) and the series obtained from (10) by differentiating. 
Requiring the coefficients of Jv{z) and J^v{z) to vanish serves onlj^ to 
define a and ft, and all the remaining coefficients vanish automatically. 
The convergence of (10) is also uniform with respect to v, and hence 
we can let v assume integral values. The formula (10) is therefore 
valid for all R[v) > 0. 

For the solution of (5) to be J^p(az) (R(v) > 0 and v not an integer), 
we find on equating coefficients of z^ on both sides of (8) that po = 0. 
Further, near 2 = 0, 




1 f A " _ r(v) sin vir ( zV' 

r(-^/+l)\2/ IT \2/ • 


Using this result and (9) and putting y = /-^(as), we find, on equating 
coefficients of ( 2 / 2 )”*' in (8), that 


T(y) sm VTT -y 

-a 

TV 



T{v + i) sin + i) t, 


so that finally qo ^ provided \ 1 — a^\ <1. 

Using (11), we find that the series for J^,(az) is dominated by 

(2a)''r(y) sin vt _ | 0 l^ _^ | 1 - aV |r( y + Qj 

TTZ" ^41*^0+11^0 d |r(j/)| 

which converges if | 1 — a-1 <1. 


As before i\e therefore obtain, for R{v) > 0 and v not an integer 
and I 1 - 0 : 2 1 < 1, 


-7 —y (qJS) 


t-O 




n 



J —V— I (2») . 


Moreover, 


Ipjaz) cos VTT — J^p((xz) 
sin VTT 

~ (1 ~ ( A ^ /»>4-l(g) cos VT ( —l)^/,y^<(2) 

i-uo «-! \2/ sin vw 

— Qj*' (1 "" * (A * Ji>+i(g) co s (y + z)t — ^ 

1^0 \2/ sin (y + /) tt ' 
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that is, 



Equation (12) therefore holds, at least when > 0 and v is not 
an integer, so long as j 1 — | < 1 and z is finite and different from 

zero. That (12) holds under the same restrictions on a and s even 
when V is an integer n, follows from the fact that 

F„+.(2) = 0((« + *•) !) 

(so that the series converges when y = «) and from the continuity of 
F, as a function of v. 

Equations (10) and (12) are the so-called multiplication theorems 
for Bessel functions [20, p. 142]. 


Expansions of the Confluent Hypergeometmc Functions 


We shall begin with the differential equation for the confluent 
hypergeometric functions Mk,j.m{y) given by Whittaker [21, p. 337]: 


(13) 


d^W 

Ip 


+ 


{-! 


, k , i „r 


where 2m is assumed to be not an integer. The change of variables 
and parameters 

(14) \ky = W(y) = zF{z)j 2m == v 

transforms (13) into the form of (1): 



where v is not an integer, so that = Jv{z)y and the 

corresponding integral equation for F becomes 

(16) F{z) = a Mz) + b J^piz) 


- ■■ f V.(.r) - Uz) x^Fix) dx. 

k sm VT j t 

Rearranging the terms in the series generated by the successive substi¬ 
tution procedure can again lead to a solution of the form (8). On 
putting (8) into the integral equation (15) we find, however, that 
before each integration can be performed with the aid of (6) and (7), 
it is necessary to use a recurrence relation on each term of the series. 
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Precisely, wc rewrite (8) as 

z=.o L J 

+ Es.z’[ - - /-^.-.(z)] 


before substitution into the integral of (15). The relations (6) and (7) 
can then be applied. Proceeding formally, and putting = pop,, 
Qi — QoQii Po = $0 = 1 we obtain, for i = 0, 1, 2,.. the relations 


(16) 

Pi = 

0, Pi 

— 

1 

i 

1 

32A!- 

^2 

r 

and 





Qi = 

0, Qi 

=r - 

(17) 


1 



5t+3 

3^ 



I 

Z2]? 


/ +3 


•Pt+i 


i + 3 / 


32/fe^ 


Arguing as we did to establish the result (10) for Jv{az), and returning 
to the original variables through (14), we obtain 


(18) = h + 1) E /n(2 V ky) 

t™0 

which is valid for all fe, finite y, and for R{m) > 0; the p, are given 
by (10). Using Danger’s method, Taylor [18, Eq. (33)] has shown 
that the first term of this series is asymptotic to Mk^miy) as | i | —» <». 

The corresponding result lor with R{m) > 0 turns out 

to be an asymptotic expansion valid for large \ k \ , It is 

(19) M, _„Cy) - 9n E g.(2 V'^y) ‘^'/-2m-.(2 V^) 

t-0 

for y finite and different from zero; the q, are given bj’ (17). 

We shall first indicate how to prove that (19) is an asymptotic ex¬ 
pansion valid for large | i | , and then find go (see equation (21)). 
Substituting the expression 

(20) F(^z) = i:>oE P^*Jv+i(z) + goE 4-/(2) 

t*»0 t—O 

into equation (15) and carrying out the integrations over the partial 
sums, we obtain an integral equation for f(z). Using the recurrence 
relations (16) and (17) and choosing a, b or po, jo so that the co- 
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efficients ol Jv and J^v cancel out, we finally reduce the equation 
lov f{z) to the form 

fiz) = [p»-- 2 (. . . .) + A-i(. .. .) + Vn {*. - -)1 

leF ••)•••] — 32)fe^ sinTir X ^“ Jv{^)J-^p{x)} 

x^f{x) dx. 

Now, if M denotes the maximum of \f(x) \ along the path of inte¬ 
gration, then 

M <(\Po\A +\qo\B + MC)/\ k | ^ 

* 

where A, B, C are "upper bounds for corresponding expressions in the 
preceding equation. Therefore 

if I ft I is chosen large enough that the denominator is positive. From 
(16) and (17), both j5„ g, arc 0( | ft |~**/®), so that 

M^Po 0(|ftr'^*+«'’) + goOdftr*'"-'*^^*); 

moreover, the last term in each of the partial sums on the right of (20) 
is 0( I ft |“®‘‘'*). The series obtained from (20) is therefore as 3 anptotic 
to the solution of (15) for large | ft | . 

Equating coefficients of z' and z“’ in the F(z) corresponding to 
[21, p. 338] and in the right side of (20), we obtain 

^0 = 0 

(4ft)^'"‘’'®~go(siny7r/7r)23 (“l)*ff>r(»'4- i)- 

1-0 

Hence, returning to the original variables, we obtain an asymptotic 
expansion for the coefficient go in (19): 

(21) 1/go ~ (4ft)“^‘(sin 2m7r/T) J (-l)*g.r(2j« + i). 

1-0 

Appropriate changes of variables in (18) and (21) lead to ex¬ 
pansions of, for example, the Laguerre and the Hermite functions. 

Concluding Remarks 

We have shown that the usual method of studying the asymptotic 
solutions of differential equations can, with some modification, be 
used to obtain complete expansions of special functions in certain 


\pa\A -I- |go| B 

|ftp(l - c/W) 
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important cases. In a future paper we propose to adapt the method 
to the solution of certain boundary value problems -the so-called 
bounded quantum mechanical problems. 

Kuhn [13] presents considerable analytic and numerical detail 
obtained from expansions of the confluent hypergeometric functions 
in series of Bessel functions. His expansions can be obtained from the 
integral equation (15) by successive substitutions without any subse¬ 
quent rearrangement of terms except for collecting the Jv and 
terms. 

Using a variety of methods, other expansions of the confluent 
hypergeometric functions have been found by Abramowitz [1], Buch- 
holz [4], Henrici [9], Karlin [12], Pignedoli [17], and Tricomi [19].. 

Asymptotic expansions of the confluent hypergeometric functions 
are given or referred to by Chang, Chu and O^Brien [6]. Such ex¬ 
pansions have also been considered by Moecklin [16] and Buchholz [5J. 

We wish to express our appreciation of many interesting and helpful 
discussions with Dr. G. E. Latta. 
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The Ergodic Theorem for Banach Spaces 
with Convex'Compactness 

YUENTINA KROTKOV and ISRAEL H.\LPERIN, F.R.S.C. 

1. Introduction 

L et r be a bounded, linear ojjcrator on a real or complex Banach 
space B and let 

(i + r+r- + ... + n. 

T is said to be erj^oclic on B in ihe sense of J. von Neumann if for each 
/ in 5, con verges to a limit when n becomes infinite. 

In order that T be ergodic on B, the following conditions are neces¬ 
sary: 

(1,1) (1/w) T”/ —♦ 0 when « for every / in 5, 

(1.2) I r„ I < iv for all for some K < co. 

Indeed, (1,1) follows from the relation 

(1.3) (i/n) T" = ‘ 

nr 

and (1.2) from the theorem that a convergent sequence of bounded, 
linear operators must be uniformly bounded [1, p. 80, lh6or6me 5J. 

Clearly, if T is ergodic on B and 7\/converges to/*, say, then (1.1) 
and the identity 

Tn(Tf) “ nrs = + 

together with the continuity of I’, show that 2/* =/*. 

Because of (1.3), (1.2) implies that | (l/w)r" | < 3it for all n and 
hence that (l/w)P/ will converge to 0 for all / if {\/n)T^f converges 
to zero for a set of/ which span B, that is, whose linear combinations 
are dense in B. 

Both (l.l) and (1.2) are implied by the condition: 

(\A) I I < K for all ?/, for some isT < ® . 

17 
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But if T is ergodic on B and (1.4) holds, then the identity 

T,{rf) = T{Tnf-r) 

shows that TniTJ) converges to /’**, irrespective of how the non¬ 
negative integer r varies, when n becomes infinite. 

In this note we discuss a method of F. Riesz [(>; 7] to show that the 
conditions (1.1) and (1.2) are sufficient to imply that T is ergodic on B 
if B is convex-compact. By definition, we shall say tliat a subset A of 
B (possibly all of B) is convex-compact if every decreasing sequence 
of non-empty, closed, bounded, convex subsets of A has a non-empty 
intersection. 


2. The Riesz Method of Averages 

Suppose that B is an arbitrary Banach space and that 'F satisfies 

(1.1) and (1.2). Let S(J) denote the set of all ^‘averages” of the form 

g^c^ + CxTJ + .^. + cXj 

where r is an arbitrary non-negative integer and the c^ are non-negative 
scalars with sum equal to 1. Riesz observed that for such g and for 
n > r, 

T,J - T„g = (c.+i + ... + c,)(r/ - 

w T’ A je=0 

Hence (1.1) implies 

lim it;/ - T^\ = 0, 

n->oo 

and therefore 

\TJ - rwl < iiiii |7V - Tng\ + to \T„g - g| 

n.m~»oo m-kh 

+ to |g - T„g\ + to \T„g - T^\ 

m~>cu 

= 2 to |r„g - f|. 

TI-aoo 

Thus, following Riesz, T will be ergodic on B if there are elements g< 
in S(J) such that 

(2.1) lim \Tng% — gt| —^0 when i —» oo. 

Now there will be such g, in S{f) if there is an clement h in 5^, the 
closure of S(J), with Th = h. Indeed, there will then be g, in S(f) such 
that I g< — A I —> 0 when <» ; since 

Tngi - gi = r„(g. - A) + {Tnh -h) + {h- gt), 
the identity TJi = h together with (1.2) shows that (2.1) will hold. 
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Thus T will be ergodic on B if for every/, the mapping of S(J) into 
itself by T has a fix-point. 

Now let Sn(f) be the set of elements u in 5 ( 7 ) satisfying both 
I tt I < A' I /1 and \Tu — u \ = ( (T — 1 | < l/«. Then everj' SniS) 

is non-empty; for | r,„/1 < A | /1 for all m by (1.2), and the identity 


Tix^) - rw 


1 

OT-t-1 




1 

w-fl 




+ 


1 

m+l 


/ 


together with (1.1) show that, for fixed n, T,nf is contained in 5«(/) for 
all sufficiently large m. It is easily verified that for fixed /, the Sn(J) 
are a non-increasing sequence of bounded, closed, convex sets. If B is 
convex-com pact then some element h will be in all Sn(fj ; clearly, this 
h will be in 5(/) and for every n, \ Th — h \ \/n so that Th = h. 

This proves: if B is convex-compact then a hounded, linear operator T 
is ergodic on B if and only if T satisfies (1.1) and (1.2). 

Since metrically closed convex subsets of B are necessarily weakly 
closed (this is a theorem of Ascoli-Mazur, see Halperin, these Trans¬ 
actions, vol. 47, pp. 1-6) weak convex-compactness is equivalent to 
the strong convex-compactness as defined above. Hence our ergodic 
theorem includes the case of locally weakly compact Banach spaces [8] 
and the equivalent case of reflexive Banach spaces [5], equivalent 
by the theorem of Eberlein. These writers assume (1.4) but their 
arguments are actually valid assuming only (1.1) and (1.2). The 
reflexive spaces are now known to include the uniformly convex 
Banach spaces of Clarkson [2], and in particular, the spaces, p > I, 
We refer to [8] for references to other writers on this subject but 
particular reference should be made to the proof of an ergodic theorem 
by Riesz [7]. 


3. Tiiii Uniformly Convex Banach Space 
We note that it is particularly easy to show that every uniformly 
convex B is convex-compact. Indeed, if Sn are a decreasing sequence 
of non-empty, bounded, closed, convex sets, let = infimum 1 g | for 
all g in Sn, and let gn be selected from Sn with Mn < | gn | < Mn + l/«. 
Then the are non-decreasing and bounded above since the Sn are 
bounded. It follows that | gn I converges to a limit as n becomes 
infinite and the convexity of the Sn together with the uniform con¬ 
vexity of B implies that the g„ converge to a limit A. This A is neces¬ 
sarily in all S„y assumed closed. 


4. Additional Comments 

Call an element / in the Banach space T-ergodic if Tnf converges 
when n becomes infinite. Then (1.2) implies that the T-ergodic 
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elements form d closed linear sub sparc of B. Our argument actually 
shows that / is T’-ergodic if Sif) is convex-compact, and that T is 
ergodic on B if SiJ) is convex-compact for a set of / which sp.in B, 
assuming (1.1) and (1.2). 

Finall}', consider the special case that B is L': the space of f{P) 
summable on a set X of points P with a non-negative, countably 
additive measure | e | , and that P is a bounded, linear operator of the 
type 

TfiP) = /(^(P)) 

for some mapping 4>(P) of X into itself. It is easy to see that is not 
convex-compact, except when X consists essentially of a finite number 
of points. However, il X has finite measure and T is of this special 
type then for every measurable subset e the function I,, which is 
defined to have value 1 if P is in e, and value 0 otherwise, has vS’(I,) 
conve.x-compact, in fact every scciuence of elements from *S(1,) 
has a weakly convergent subsequence. This follows from the fact that 
the gn are uniformly bounded (| g«(P) | < 1 for all P) and A' is of 
finite measure. Thus (l.l) and (1.2) imply that such a P is ergodic 
on such an L'(see [4]); but (1.1) may be omitted since it is riuto- 
matically valid for all 1, when X is of finite measure, and the 1 < span 
L'; also, (1.2) can be deduced if | P»U | < iiT | e | is known to be 
valid for all e, as pointed out by Dunford and Miller [3J. Thus the 
necessarj' and sufficient condition that a P of this type be ergodic on 
such an is that for some K < ^ and for all n and all e, (see |lj]), 

+ •.. + < X\e\. 
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L. Introduction 

P ROBIvIlMS in conibinatorial anabasis are usually considered 
solved when one c\ui find either a difTcrence equation or a recur¬ 
rence relationshi]) wliich enables one to compute f{n) step by step. 
If it makes ('ompulation easier, an explicit formula for/(?^; is a more 
desirable t>pe of solution. In common with other branches of number 
theory, certain iJiiblivshed “solutions” of combinatorial problems 
merely replace the orij^inal problem by another one which may in 
fact be more diflicuU to solve th«in the original problem. The author 
of this paper has discovered in [1] and [2j a symbolic method of setting 
up and solving the recairrence relations for a wide class of combina¬ 
torial i)roblems. The problem studied in this paper can be handled by 
the author’s general method, but the computations are very laborious. 
However, the formula, once obtained, can be verified much more 
easily and in this paper wc will present only this easy verification. 
Numerical examples will illustrate the computational efficiency of 
our formulti. 


2. TiIK PROBLIiM 

We will cottvsider the following problem. Suppose we have a set of 
-f 6 + r + . • • objec'ts of which a are alike of one kind, b alike of 
a second kind, etc. Let C,\a, c, . . . ] denote the number ofeombina- 
tions taken r at a lime of these objects. We will write CrW, c, . .. ] 
as an abbreviation for C,\a, a, a, b, b, c, .. .]. An explicit formula for 

Cr[03*, 0^2% . . • , a**] 

will be obtained. For the corresponding permutation problem, i.e., the 
problem of finding the number of permutations r at a time of the given 
class of objects, a recurrence formula will be obtained. Corresponding 
to the notation Cr[ay 6, r, . . . 1 wc will use Pr\a, 6, c, . . . ] in the case 
of the permutation problem. 
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3. The Fund\mental Recurrence 


We first show that 

.«VI 

satisfies the following recurrence relationship: 

mlnCr at) 

(I) CAa\\a\-,...,a\‘]^ 2 Cr-u[a\\aV .cV’] 

To prove this formula we isolate one set 5 of at identical objects and 
observe how these objects enter into the combinations. The combina¬ 
tions which are counted b^ the expression 

Cr[a\\ .... a)‘] 

can be divided into the following mutually exclusive classes: 

(0) Those which contain no object of the set S, There arc 

of these. 

(1) Those which contain one object of the set S. There are 
Cr-i[a\\ aV ,.... 

of these. 


(u) Those which contain u objects of the set S. There are 
Cr—1 , <Z2 , 

of these. 




On adding the expressions obtained in (0), (1), ...» (u), ... we 
obtain formula (I). 

Formula (I) is quite efficient for computing purposes but an explicit 
expression will be given in the next section which is actually much 
better. 


4, The Explicit Formula 
An explicit formula for 

Criat, aa% •. •, a«'] 

can now be obtained. However, we will write down the formula for 
the case Cr[a', only. A simple examination of this formula will 
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show how it may be extended to the general case. The formula in 
question is: 

(II) 

/ j + j + r — 1 — (a + 1) fe — (J + 1) 

\ r — (a + l)fe — (6 + 1) mj 

where the summation is taken over all integral values of the indices 
k, m satisfying the inequalities: 0 < fe < «, 0 < m < j, 0 < (a + l)jfe 
+ (6 + l)w < r. In practice, it will be seen that these inequalities 
confine k and m to z ver> small range. In the next section we will 
show that formula (11) is ciuite easy to handle numerically. To prove 
formula (II), we first note that if j = 0, (II) is replaced by the formula 

(III) c,M.r(-i)'(])('+'-):<“:|;;)j) 


summed over all values of k in the interval 


0 < ^ < min 



where [X] stands for the greatest integer less than or equal to X. 
When i = 1, (III) becomes C,[a] — 1, if r < a, and Cr[a] = 0 for 
r > a. This result is obviously true, so that (III) is true if i = 1. 
The recurrence (I) for the case ^ == 1, ^ is 

minCr.a) 

(IV) C[a’]= D Cr^[a'-^]. 


Assuming (III) to be true when i is replaced by i — I, and using 
(IV) one obtains that (III) is true for i if it is true for i — L Hence 
(III) is true for all integral i, by induction. Now Cr[a*] = C,[ai, 6®] so 
that (11) is true when j == 0. By a similar application of (I) to the case 
/ = 2 we can cstal)lish (II) by induction, to be true for all j. This 
completes the prool. 

One can obtain simpler formulae in case any of the are greater 
than or equal to r. In this case the number of combinations is actually 
independent of the exact value of a». We will replace a* by the symbol 
00 in case > r so that, for example, C8[2^ 3^, 6S 6**, 7®] will be written 
as Cb[2\ 3^ oo^^J. The formula for Cr[a\ €»p] can be verified to be 

(v)c,[.-,»',»'l-£E(-i)“-(‘)(i) 

fi+j + r + p — 1— (a + 1) fe — (6 + 1) 

\ r- (a+ l)k- ib + l)mJ 
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where the summation indices k, m range over all integers satisfying* 
0 < ^ < i, 0 < w < 7 , 0 < (a + 1 )^ + (6 + 1 );// < r. 

In the next sect ion we will illubtrate the efli(*u'\ ol thcvse fornuiLie 
by numerical examples. 


5. Some Illustrative Exvmples 


As a first example we will consider the number ol essentially^ different 
11 -card canasta hands which can be formed Irom a 101 -card pack. 
(We do not count the red threes as part of the pack since these are 
alway’s replaced in a hand.) The pack consists ol four black threes, 
four jokers, eight aces, eight twos, eight lours, . . . . , eight kings. 
Cards of a given denomination are considered equivalent reg<irdless 
of suit so that the number ol ways of choosing eleven cards from such 
a pack is Cii[ 8 ^-, 4-]. Substituting in (II) we obtain 


Cu[8‘^4®] = S E (-1) 

k ni 


2)/2i - m - nm) 

\k / w/\U — i)k — 5/m/ 


summed over all pairs of integers {k, m) subiect to the inequalities 
0 < ft < 12, 0 < JM < 2, 0 < 9^ + 5/» < 11. The pairs (ft, m) s.ilis- 
fjing these inequalities are: ( 0 , 0 ), ( 0 , 1 ), ( 0 , 2 ), ( 1 , 0 ). Hence, 



2,440,031. 


It will be noted that our solution requires the compulation of four 
terms only. A solution based on the partitions of eleven would rcciuirc 
the computation of .52 terms each of which is a product of binomi.il 
coefficients. A solution by J. P. Ballantync [3] would reciuire the con¬ 
struction of a table containing 12 rows and Ki columns, i.e., one 
containing 192 entries. 

As a second example, we consider the problem ol finding the numlxT 
of essentially different bridge hands. By this we mean the number ol 
different bridge hands which can be formed when the c.irds in each 
suit from 2 to 9 inclusive arc ranked cqiuilly. The rcciuired number is 
Cl 3 [ 8 ^ H"]. By (II) 

summed over all pairs (ft, m) such that 0 < ft < 4 , 0 < /« < 20 , 
0 < 9fe - 1 - 2jm < 13. Hence, the admissible (ft, m) are: ( 0 , 0 ), ( 0 , 1 ), 
(0, 2 ), (0, 3), ( 0 , 4), (0, 5), ( 0 , G), ( 1 , 0), (1. 1 ), ( 1 , 2). This yield.s 
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C.[8‘. I”] - (“) - 2o( 5J) + 100(^) - luo(f) + 1845(f) 

- 1.5.501(f) + 3S7(io(f) - l(f) + 8o(f) - 700 
= 34,033,880. 

Here again, the saving in compulation is very considerable when 
comparal with the usual counting methods. This result is in agreement 
with that given b^’ B.illanti ne in [3] and aftords a comparison between 
the two methods. 


(). 'J'llE CORRIiSPONMNO PERMUTATION PROBLEM 

We will denote bj’ P,[a,b,i,.. . \ the number of permutations taken 
r at a time of « + 6 + t + ... objects of which a are alike of one 
kind, b are alike ol another kind, etc. We will use the notation 


andP,[«*, 

to represent the permutation <inalogues ol 

Cr[a\\a\\...,aV] and Cr[a\ cx>^]. 

Wc will confine ourselves mainly to the problem of finding the permu¬ 
tation analogue ol (1) namely: 


(VI) P,\a\‘,a’^\ 



Before proving (\'l) we note that the lormulae Pit“‘] = i’ and 


are easily olitainecl Irom (VI) bj induction. These formulae arc, in 
fact, classical results. 

'I'he proof ol (\'l) is analogous to the proof of (1). We isolate one 
set S' of identie.il objects and then divide the totality of permu¬ 
tations into the following exclusive classes: For »- = 0, 1, 2, 3. 

min(r, a*), wc form the class P^,) of all permutations containing 
exactly V elements of the set S. Then, obviously. 


mlnCr,o*) 

Pr[ai% ai', aV] “ ]C -?(»)• 


To compute P(,} wc note that each permutation in the set P(,) can 
be obtained by forming a permutation from r — p objects chosen from 
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the totality of objects except those in 5 and then introducing into 
this permutation v objects taken from S. The number of ways of 
introducing these v objects into the iwrmutation is 



and the number of permutations into which these objects must be 
introduced is 

Hence, 

= .an. 

This completes the proof of formula (VI). 

As yet, the author has been unable to transform the recurrence (VI) 
into an explicit formula. In spite of this, formula (VI) gives rise to a 
rapid computational procedure, and in special cases docs lead to 
explicit formulae. 
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T he object of this note is to give a short, direct proof of result (II) 
of the preceding paper. The result in question is 

(ID 

/i + J + r - 1 - (a + 1) * - (6 + 1) wN 
\ r - (tt + 1) ft - (& + 1) w/ 

where the summation ranges over all values of ft and m for which the 
binomial coefficients involved are positive. 

Using the set up of Ballantyne’s paper [3], we have Cr[a’, 5^ is the 
coefficient of x' in 

f(x) = (I + JC + + .. . + a:“)'(l +» + **... + »*’)' 

= (1 - 3 c “+ i )' (1 - (1 - 


Now 


(1 - 


^A+i-l + A . 

oo \ f / 


Hence 


CAa\b^] = E E (-I)**"” 

k m 




where / is determined by r = (a + l)fe + (6 + l)m + /. 
This completes the proof of (II). 
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I N his book, The Laplace Transform, D. V. Widder finds asymptotic 
formulae for integrals of the form 



exp (kh(x)) <l>(x) 


dx 


as fe —> ", under the conditions that h{x) has a simple flat maximum 
at a point x = c between a and b, i.c. //'(c) = 0, //"(c) < 0, and (l>{x) 
has, at worst, a simple zero at x — c and does not change sign there, 
together with certain other conditions. 

These results can easily be generalized to the case in which h{x) has 
a higher order maximum at x = c, and <f>(x) has a zero of arbitrary’ 
order there, though <t>{x) is still not allowed to change sign at x = c. 
The generalization is contained in the following two theorems. 

The first theorem deals with the case in which the maximum of 
h(x) occurs at one end point of the interval, and the second theorem 
with the case in which the maximum of h{x) occurs at an interior point 
of the interval. 


Thkorfm 1, ff 
(]) a < a + n < 

(2) k{x) < < X < n + 1 ?), - 0, (w = 1,2,..., 2/w-l), 

/;C 2 w)(^) 0 ^ non-increasing in a < .v < h, 

(3) (,v — aY (l){x) C L{a, b), <;&(«+) exists and <t>(a+) 0, 

then 

J' exp (kh{x)){x — aY <t>(x) dx 

-V (2m)!/M^'''^^(a))^’'^'^^'^(«(G + )/2m) exp {kh{a))r{(v + l)/2m) 
ft—> 00. 

Proof. We may assume <l>{a+) > 0. Then for every e such that 
0 < ^ < <t>(a + ) and 0 < € < — 5 exists such that 
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(i) 0 < -4i = <^42 = + t, 

(ii) Bi = ^ e < hix) < B, ^ //<*■*'«'(^z) + t < 0, for all a:, 

a X ^ CL 8. 

Let 

/*, = ( exp {^(/i(^') — }i(a))](x — a)’ dx 

•) a 

/*b 

= + = /«' + fr. 

va Vfl-l-i 


I//'I < 


J >6 

|<^(.v)|(x — a)' dx. 

a 


Since h(a + 5) — h(a) < 0, it is clear that Fi" = 0(a*), 0 < a < 1. 
Using (i) and Taylor’s theorem with remainder, we have 

exp — a)^"/(2w)!} (x — a)’dx < // 

a 

/»o+« 

< exp - ffi)*"‘/(2»»)!} (x - aYdx, 

Ja 

where a < ^ < a + 8. From (ii) we only strengthen these inequalities 
by replacing by — € on the right and by + € 

on the left. Thus 

Ai J exp {kBi(^x — o)^"'/(2ot)!} (x — a)’dx < /*,' 

^a+5 

< ^2 J exp {ifeSsCx - a)'"7(2wx)!l (x ^ a)" rfx. 


In the left hand side of these inequalities let 

— u ^ hBi{x — a)’‘*'^V(2wz)!, 
and in the right hand side, let 

- w = kB^{x - afy{:2in)l 
Thus the inequalities become 

0 

J ^kCi 
0 

where C, = - B,b^/{2n0\ (j = 1,2). 

Thus, 

{Ai/2in) r((»> + l)/2»i) < Im lY 

< (-(2m)!/52)‘’'+“/*’"(^j/2w) ?((>/+ l)/2w). 
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Hence, since e is arbitrar}', 


= limbi' 

J > I A Kn 

= (-( 2 ;«)!///^"''(«)/'^^>/=*"«(^(a+)/ 2 «) r(iv+l), 2 m). 

('0ROL1.ARY i. Ij 
{{) a < b — 7! < b, 

(2) h{x) C - r? < X < b),h^-Kb) = 0, = 1, 2_2m-l), 

/y( 2 w)^^) <;; 0, A(x) non-decreasing in a < x K b, 

(3) {b — xy <l){x) f L(a, b)y <j>{b'-) exists and <t>(b—) ^ 0, 
then, 

r exp ijkh{x)){b — .v)"' 0(x) dx 

«/a 

exp {kbm r((y + l}/2m) 

as A —» 00 . 

Corollary 2. // (1), (2), awrf (3) <?/ Theorem 1 hold, with the excep¬ 
tion tluit <t>(ci + ) = 0, then 

J exp {kh{x))ix — ay <l>{x) dx = exp {kh{a))). 

Theorem 2. If 

(1) a<b-ri<b<b + rf<c, 

(2) A(x) 6 C2^(6 - 77 < X < 6 + 77), = 0 , (tz = 1 , 2, . . . , 

2m — 1 ), < 0, h{x) is non-decreasing in a < x K h, and non¬ 

increasing in b K X ^ c, 

(3) \x — b\^ d>ix) C L{a,c), <l>(b+)t <p{b—) exist and are not zero, 
then 

J exp (kh{x))\x — 6|*' <l>{x) dx 
r^(-(:2m)l/kh^^^'^\b)y^-^^ + <^(&-))/2m) 

exp ikh{b}) r((v + 1)/27 w) 


Proof. If we write the integral as the integral from a to b plus the 
integral from h to c, and apply Corollary 1 to the first and Theorem 1 
to the second integral, we arrive at the result directly. 

As an example, wc may find the asymptotic value of 
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This integral fulfills all the hypothesis of Theorem 1, since sin** x may 
be considered as a® <^(ar) with <^(0+) = 1. Thus we have 

J* sin^ X dx ^ Ik r(s) «is ^ —v «. 

Further, since 

sm‘xdx < e“^" dx, k> 

which is of smaller order than as ife », we can say that 


J* € sin* xdx '^kk r(H) as ife —> c». 

Widder’s results may be generalized in a dilTereiit direction. The 
integral may be a double integral, and h and 4> functions ol two variables. 
The generalization is contained in the following theorem. 

(1) R is a measurable region of the x y planet such that if 

•s«= {(*,3')l(*-o)*+ (y-&)^<5l. 


then for some 6o, C -K, 

(2) 4>(xt y) € C^(5«o) r\ L(R); (kx = <!>}, == 0, (px/ — <l>xr<t^i/u < 0, 
kI>xx < 0, at (a, b);for each 5, 0 < 3 < do, <f>(x, y) < M{d) < <k{^> b) for 
{x, y) e R - Ssf 


(3) i/{Xt y) € L(R)t \p{xt y) is continuous at (a, b) and ^(a, h) 9^ 0, 
then 


jj. exp (k^(x, y)) ip(x, y) dxdy 

2ir b) exp {k 4>(a, b))/k{<j>„(.a, b) b) - /;))■ 

as k--* CO, 

Proof. We ma 3 " assume ’p{atb) > 0. Let 


where 

let 


X — a “ ^ cos ^ — 1 ; sin y = f sin ^ ^ cos 6 

tan a? = 2<^,,(a, b)/(^„(fl, b) - b)); 

y) == n), y) = ’J'd, ji). 


9(x,: _ 1 

9(1 v) ; 


Then since 
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-/X exp {k(<l>(x,y) - 4>(a,b))] y)dxdy 

= J* J^exp 


By 2,3, and since 'J>{t(0, 0) < 0, $„(0, 0) < 0, €-{,(0,0) = 0, we 
can, for every e, 0 < « < min. (-#«, ’J'(0, 0)), choose an 

a{e), 0 < a < (ISi))^ such that, 

(i) Ai = #«(0, 0) - « < $j|(f, v)<Bt = $jj(0, 0) + e < 0, 

- e < ri) < e, 

At = #,,( 0 , 0 ) - * < #„($, 7i)<Bt= $„( 0 , 0 ) + 6 < 0 , 

(ii) 0 < Cl = •3'(0, 0) - e < < Ci = 'S^(0, 0) + e, 

for all (J, i;), — a < I < a, — a < ij < a. 

Let i?a = {(x, y)l — a < f < a; — a < ij < a}. Then 

{ J Jk 

Consider first 7i". Since, for (x, y) g 2? — i?a, (x — a)' + (y — 
we have, by (2), 

0 < |/i"| < exp {k{M{a) - 4,{a, &))} J* J^|>A(.v,y)l dxdy 

so that I" = 0(w*^) where 0 < w < 1, since <l)(a,b) > Mia), and 

il/ix,y) € 

Now 


// = J - <#>(«. ^))} Hx,y) dxdy 

= r r exp \k{Hl v) - HO, OJ)} 'i^d, v) d^n 

i r** c°‘ ^ 

\ */ 0 «/ 0 —O! V 0 V 0 J—fif V —a «/—et ^ 

exp {k{H^,v) - ^(0,0))} H^,7,)d^h 


By (2) and Taylor’s theorem, 

H^, v) - HO, 0) = &v)f + 2HM, ev)^+ ft?) v), 

0 <e<i. 


Consider Ji. By (i) and (ii), 

C] f r exp {\k{Ait - 2€j9; + A^^n)) d^dv < Ji 
Jo Jo 

< C 2 f r exp + 2€^ + Sav^)) d^rf. 

Jo Jo 
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In the left hand side, let — — i'''* = \kA-ai^, and in the 

right hand side, let — «■* = — 0 “ = ikB-ii)’-. Then the in¬ 

equalities bcoonio 

I eKp(—( h“ + "lt{A\Ai) ' uv + 0 “)) diuh 

0 «/o 

0 «/(l 

exp(— {u^ — 2e{BiBi)~'-uv + v^)) dudv, 

where2), = a( — (i = 1,2) and D, — a{—lB,)\ {i == 3,4). 
Hence 

{2Ck/{AxA,)') n exp(—( m° -f 2f{AiAzy ‘iiv + v^)) dudv 

J*rt) /•on 

0 •/() 

exp(— («® -f 2t{B\B%) ' uv + 0 “)) dudv 

and thus, since « is arbitrary, and the integrals in (luestion converge 
uniformly in e for 0 < < < eo < we have 

J*fy> /•oo 
0 t/0 

= IT 6)/2(^/x(fl, &) b) ^ly (tt, 6))^. 

Similarly, 

lim kJi = lim kJk = lim kJt = r b)/2{4>it{o., b) <f>yy(fl, b) 

^-Aoo A-Hrt A-ko 

“ ‘bin (®> 

Hence 

lim kh == lim kiy = lim k{Ji + Js + J'a + J*) 

A-4oft A-kn Jb-vn 

= 2ir ^(a, b)/{<t>„{a, b) ^^{(1, b) - 4>J{a, b))K 
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A Remark on Curves of Order n in n^^space 


P. SCHERK, F.RSC. 


1. Let Rn denote real projective w-space. An arc A fa curve C] is 
the continuous image of an interval [of a circle] in Rn. The order of A 
is the upper limit of the number of points which A may have in 
common with any [linear] (w — 1 )-&pace. We exclude the case that A 
degenerates into a single point. Then the order of A is not less than n. 
Let A'^ [r"] denote an arc [a curve] of order w in Rn^ It necessarily is a 
Jordan arc [a Jordan curve]. 

Let s, s\ , . . denote points on the arc A. We call the point s differ¬ 
entiable if it possesses osculating subspaces Lp^\s) of every dimension 
[^ r= — 1, 0, !,...,«]. Let be empty space. Suppose we 

have defined Lp^(s) and postulated its existence. Then we require 
that the (p + l)-spaces through Lp”(5) and a point $' converging to ^ 
have a unique limit space. We call it the osculating {p + l)-space 
Thus is the point ^ itself and Ln'^(s) is the whole jR„. 

We call A differentiable if each of its points is. 

It is well known [1] that the end-points of an arc A^^ are differ¬ 
entiable. Thus, the int crior points of A are ‘‘one-sidedly differentiable.*' 
Tallis impliCwS that A^* is rectifiable and that it is differentiable every¬ 
where with not more than a countable number of points as exceptions. 

2. In a recent i)aper [4|, Schoenberg proved with analytic methods 
that every C" can be uniformly approximated by analytic C"’s if n is 
even. He also proved for odd n's that every A”" can be uniformly 
approximated l)y arcs of analytic C”’s with the same end-points. In 
this note, a geometrical proof of the following weaker theorem will be 
outlined: 

Every C” can be uniformly approximated by differe7ttiable 

Here n may be any integer greater than one. Our proof is based on 
[2] and [3]. The author should like to acknowledge the stimulus he 
received from Dr. Schoenberg and Dr. Motzkin. 

3. Given an (n — l)-space E and an interior point s of an arc -4". 
Let Jl** be a small closed subarc ol A^ which contains 5 in its interior 
and which meets E nowhere else. We then call a* a point of support 
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[of intersection] with respect to E if the end-points of J]" lie on the 
same side of E |are separated by E\. 'I'he following lemma is quoted 
from [3]: Suppose .t is differentiable and R contains Lp''(s) but not 
Lp+j"(i). If p is odd [even], then .v is .i point of support (of intersection] 
with respect to E. 

4. Let s and s' be two differentiable points on a curve C"; s 9^ s'. 
They divide C** into two arcs and A''‘. 

The osculating spaces Lp”(s) and are readily seen to 

span an (w — l)-space which does not meet C" outside of s and s' and 
which does not contain Lp+i”{s) or [ — !</)<»— 1], 

Altogether there are « -]- I subspaces of this kind. We verify by in¬ 
duction that they subdivide into 2" simplexes. From the above, 
.d" [A'”] lies entirely in one of these simplexes. The lemma quoted in 
§3 implies that the simplex 5 that A'" lies in is determined by A’'. 

Let A'"" be a third arc of order n with the same end-points s and s'. 
Suppose A^ \J A"^ IS differentiable at r and at s' and shares with C" 
the property that the (n — l)-space through Lp"(5) and 
supports or intersects A”‘ U A'"* at s il p is even respectively odd 
= 0,1, 2,— 1]. Then, from [2] and [3], ^4” U A"”’ is a curve 
of order n. From the above, A"” will also lie in S. There are differ¬ 
entiable arcs A'"* with the required properties. As a matter of fact, 
A'"'^ can be an arc of a rational curve of degree n. 

5. Given the curve C” of order n. We introduce an elliptic metric 
into i?n and decompose C” by means of differentiable points into 
sufficiently small subarcs A'”, If our decomposition is fine enough, 
then each of the simplexes S determined by the A'" will be arbitrarily 
small. Replacing consecutivelj’ each by a differentiable A"’', wo 
obtain a curve of order n which is differentiable everywhere and which 
lies in the union of the simplexes S. This proves our theorem. 

Schoenberg’s theorem could be proved in this fashion if the fol¬ 
lowing conjecture is true: To any finite set of differentiable points on a 
C** there exists an anaij'tic curve of order n through them which has 
at each of them the same osculating spaces that C" has. 
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The Application of Fourier Transforms 
in Physical Problems 
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T he application of Fourier transforms, and integral transforms in 
general, is of quite modern interest for it is still evolving. Its 
study exposes in a fundamental way the interactions of mathematics 
and physics. In the main, books about it suffer from one or other of 
two faults. Mathematical interest is usually confined to the theory of 
some special transform such as Mellin or Laplace, and the applications 
discussed are often trivial, illustrating basic points of theory it is true, 
but nevertheless falling short as a guide to the detailed analytical 
technique needed to handle real problems. This afternoon it would be 
out of place to venture on mathematical elaboration that properly 
belongs to sustained study of the subject. It is appropriate, however, 
to recall in mathematical form the basis of integral transforms. 

Given a function K (a, x) of two variables a and x, and the function 
fix) , the function F(a) defined by 

F{a) = *) dx 

is, when the integral is convergent, the integral transform of the func¬ 
tion fix) by the kernel K {a,x). 

In the Laplace transform K {ct, x) — 

In the Mellin transform K (a, x) — 

In the Fourier cosine transform K (a, x) = cos otx 
In the Fourier sine transform K (a, x) — sin ax 
In the Hankel transform of order v K (a, x) (ax)* Jp{ax) 

In each case there is an appropriate inversion formula by which 
fix) may be deduced from Fia) [7], 

The Fourier transform of fix) is 

( 1 ) /(«)- rme^dx 

and tlie inversion relation is 
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( 2 ) 

«/ —ff, 

fix) must satisfy Dirichlct's comUtions aiul 


r\fix)\dx 

V— (X> 

must converge. 

It is forty years since Sommerfeld applied I'ouricr transformation to 
treat the propagation of a signal in a disiKTsivc medium. The problem 
arose from the objection offered to Einstein’s Special RcKitivity theory 
*—an objection supported by citing examples of media in \vhi('h, since 
dV/d\ is negative, the group velocity exceeds r, and put forward in 
the belief that the group velocity is necessarily etiuivalent to the velocity 
of energy propagation. The particular problem considered by' Sommer¬ 
feld [ 8 ] is that of a signal which originates at z = 0, at instant I = 0, 
and continues indefinitely thereafter as a harmonic oscillation of 
frequency cjo (radiansA). 

That the Fourier integral of a non-termin<iting harmonic wave does 
not converge may’ be seen from equation ( 1 ). The difficulty may' be 
circumvented by' deforming the path of integration into the c'omplex 
domain of the variable wo. For example, for 


m 


i2ir 

[o 




t >0 

/>o, 


(3) 


t 


(it = “ 


*3o) 0: 

“ 2t/ J_„ 25r(i„"^ w) 


ro 27r/ (co» — cu) 

provided Im (cc — ooo) > 0 ; the integral then convergers. Invcrnscly', 

(4) 


This integral is evaluated by^ the theory of residues, the* contour being 
closed by a semicircle at infinity on which, by Jordan’s Icminia, the 
contribution to the contour integral is zero. When t > 0 , the path of 
integration lies in the negative half-plane at infinity thus enclosing the 
pole 03 — 6 ) 0 . Whereas when ^ < 0 it lies above the real axis and excludes 
the pole, as shown in Figure 1 , This gives the essential discontinuity 
in the form /(/). 

To obtain the Fourier transform of 


-toft t 


we evidently have to combine 


(— 00 < « < oo) 
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ACw) = and /_(«) 

requiring lm(co — wo) > 0 for the first and Imfco — coo) < 0 for the 
second. It is in this sense that we write 

(5) d(ca — Wo) = 6-j (w — wo) + 8^(o) — wo) = 4 T~ f 

ZTT t/-oo 

and regard 6 (w — wo) as the transform of 

^ — Wo t 

lir 

8 has been called the Dirac 5-function. Schwartz [0] calls it the Dirac 
measure. Jt is not a function. I shall return to this topic later in the 
lecture. 




Figure 1 

The broad use of integral transforms to solve differential equations 
has developed from Heaviside’s operator calculus, devised by him to 
solve transient problems in ph^'sics and electrical engineering. The 
important core of Heaviside’s method is that it corresponds to the 
possibility of computation with numbers instead of analysis because 
it starts with what is given, and evolves the answer explicitly by direct 
operations on the data. 
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II one wished to characterize the role of Fourier Iranslormation in 
the theory of physical systems, it may, I think, be fairly stated that 
Fourier transformation is the natural extension of h^ourier series to 
unbounded spaces permitting the representation of discontinuous 
distributions in space and time by methods conlormablc to analysis. 
Whether discontinuity is a physical necessity does not really matter: 
it is mathematically simpler than the representation of the actual 
rapid transition according to any special law that might be physically 
appropriate, but which, nevertheless, is judged irrelevant to the main 
idealized purpose of the calculation. This use of discontinuity in 
representing nature is quite analogous to the use of impulses in dynam¬ 
ics. 

It has already been pointed out how the switching on of an oscillation 
is managed by treating Fourier transformations in the complex domain 
of the transform variable: a great deal of the subtlety of calculation 
emerges from this analytical way of representing discontinuous distri¬ 
butions. Since the physicist expects to see in the mathematical develop¬ 
ment forms of which he recognizes the physical relevance, he will tend 
to by-pass whatever he thinks he may dismiss as mathematical ritual. 
This is in some respects very unfortunate, because he is often thereby 
deprived of the stimulus to appreciate the delicacy of the conceptions 
being treated and so may not learn to use the very sharp tools of the 
mathematician. 

Let us now make a list of topics in the study of which the application 
of Fourier transformation has played an important role for theoretical 
ph^^sics. 

(a) In the theory of vibrations, Fourier series are the main tool, 
integral transforms apply usually only to the time dependence, 

(b) The diffusion equation and that of heat conduct ion we might 
regard as simplified versions of the transport cqiuition and indeocl us 
representing the whole field of continuous linear stocHkastic theory. 

(c) In elasticity stress systems due to discontinuous pressure dis¬ 
tributions have been treated. 

(d) Hydrodynamical problems involving discontinuous boundary 
conditions, 

(e) Electromagnetic theory and electromechanics have been the 
field of many successful applications. 

(f) Fourier transformation is peculiarly suited for the study of wave 
equations in general and especially to provide powerful methods for 
handling singularities and discontinuities. 

(g) In modem physics one can point to the use of wave functions in 
momentum space to treat scattering problems, the use of Mcllin and 
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Laplace transforms in the cascade theories for cosmic rays, and the 
wide use of Fourier transformation in quantum electrodynamics and 
wave field theory. 

For the mathematician, however, the application of Fourier trans¬ 
formation to physical problems consists ot its use to solve (i) partial 
differential equations and systems of them, (ii) int^al equations and 
systems thereof and in gener.iI, (iii) integro-differential equation 
systems. Of course, Fourier transformation has its role in mathematics 
itself, and it is an important tool in statistics. 

This is an impressive list and naturally not much of it can be exhibited 
in this lecture. 1 propose to pick out a few topics to illustrate what has 
been going on. 

The theory of the slowing-down and diffusion of neutrons has 
received much attention because of its importance for understanding 
nuclear reactors. We shall consider a very small part of the theory of 
neutron diffusion under extremely rigorous (indeed unrealistic) physical 
assumptions designed to simplify the problem [5]. We begin with the 
transport equation by which the rate ot change of the neutron density 
following the motion is accounted for by capture, scattering and the 
presence of neutron sources: 

« - p(/3)^(r, iS, 0 + ^p.mm n /s', o 

+ s(*'> 

with 

(C) ^ = -^ + div(v^). 

The functions ^ «in<l q clenole respectively^ the density of neutrons and 
of neutron sources both per unit volume at the space position r at 
time /, and per unit r<inge of the symbol that stands for all other 
parameters reejuired to specily a neutron as, tor instance, its velocity v 
or direction of motion S. The probabilities per unit time that a neutron 
is scattered or capturwl irom the range of jS are respectively 
or Pf(j8). Their sum is P{0), the total probability of collision. The 
relative probability that a neutron originally with parameters j8' will 
be scattered into the range (jS', jS' + i^ ) is denoted by/(iS', jS) ijS'- 

The simplifications we shall introduce are: 

(a) scattering without change of energy’, all neutrons having the 
same speed v which will be taken as unit; 

(b) scattering and sources isotropic; 

(c) stationary state. 
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The mean free path (/) being taken as the unit of length, the unit ut 
time is Ih, Then P = 1, P, = a, and P, = 1 — a and we have in 
place of (()) 

(7) S . grad ^(r, S) + V'(r, S) = ^ Mr) + Mr) 
where 

(r) = JV(r, S') r/S' 

is the neutron density at r, and dS is the element of solid angle* 

The integro-difTerential equation (7) to determine is equivalent to 
an algebraic equation on Fourier transformation, viz. 

(8) - z-k. S <^(k, S) + <^(k. S) = “ <^.,(k) + X„(k) 

47r I IT 

where 

<#)(k, S) — J* ^(r, S) exp (/k . r) dr sin 6 dS d<l> 

and <^o(k) and X()(k) are the corresponding integrals for ^(i(r) and 
go(r). The differential operator S.grad becomes the scalar product. 
Now rearrange equation (8) thus 

0(k, S) — + ^o(k)}. 

Integrate over all directions S to obtain 

(9) ^„(k) = !(!-«) ,#.„(k) + x«(k)} J J . 

Since the integral is equal to tan“ ‘ k, we ma>^ obtain the tninsform 
<^)o(k) of the neutron density directly in terms of the transform X«(k) 
of the density of sources: 

( 10 ) 

which has the form 

(11) ^o(k) = g{k) Xo(k). 

Because the operations multiplication and (Convolution correspond 
on transformation and since g{k) is the Fourier transform of er^l4-irr^t 
the equation (11) reads after inversion 

(12) i^o(r) = j£^2 7o(r')*'. 

where P — [r — r'|, showing how the source element at r' contributes 
to the neutron density at r. The symbol rfr' denotes the volume element 
in the space of r'. 
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As a second proldem we sh.ill consider the decay of resonance radia¬ 
tion by spontaneous emission to determine the shape of the resonance 
line. The physic.d system consists ol one atom initially excited and the 
radi.ition field initiall) devoid of (photons. It is represented by a state 
vector V' which is a function of the state of the atom and the numbers 
N, of the photons in the states or. Since we are dealing with resonance 
radiation we restrict ourselves to the excited state A and the ground 
state B of the atom and introduce the two relevant basis vectors 

ait) = \piA,Qc) and biv,f) = ^(S, I,). 


The fundamental quantum eciuation 


(13) 

is expressed by the pair 


i at 


= II^P 


(H) 


- f I'l = /f K*-, /) Siv) dv 

— i = W a 2ir(i' — vi)b 


where fiWiv) is the interaction operator of the Hamiltonian v being the 
photon frequency, and 

8tVF 

Av, =/it - jSb, 


fuid V is the volume of the hohlraum. Equation system (14) is to be 
solved subject to «(0) = 1, ACv, 0) =0. On Fourier transformation 
with respec't to t, the transform variable being a (and W* the complex 
conjugate of W) we obtain 


(Ifia) 


sdis) 


-f 


W(p) r>(v, z) Siv) dv + a{0) 


(i5b) — zl}(vj s) =» 2r{v — z'l) 5(v, z) + W*d{z). 


Solve (151)) for z), substitute in (a) and iSnd a{z)i which in turn is 
used to give f){v,z). On inversion we obtain an integral formula for 
b{vj /), a formal solution from which the shape of the resonance line 
has been worked out [*!]. 

What 1 have stated regarding the special connexion of Fourier 
transformation with discontinuity applies in a peculiarly significant 
way to the treatment of waves. 

For Laplace’s eciuation AU ^ 0 and for the iterated Laplace’s 
equations A^U ^ 0, which are of elliptic type, there are no solutions 
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other than the analytic functions. However, for a hyi)erbolic ecjuation 
such as 

Ohf ‘ d'U _ » 
dx^ ay 

the general solution will be 

U — A(x + y) + B(x — y) 

where A and B may be continuous functions, not necessarily clilTeren- 
tiable, discontinuous functions and even not functions at all in the 
sense of classical analysis. The introduction of such divscontiiiuous 
solutions in the theory of partial differential ec|uations is of great 
importance to physics. It is remarkable that substantially the un¬ 
orthodoxy initiated by Heaviside is still continuing. The latest adjust¬ 
ment of mathematics to physical intuition is exhibited in the note¬ 
worthy Theory* of Distributions due to Schwartz. His book on this 
subject appeared in 1950 and members of this audience who attended 
the meeting of the Canadian Mathematical Congress at Vanc'ouver in 
1949 will recall the excellent series of lectures he delivered on distribu¬ 
tion theory. This theory has found a proper mathematical basis for 
handling discontinuous solutions for partial differential equations and 
of escaping from the mathematical category of functions to treat 
Fourier transformation. 

For the physicist a constant harmonic wave of infinite duration has 
an infinitely sharp line spectrum. It is represented by a 5-measure. 
The inverse relation surely reciuires the Dirac measure 5 to have a 
Fourier transform. Here physical intuition has kei)t ahead of mathe¬ 
matics. For 

r^B(ca — Wo) = f 5(w — Wo) dw = ^^-e'***”* 

Now this formal equation we have written clown does not fall under 
the tenns of classiail analysis, in fact in Lebesgue’s theory of iiitcgnition 
the int^al is zero. Accordingly this formalism can be kept “on the 
rails” only by physical understanding, whereas the value of mathemat¬ 
ics is that lexically correct answers are assured by obeying the rules of 
calculation. Schwartz’s work seems likely to improve the situation but 
there will be a period when notation will be muddied—a matter of 
serious practical effect in modem theoretical physics. 

It is ten years since Heisenberg [3] invented the 5-matrix that plays 
so important a part in quantum electrodynamics and the theory of 
wave fields. In his papers he represented the asymptotic wave functions, 
representing for example emergent particles from a reaction, by Fourier 



W. 11. WA'l'SON 


45 


transforms. I^'or instance 5+.(*o - It) associated with time dependence 
e.xp {—ikncf) represents an outgoing .spherical wave as may be seen as 
follows. 


«+(Ao - k) 


I /•<.. />l p2r g-arf 

{Im{kn — ^) > 0) 

I 1 f* - e-'^O 
(2x)‘‘ r Jo (ifeo - k) 


We assume r large; since h is real Im * < 0, and hence the main 
contribution to the integral is 

J „ 

(2Tj“*''Jo ko-k^^ 


which in turn conies from the vicinity of feo, the result being 

4tV 


In the fiuantuni clocircKlynamics of Schwinger, Feynman, Dyson 
et a/., one has to deal with the singular wave functions associated wuth 
sources and sinks to reiiresent the creation and annihilation of particles. 
Quite apart from the <iuestion of relativistic invariance, the essential 
mathematical difficulties are concerned with the fact that the elemen¬ 
tary solutions of the various wave equations (due to point singularities) 
arc properly speaking not functions at all. Nevertheless one writes 
down expressions for their Fourier transforms. 

Fourier transformation enters as the obvious means for dealing with 
the convolution integrals that appear in the calculation of the wave 
functions representing the quantum stochastic process [1]. For example, 
a particle starts from A travels to B where it is scattered, what is the 
probability amplitude to reach C from A after such a single scattering 
pnx'css? It has the form 

J g(x ~ x')/(x') dx' 

and its I'ourier transform is G{k)F{k) which is a straightforward 
product, The transforms are all singular and it is in the handling 
of them by conventional means that some of the difficult divergencies 
in the theory arise. In a recent paper, Giittinger [2] has shown how 
Schwartz's Distributit>n Analysis automatically leaves a place for 
mathematical operations equivalent in effect to renormalization, 
reguhxrization, or cut-off procedures: it does this quite naturally and 
brings to light that the theory as at present conceived is physically 
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incomplete. There is a good expectation that distribution analysis ma\ 
remove some of the mathematical difficulties of quantinn field theory 
especially as applial to mesons. 

Thus we view today an interesting pro.spect. New matheniatic'al 
tools have become avtiilable to the theoretical jdijsicist, but ])erhaps 
even more promising is the realization that matheinalicians have been 
too ready in the past to impose on physics the unnect*ssarily restrictive 
categories of their own mventions?. It is significant that the application 
of Fourier transforms has been the source of these developments that 
illuminate the role of mathematics in relation to phyaic.s. 
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